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Extensions of Koenderink’s formula

Toshizumi Fukui, Masaru Hasegawa, and Kentaro Saji

ABSTRACT. We describe Koenderink type theorems for Whitney umbrellas which hold
along special curves. We also show that the shape (convexity and concavity) of images
of orthogonal projections of Whitney umbrellas relates to the Gaussian curvature, even
though it is unbounded near the singularity.

1. Introduction

In 1984 and 1990, J. J. Koenderink showed theorems that relate to how one actually
sees a surface. Let & € R3 be a unit vector and m¢ : R? — &1 the orthogonal projection
onto &, where £+ is a plane perpendicular to . Let f : U — R3 be a regular surface in
R3, where U C R? is an open subset. We denote the singular set of m¢o f by S(m¢o f). The
set me o f(S(me o f)) is the (apparent) contour or profile of f as viewed from the direction
&, and f(S(m¢ o f)) is the rim or contour generator of f as viewed from £. Koenderink
showed the following theorem.

Theorem 1.1 ([12, Appendix], [13, page 433]). Suppose p € S(m¢ o f), namely, £ is in
T,f(U), and e o f(S(me o f)) is a regular curve near p. Let k. be the curvature of the
plane curve e o f(S(me o f)) C &L, and kg the curvature of the normal section of M at
p by the plane that contains &. Then

K = Keke = Kekin(§)

holds at p, where K is the Gaussian curvature of f(U), and k() is the normal curvature
of f(U) with respect to &.

This means that the Gaussian curvature is the product of the curvature of the normal
section with the curvature of the contour (or the profile). In particular, this theorem
claims that convex (resp. concave, inflection) points of the contour of a smooth regular
surface correspond to elliptic (resp. hyperbolic, parabolic) points on the surface.

A Koenderink type formula holds when the contour of a regular surface is (2, 3)-cusp
(Proposition 3.1). In [19] it is shown that a Koenderink type formula also holds for
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cuspidal edges. Does any Koenderink type formula hold for other singular surfaces?
Whitney umbrellas are the only stable singularities of mappings from R? to R3, and
its differential geometry is recently discussed by several geometers ([2, 3, 4, 6, 7, 8, 11,
16, 17, 23, 24, 27]). In [9, 10, 19], Koenderink type formulas in several other space
forms are obtained. It is a natural problem to study a Koenderink type formula for
Whitney umbrellas. The purpose of this paper is to extend the theorem above when f
is the Whitney umbrella. However, there is no well-defined unit normal vector field at
Whitney umbrellas and the Gaussian curvature is unbounded near a Whitney umbrella.
Considering a curve (t) emanating Whitney umbrella, one obtain a Laurent series of
the Gaussian curvature K (y(t)). The principal part of the series depends on the curve.
We show that Koenderink type theorems do hold along special curves near Whitney
umbrellas, and do not hold along generic curves (Theorems 4.4 and 4.6).
All maps considered here are of class C*°.

2. Preliminaries

2.1. Geometric properties of Whitney umbrella

A map-germ f : (R?,0) — (R3,0) is a Whitney umbrella if f is A-equivalent to the map
germ defined by (u,v) — (u,v?,uv) at the origin. Two map-germs f1, f2 are A-equivalent
if there exist diffeomorphism-germs o : (R2,0) — (R?,0) and 7 : (R3,0) — (R?,0) such
that

Tofioo=f

holds. Let f : (R%,0) — (R3,0) be a Whitney umbrella. At the singular point 0, the
tangent plane degenerates to a line, that is, the image of dfy is a line, which is called
the tangent line. The plane passing through the singular point 0 perpendicular to the
tangent line is called the normal plane. There exists a non-zero vector n € ToR? such that
dfo(n) = 0. We call 7 the null vector (cf. [14]). The plane passing through f(0) spanned
by the tangent line and nn f(0) is called the principal plane, where nnf is the second-order
directional derivative of f with respect to 1, and it is not in the tangent line since f is a
Whitney umbrella (cf. [8]). We remark that the definitions of the tangent line, normal
plane and principal plane are independent of the choice of coordinate systems in the
source space (cf. [8]). A regular curve v(t) = (u(t),v(t)) : (R,0) — (R?,0) whose tangent
vector is transverse (respectively tangent) to 7 is called a tangential curve (respectively
null curve). Clearly, if 7y is a tangential curve, then f o~ is tangent to the tangent line of
f at f(0). On the other hand, if 7 is a null curve, then f o~ is singular at 0.

It is shown in [24] that Whitney umbrellas are generically classified into two types:
the elliptic Whitney umbrella, whose parabolic line, in the source space, has an A
singularity (locally two transversally intersecting curves); and the hyperbolic Whitney
umbrella, whose parabolic line has an AIL singularity (locally an isolated point). At
the transition between two types, there is a Whitney umbrella whose parabolic line is a
(2,3)-cusp, and such a Whitney umbrella is called a parabolic Whitney umbrella (see
[16, 23]). Here, a map-germ ~v : (R,0) — (R?,0) is (I1,l2)-cusp if 7 is A-equivalent to
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FIGURE 1. The tangent line, normal plane and principal plane of the
standard Whitney umbrella (u, v) — (u, uv, v?).

t s (th,t12). It is well-known that if j2"+1~(0) is A-equivalent to (¢2,t?"*+1) then v is a
(2,2n + 1)-cusp.
The following proposition is well-known.

Proposition 2.1 ([24]). Let the map f : (R?,0) —
Then there exists a diffeomorphism-germ ¢4 : (R%,0)
©isom : (R3,0) = (R3,0) such that

R3,0) be a Whitney umbrella.
(R?

(
— ,0) and an isometry-germ

Pisom © f O Ps (U, U)

K
2.1
= uuv+§ lvl+0uv)k+1 E j:jj u'v? + O(u,v)* ! (agz > 0) 21)
il ey

holds, where O(u,v)™ consists of the terms whose degrees are greater than n.

A proof of this proposition can also be found in [3] (see also [8, Introduction]).

Let f: (R?,0) — (R3,0) be a Whitney umbrella as in (2.1). Then the tangent line is
the z-axis and the null vector can be chosen as n = 9/9v. Furthermore, the normal plane
is the yz-plane and the principal plane is the xzz-plane. Let

)= (it + g + OF) it + 3 +0)) (o) #0.0)  (22)

be a curve, where O(t") consists of the terms whose degrees are greater than n. Because
of (p1,q1) # (0,0) and ape # 0, the limiting normal vector of f along 7 is

1
limv(y(t)) = £
=0 VP12 + (a11p1 + ao2q1)?
and this vector lies in the normal plane. Furthermore, if 7 is a null curve, then p; = 0,
and thus lim v(y(t)) = (0,£1,0). This vector does not depend on the null curve up to +1
(cf. [8]). We denote this vector v,. Let us assume that (¢) is a null curve. Then p; =0

(0, —a11p1 — ao2q1,p1)
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and ¢ # 0 and the limiting tangent vector of ¥ = f o~ is
v'(t) 1 2

- ==+ (p2,0,a02q1),
=0 |9'(¢)] VD22 + an?q1t

and this vector lies in the principal plane. Let us further assume that v(¢) is a double

curve, namely, 4 = f o satisfies 4(t) = 4(—t). Then we have

1 _ 2
28 = (= Lbgge2 + 083, qut + Caw T anb)a e s
6 6(102

and
1 1
A(t) = <_6b3qft2 +O(tY), 0(th), §a02q§t2 + O(t4)> )

Thus , )
Y (t
lim 7,( ) _ 4 (—bs, 0, 3ag)
t—=0 h’ (t)l vV 9ag2? + b32
holds. We call the direction of this vector the tangential direction of the double curve.
The Gaussian curvature K (u, v) of f of the form (2.1) is computed in [4, p44] by setting

(u,v) = (rcosf,rsinf):

1 20— in? @
K(rcosf,rsinf) = — @02(azo cos oz 510" 6) 5 +0(r) | .
r (0052 0 + (a11 cos @ + aps sin 9)2)

This formula tells us the limit lim, o 72K of the Gaussian curvature of (2.1) depends
only on . We consider a curve y(t) as in (2.2) and consider the Laurent expansion

1 aoz2(az0pi — ao2q?)

Km@»=ﬁ< toaltaon i)y o)) (23)
(p? + (a11p1 + a02q1)?)

Thus considering lim,_,q t? |dy/dt(0)|* K (y(t)), it can be regarded as the principal part

of the diverging Gaussian curvature and it is determined only by the direction v = ~/(0).

Thus we denote it by K.

2.2. Geometric properties of cusps in the plane

Different from the case of regular surfaces, a section of a Whitney umbrella by a plane
has a singular point. It is well known that a section of a Whitney umbrella by a plane is
generically a (2, 3)-cusp. A map-germ g : (R2,0) — (R?,0) is called a fold (respectively,
a cusp) if it is A-equivalent to (u,v) + (u,v?) (respectively, (u,v) = (u,v> + uv)) at 0.
In this section, we introduce an invariant of (2, 3)-cusps given in [21].

A map-germ v : (R,0) — (R2,0) is a (2, 3)-cusp if and only if it holds that 7/(0) = 0
and det(v”(0),~v"”(0)) # 0. Then the cuspidal curvature p, of v at 0 is defined by

ety (1), 4" (1)
T TR (24)

See [21] for details. We have the following proposition.
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Proposition 2.2 (cf., [22, Theorem 1.1]). Let v(t) : (R,0) — (R2,0) be a (2,3)-cusp.
Then

lim |tk ()]

. d?y
o = 22 i VRO and o] =252 0)

hold, where s(t) = fg |7/| dt is the arclength.

Proof. For the first equality, see [22, Theorem 1.1]. Since the Taylor expansion of s(t) is

s(t) = \/(d?v/dt?)(0)/2t + O(t?), we have the second equality. O

3. Koenderink type formulas for smooth surfaces

In this section, we deal with a Koenderink type theorem for regular surfaces whose
contour has a singular point. Let f : (R2,0) — (R3,0) be a regular surface whose
Gaussian curvature K is K < 0 at the origin. Take a vector & € TyR? of f, and set
g = m¢ o f, where £ = df(&). Then one can easily see that g at 0 is a cusp if and
only if II(&,&) = 0, d(I(&,&5)) # (0,0) and &(I(&,&s)) # 0 hold at 0, where
(&€ = L& +2M & & + N & for & = £0, + &0, and & (11(&,&,)) stands for the
directional derivative of II(s, &) by &s. Here (u,v) is a coordinate system on (R?,0), and
L,M,N are given by

L:fuu'yv M:fuv"/a N:fvv'l/7 (31)

where v is a unit normal vector to f.

Under the above condition, the contour of f as viewed from & is the (2,3)-cusp at
0, and the section of f by the plane (£,v(0))g is a regular curve. Let «(t.) be the
parameterization of S(g) and ((ts) the parameterization of the set {det(f, &, v(0)) = 0}
with a(0) = 5(0) = 0. Then &(t.) = g o a(t.) gives a parameterization for the contour of
f as viewed from &, and f3 (ts) = foB(ts) gives a parameterization for the section of f by
(&, v(0))r at 0. Let k.(t.) and ks(ts) be the curvatures of &(t.) and 3(ts), respectively.
We remark that «a(t.) and B(ts) are tangent to each other at 0. Under the above setting,
we have the following proposition.

Proposition 3.1. It holds that

c tc s ts 1 & d S
=20 2y/(d?a/dt?)(0) dts

where I(# 0) € R is determined by |da/dt.| =1 |dfS/dts| at 0.

Proof. Without loss of generality we may assume that

k
1
flu,v) = <u, v, §(k%UQ — k3v?) + Z em(u,v) + O(u,v)kH) )

m=3
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where
k1 >0, ko>0, and cp(u,v)= Z %
i+j=3
Then we see that v(0,0) = (1,0,0) and K (0,0) = —k?k3. Choose &; = k20, +¢ck10,, which
are parallel to the asymptotic direction at the origin, and set & = (ka, k1, 0)/(k? +k3)1/2,
where ¢ = £1.
Firstly, we consider the curvature of the contour of f as viewed from £. We have

det(fua fvaé) = _k%kéu + €k‘1k;§v

u'v?.

B gagiky + azoks o capzky + aigks o

5 u® — (earoky + ag1ka)uv — 5 v° + O(u,v)?’7
where £ = (k2, €k1,0). Since k1ke # 0, a(t.) can be expressed as
N €k}1 3603(k2,€k1) 2 3
at) = (1o Thte+ TR 04,
and thus
N 383(]{}2,6]{}1) 2 3803(k2,€]€1) 2 3
= —_ . .2
att) = (T g ) O 32
Since
R N T2ec (k?g 8]4?1)2
det (d?a(0)/dt?, d>a(0)/dt?, &) = ——"2 21
_ oG E)P R T )2 '

k1kS
we observe that & is a (2, 3)-cusp. The curvature of & as a plane curve is given by

_36€Cg(k2,€k1)2t2 n O(t?’)
det(@,d”, &) krkS\/k2 + k2 ° 7 ekik3 (K + k3)(82 + O(t2))
o wp 2 327 6les(ka, chy)[(82 + o(t2))3/2
(3663(k2;€k1) tz—f—O(t%))

REES (KT + k3)

(3.4)
Next, we consider the curvature of the section of f with the plane (¢,1(0,0))r at the
origin. Since det(f,&,v(0,0)) = ekiu — kov holds, B(ts) can be expressed as [(ts) =
(Its,eky /kalts) for some I(# 0) € R. Hence, we obtain

B(ts) = (zr;s, %ns, %F’t? + O(t;‘)) : (3.5)
2

The curvature of B as a plane curve is given by

det(8', 8", € x v(0,0))
4k

663(/4)2, &‘]4}1)
ko (K + k3)

Its +O(t2)). (3.6)

|Ais|
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Since da/dt. = ldB3/dts at 0, ts = t. + O(t?) holds. Thus it follows from (3.4) and (3.6)

that

Ke(te)ks(ts)
l

lim
te—0
ts—0

= k2k2.

By Proposition 2.2, we have the assertion. O

We remark that (3.2) and (3.5) imply that the assumption da/dt. = 1 df3/dts at 0
means

a8
dt

03(k276k1)
k1k3 (KT + K3)

(0)

d2a
w0

where #2/2 is the arclength of &, and ¢, is the arclength of 5. Let v : (R,0) — (R2,0) be a
curve which is (2, 3)-cusp. In [22], a parameterization near a (2, 3)-cusp is introduced. Let
s(t) be a usual arc-length function. Then the function sgn(t),/|s(t)| is C*° differentiable
([22, Lemma 2.1]) and it is called half-arclength. This implies that ¢? is the arclength.
Then it can be seen that the parameter ¢ satisfies that ¢?/2 is an arc-length of v if and
only if |y| = |¢|.

4. Koenderink type formulas for Whitney umbrellas

In this section, we give Koenderink type formulas for orthogonal projections of Whitney
umbrellas.

4.1. Koenderink type formulas at a Whitney umbrella
We fix our setting as follows.

Notation 4.1. Let f: (R?,0) — (R3,0) be a Whitney umbrella with a unit normal vector
v defined on R?\ 0, and &+ C R? a plane perpendicular to & = (&;,&,&3) (€] = 1), and
me : R — &1 the orthogonal projection. Denote g = m¢ o f : (R%,0) — (¢1,9(0)). Let
a(te) : (R,0) — (R2,0) be a parameterization of the singular set S(g), and & = goa. Let
B(ts) : (R,0) — (R%,0) denote a parameterization of the section of image f by the plane
(&, vn)Rr at 0, namely, image(f o 8) = image f N (£, v, )R, and B = fofB. We remark that
lim;__,0 v((0)) = vp,. Let k. be the curvature of & and x5 be the curvature of B as plane
curves.

Under this notation, & gives a parameterization of the contour of f as viewed from ¢&.
We have the following lemma.

Lemma 4.2. Under the setting as in Notation 4.1,

(1) If & does not lie in the principal plane of f, then & is a regular curve,

(2) If € is in the principal plane of f but £ is neither the tangential direction of
f nor the tangential direction of the double curve of f, then & and B are both
(2,3)-cusps.
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Remark 4.3. If f is a normal form of Whitney umbrella as in (2.1), then the above
conditions are equivalent to the following conditions respectively:

(1) & #0.
(2) & =0, & # 0 and 3agzé; + bsés # 0.

Proof of Lemma 4.2. Without loss of generality, we may assume that f is of the form
(2.1).
(1) We assume & # 0. Then since g, = (m¢ 0 f)u = fu — (fu - )€ holds, S(g) =
{(u,v) | J(u,v) = 0}, where we set J = det(fu, f»,&). Since f,(0,0) = 0, we have
J»(0,0) = det(fu, fv0,£)(0,0) = —aga&s # 0. Therefore, a can be given in a(u) =
(u,v(u)). Since f,(0,0) = 0, we have

&(0) = fu = (fu- )€ = (&7 +&° —61&2, —61&) # (0,0,0),

and thus (1) is proved.
(2) We assume the conditions of (2). Since &, = 0 and f,,(0) = (0,0,0), we show that

Ju(0,0) = det( fu, fuv,£)(0,0) = &,
Jv(oa 0) = det(fﬂa fvvag)(oa O) = 07
Juu(0,0) = 2det(fuw, fou, £)(0,0) + det(fu, fovw, £)(0,0) = 2ap2&1 + b3&s.

It follows that « can be given by a(v) = (u(v),v), where «/(0) = 0 and «”(0) is given by
—(2ap2&1+b3&3)/&5. Since v/ (0) = 0 and f,(0,0) = (0,0,0), we show that &'(0) = (0,0, 0).
Moreover, we have

(f ©@)”(0) = £u(0,0)u"(0) + fu,(0,0)
= (‘ (2a02&1 + b3&3) /&3, 0, aoz) (4.1)
(foa)”(0) = £.(0,0)u"" (0) + 3 fuu(0,0)u” (0) + fuuu(0,0).

Hence, we have

det(a"(0), 4" (0), ) = det ((f )"(0),(f 0 )" (0),€)

u//(o) u///(o) 51 2
2 b
“| 0 suno) 4 0= 2BaeSiThG)ST L, g
aoz  aos +3au”(0) & &
and thus we conclude that & is a (2,3)-cusp. Here, | - | = det(:). Now we turn to /.

Since «/'(0) = 0, that is, a is a null curve, we have v, = +(0,1,0). We set 3(u,v) =
det(f(u,v),vp,§). The intersection of f by (vn,&)r at 0 is given by f({X = 0}). Since
f»(0,0) = (0,0,0), we have ¥,,(0,0) = +&;5 and X,,(0,0) = 0. It follows that 8 can be given
by B(v) = (a(v),v). Moreover, we have @'(0) = 0 and @”(0) = —3,,(0,0)/2,(0,0) =
ag261/&3. Since @' (0) = 0, we have

B"(0) = £4(0,0)@"(0) + fuu(0,0) = (a0251 /&5, 0, aw), (4.3)
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B"(0) = fu(0,0)@"” (0) + 3fuv@” (0) + fuuu(0,0)-
Note that v, x £ = £+(&3,0,—&1). We see that

ul/(o) u///(O) :t€3
det (5//(0)’ 6///(0)’ Up X f) _ 0 3’LLH(O) + b3 0 _ ia02(3a02§12 + b3§3) 7& 0’
age  3anu”(0) +agzs T &3
and (2) is proved. O

foBltste) ) [~ (v(alte)), &),
f o Blt) = Bt T

Bts)  Bltste

a(te) = B2, t) —

3
‘. .,
- %%
p R
S
=

(19,t)" &

& = me(f(a(te)) = meo f o Bt te

FI1GURE 2. A situation of the projection

Under the setting as in Notation 4.1, let us consider a parameter family of sections of
f by the planes spanned by v(a(t.)) and £ passing through f(a(t.)). See Figure 2 for
this situation. Set

e (u,v) = B(u, v, t.) = det (f(u,v) — fla(te)), V(a(tc)),f). (4.4)

Then f({X% = 0}) represents the section of f by the plane spanned by v,, = v(a(t.)) and &
passing through f(a(t.)). If t. # 0, then {3% = 0} is non-singular at «(t.). When ¢, = 0,
if £ is not the tangential direction of f then {¥! = 0} is non-singular at «(0). Therefore,
if £ is not the tangential direction of f then it holds that the family {¥f = 0} can be
parameterized as B(ts,t.) : (R, 1Y) x (R,0) — (R2, a(t.)) and a member of the family can
be parameterized as 3% (ts) = [(ts, t.), where t? satisfies 3(t,t.) = a(t.). We remark that
limy, 0 B(ts, te) = BO(ts) = B(ts), where B(ts) is defined as in Notation 4.1. Let ry(ts,t.)
be the curvature of At = f o 8t as a plane curve. If the condition (2) of Lemma 4.2 is
satisfied, then the contour and the section are both (2,3)-cusps. From Proposition 2.2,

50



Extensions of Koenderink’s formula

it is expected that lim;, 0 t2K (a(t.)) relates to lime, 0,1, 0 tekic(te) tskis(ts, te) and the
product of pus and M- We have Theorem 4.4. For the sake of simplicity, we assume

|da/dt(0)| = [dB°/dts(0)].

Theorem 4.4. Under the setting as in Notation 4.1 and above, if & satisfies the condi-
tions (2) of Lemma 4.2, and |da/dt.(0)] = |dB°/dts(0)|, then the following holds:

tlcigo tEK(a(tc))’ =2 tlsiglo [teke(te) tskis(ts, te)| = 2 tlsigl() [teke(te) tskin (ts, te)ls

te—0 te—0
where kn(ts,te) is the normal curvature along Bt (ts) in the direction dBt(ts)/dts.

For a regular surface f : U — R3, the normal curvature of f at p in the tangent
direction £ = &1 fu(p) + &2 fu(p) (61,62 € R) is defined by

L& +2MEEFNE

E&+2F&&+G &
where (u,v) is a coordinate system on U, v is the unit normal vector to f, and E = f,, - fu,
F=f. fo, G=fy, fo, and L, M,N are as in (3.1). We remark that by (4.1), we

see that |3”(0)| = |3ao2&1 + bsés|. This formula and (4.3) imply that the assumption
|dav/dt.(0)] = |dB°/dts(0)| means

Kn(§)

@p
dt?

d*a

ao2
@( )‘i

€3

where ¢2/2 is the arclength of &, and ¢2/2 is the arclength of §.

(0)| = |3ag2&1 + b3és| :

Corollary 4.5. It holds that

e 3]
‘Kn‘ -

where 1 is a null vector defined as in Section 2.1.

Proof. Theorem 4.4, Proposition 2.2 and the Definition of K,. We remark that under the
condition (2) of Lemma 4.2, o/(0) = n holds. O

4.2. Limit of the usual Koenderink theorem along the contour

Let us consider an orthogonal projection of a Whitney umbrella. Since Whitney um-
brella is an isolated singular point, usual Koenderink formulas hold at each point on
contour away from the Whitney umbrella. Here we consider a Koenderink type theorem
for Whitney umbrella as a limit of the usual Koenderink theorem along the contour.
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Theorem 4.6. Under the setting as in Notation 4.1 and above, if £ satisfies the condition
(1) of Lemma 4.2, then the following equalities hold:

o2 i 42 0
tlclglo tzK(alte)) = lm toke(te) ks(ts, te)s

te—0
(4.5)
lim tiK(a(tC))‘ = lim [2ke(te) mn(t0, )]
te—0 te—0 )
Here, & and ft(t,) are oriented so that
A 3 0
7(d05/dtc)(0) =— lim v(a(t.)) x €& and im (8@/8ts)(t5,tc) =¢, (4.6)
|(da/dtc)(0)]  temto L0 [(9B/01)(t3, te)|

respectively. Moreover, planes &+ and (v(a(t.)),&)r are oriented so that the vectors &
and v(a(t:)) x & are normal vectors to each plane.

If € satisfies the condition (2) of Lemma 4.2 and |da/dt.(0)| = |dB/dts(0)], then the
following holds:

toke(te) t2rs(t2,te) terie(te) 00, (12, 1,)]. (4.7)

= lim
0

e c—

. 2 T
tlclgloth(a(tc))‘ = hmO

Since f(a(t.)) belongs to the contour generator, and f at «a(t.) is regular, the usual
Koenderink theorem tells the equality

K(a(tc)) = ’%c(tc) Ks (tga tc)'

If ¢ satisfies the condition (1) of Lemma 4.2, then since m¢(f(c(t.))) is regular, one can
obtain the Koenderink theorem by taking limit along «(t.). On the other hand, if £
satisfies the condition (2) of Lemma 4.2, then since m¢(f(c(t.))) has (2, 3)-cusp at t. = 0,
the Koenderink theorem holds after an adjustment as in (4.7).

Proofs of Theorems 4.4 and 4.6. Without loss of generality, we may assume that f is of
the form (2.1). The singular set S(g) is given by

S(g) = {(u,v) | det(fu(uav)va(ua ”U),f) = 0}

= {(w0) [(an& + &)u - antav (48)
1

+3 ((—2a20&1 — a21&)u” — 2a1uv + (2a02é1 — agséa)v®) + O(u, U)3}~

Firstly, we assume that the condition (2) of Lemma 4.2, namely, &, = 0, {3 # 0
and 3ap281 + b3és # 0 hold. By (4.8), it holds that S(g) is locally parameterized by
al(t.) = (u(t.),t.), where u(t.) = —(2ap2&1 + b3&3)t2/(2£3) + O(t2). Then we have

u(a(tc))ze(tc,—l,—§tc> + 0t and K(a(t.)) ! <—§+O(tc)>, (4.9)

)
3 [ apo

92



Extensions of Koenderink’s formula

where e = +1 (resp. —1) if ¢, > 0 (resp. < 0). Since

1
Y=¢ <€3U t3 (az0é1u® 4 2a11&1uv + age&iv® — (3ag2éy — b3és)t2) + O(u, U,tc)3> ;

we have St (ts) = B(ts,tc) = (i(ts,te),ts), where

it te) = 0281 5 300281 + bsds
o 26 ° 283

We remark that da/dt.(0) = d3°/dts(0) and t = t.. On the other hand, by straightfor-
ward calculations, we have

_ det(da/dc(te), d*a/dt?(tc),€)  (3a02és +bs3&s)*t2 /& + O(t2) (4.10)
B |dav/dt(tc)[? (30261 + b3&3)212 + O(12))3/2 '

t2 4+ O(ts, to)>.

Ke(te)

(bt = det (95 /Ots (ts, te), 0B/ Dt (ts, te), v(a(te)) X €)
|08/ 0ts(ts, te)?
_ det(aé/ats(ts,tc),82B/Bt§(ts,tc)7 (fu X fo)(afte)) X §)
|(fu ¢ fo) (o)) 105 /0t (ts, to)
_ ay(3a0a€s + bsSs)te(t2 +12) /(263) + Ofts te)*

Va2 1 O(8) (12 /2 + 0(3))32

L(B(ts, tc))(90/0ts)? +2M (B(ts, tc))(94/0ts) + N (B(ts, tc)
E(B(ts,tc))(00/0ts)? + 2F (B(ts, tc))(00/0ts) + G(B(ts, tc))
—aoa(3a0261 + b3&3) (13 +12)/(26) + O(ts, t)°

agyt? + O(t) (adat?/€5 + O(2)) '
It follows from (4.10) and (4.11) that

(4.11)

~—

Rn (t57 tc) =
(4.12)

1 €3] (Bao2&1 + b3&3)
&3]3a02&1 + b3&s| 2a3,

R B
=22 = §t£1in(] [t2K (a(te))] -

t151£>n0 |tcl€c(tc) tsks (tsv t6)| =
te—0

Similarly, using (4.10) — (4.12), we show that

)

: 1.
tlglglo [teke(te) tskin(ts, te)| = 3 lim |t2K (a(tc))

e te—0

te—

Jim |teke(te) tors(t2, te)| = Jim [t2K (a(te))]
tlciglo |tekc(te) torn (), te)| = tlciglo [t2K (a(te))] -
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We remark that if ¢. = t.(r.) and t; = ts(rs), then by same calculations obtaining above
relations we have

1
. 2 _ .9
rlclglo ref(alte(re))) = (dte/dr.(0))? t101£>n0 tei(alte),
) 1 .
leglg rcnc(tc(rc))rsns(ts(rs),tc(rc))’ = TdL o a. o élgg teke(te) tsks(ts, te)|,
Te—r o
dr, dryg
. 1 .
élglg rcnc(tc(rc))rsfin(ts(rs),tc(rc))‘ = dtc( | . o ;qlr_)ng tekic(te) tskin(ts, te)),
e dr, drg 7
1
. 0 0 _ . 0 0
TICIE}O Teke(te(re)) rsms(ts(rs),tc(rc))‘ = dtc( i o tlclglo teke(te) toks(ts, te)l,
dre. drg
1
. 0 0 _ . 0 0
rlclr_{lo Tekie(te(re)) rsﬁn(tS(rs)vtC(TC))‘ = dtc( dts( ) t101£>n0 tekic(te) tskin(ts, te)],
dr. drg

where 70 satisfies the condition B(ts(r?),t.(r.)) = a(t.(r.)). These relations show the
necessity of the assumption |da/dt.(0)| = |dB°/dts(0)|, and by the same arguments in
the proof of Theorem 4.4, one can obtain the geometric meaning of this assumption. We
complete the proofs of Theorem 4.4 and the second assertion of Theorem 4.6.

Secondly, we assume the condition (1) of Lemma 4.2. By (4.8), it holds that S(g) is
locally parameterized by «(t.) = (t., v(t.)), where

-5,
1 (2a02€1 — a03&2) (&3 — a11&2)? ) 2 3
N 2a023&5° (—2a12a02§22(£3 — a11&2) — ap262”(a21&2 + 2a0261) te + O(t).

We note that &(t.) is a tangential curve, which is defined as in Section 2.1. By straight-
forward calculations we show that v(«(t.)) is expressed as

v(a(te))

_ ESgn(§2) (a11§2 - 63)2 . 51(04152 _ 53)2 B 5153(611162 _ 53)2 )
m( ao2&s te, —&3 03 (€2 + €2) te, &2 105 (€2 + 22 te | +O(t2),

where £ =1 (resp. —1) if t. > 0 (resp. < 0), and that K(«(t)) is expressed as

K(a(tc)) _ % (_52((a11§2(g§§i)£§—)2a20a02§2) + O(tc)> . (413)
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On the other hand, we have
_ det (da/dtc(0), *G/dt2(0),€) _ (a11€s — &) — apaazobs”

c = = 4.14
el 4/t (0)F aoaal&” + &) #4149
Since we have
¥ =sgn(&a)\ /&5 + &5 (—u+te) + 2sg£112(§?22 <a20§1§3u2 + 281 (& + a11&3)uv
5 T8
3 oe2¢ 2020 20 ¢3
+ agab1&30% + §1(2a11&5 — 26563 + a;;ggis a2000285¢3 fs)tg> + O(u,v,t.)3,
2

we have f(ts,t.) = (u(ts,t.),ts) and u(t.,ts) is locally written as

L[ an2éi&s 5 2&1(& + a1163)

Wlta,te) = to+ = £2 - tol,
(fote) 2<£%+§§ g+ 8
(4.15)

Si(anés — €3)(26F + 01168 + €) o 3
’ 023 (€3 + £3) to | +O(ts, te)”.

We remark that S(v(t.),ts) = (u(v(te),ts), v(te)) = a(t.), that is, 2 = v(t.). Straightfor-
ward calculations show that

det (0B/0ty(ts ), 02 B0t (ts ), v(a(te)) X &)

ks (10, 1) = 555 .
108/0ts(ts te)] to=t0 (4.16)
_ —ao2/&17 + O(t7)
V(@G + O (12/6 +0(12))3/
(10, 1,) = LB s:1e))(00/01s)* + 2M (5(1s,1))(00/O1s) + N(G(ts, te))
T B (B(ts 1)) (01/0t5)? + 2F (B(ts, ) (040t ) + G(B(ts, te)) |, g0

4.17
apate + O(?) (4.17)

VG +&)1/G +0W)(te?/&3 + O(t))
From (4.13) — (4.16), we have

e 2 3
lim 2k, (£0) ks (£0, 1) = (a11§2 — §3)° — ao2a20§2 <_ a02§5 ) — lim 2K (a(t.)).
te—0 te—0

agaba(Ea” + €3%)3/2 VE+ &2

Similarly, we have

tthO ti:‘ﬁc (tc) Kn (t(s)v tC)

2
tlclino t2K (a(te))| -

%)
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We remark that since now we have

d&/dtc(0)| — () i vla(t) <& dB/dts(ts, )

[dé/dt(0)] Yo S B |, e

to=t0

when & < 0 the equality (4.6) holds by replacing £ by —¢ while holding the equality
(4.5). O

4.3. Convexity and concavity of Whitney umbrellas

One can easily see that the image of the orthogonal projection of a hyperbolic Whitney
umbrella in any direction is concave at a point corresponding to the singular point. On
the other hand, the image of the orthogonal projection of an elliptic Whitney umbrella
in a direction is concave, convex or has an inflection at a point corresponding to the
singular point. It is natural to expect that the above argument relates to the Gaussian
curvature along the contour. In this section we study the convexity and concavity of
Whitney umbrellas.

Let us consider under the setting as in Section 4. The section of f at 0 with the plane
spanned by v(a(0)) and £ is given by f(8°(ts)). The image m¢(f(8°(ts))) is a half-line
with initial point 0. We denote the direction vector of m¢(f(8°(¢s))) by vs and denote
the (left-hand) unit normal vector to the contour G&(t.) by N.

Theorem 4.7. Under the setting as above and Notation 4.1, assume the contour a(t.)
is not singular at t. =0, then

. = i 2
sgn (v, - Ne(0)) £¢(0)) = sgn (tlclinot K(ac(tc))> .

If sgn ((vs - Ne(0)) £c(0)) > 0 (resp. < 0), then &(0) is the convex (resp. concave) point
of the image of g (Figure 3 and 4). Furthermore, if sgn((v, - N.(0)) £.(0)) = 0 then &(0)
is a inflection point of the contour &.

Ne

FIGURE 3. The case sgn((v, - N.(0)) £c(0)) > 0.
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vS? NC

FIGURE 4. The case sgn((vs - N(0)) 5c(0)) < 0.

Proof of Theorem 4.7. Without loss of generality, we may assume that f is of the form
(2.1). Now we have & # 0. It follows from (4.15) that

0 _ Capbels 5, a3 o 3
g(ﬁ (ts)) = (0’ 2(53 “rf%)ts, 2(6; +£§)t3> +0(ts)' (4'18)

Therefore, vy is given by
o — (07 _smnb(6) sen(@)e ) (419)
VB +E8 VE+&
Since & can be considered as a plane curve in the plane £+ with normal vector &,

dé &3 &2
N(0)= Ly xe= (o, — . 4.20
O e ( Va8 \/s§+§§> 20
It follows from (4.14), (4.19) and (4.20) that
sgn(('vs - N.(0)) "Ec(o)) = —Sgn((a11§2 - 53)2 - a20(102)-
On the other hand, from (4.13)

sgn (tliglo t?K(a(tQ)) = —sgn((au& — &) — 0206102)’

and the proof is complete. O
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