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Extensions of Koenderink’s formula

Toshizumi Fukui, Masaru Hasegawa, and Kentaro Saji

Abstract. We describe Koenderink type theorems for Whitney umbrellas which hold
along special curves. We also show that the shape (convexity and concavity) of images
of orthogonal projections of Whitney umbrellas relates to the Gaussian curvature, even
though it is unbounded near the singularity.

1. Introduction

In 1984 and 1990, J. J. Koenderink showed theorems that relate to how one actually
sees a surface. Let ξ ∈ R

3 be a unit vector and πξ : R3 → ξ⊥ the orthogonal projection
onto ξ⊥, where ξ⊥ is a plane perpendicular to ξ. Let f : U → R

3 be a regular surface in
R

3, where U ⊂ R
2 is an open subset. We denote the singular set of πξ◦f by S(πξ◦f). The

set πξ ◦ f(S(πξ ◦ f)) is the (apparent) contour or profile of f as viewed from the direction
ξ, and f(S(πξ ◦ f)) is the rim or contour generator of f as viewed from ξ. Koenderink
showed the following theorem.

Theorem 1.1 ([12, Appendix], [13, page 433]). Suppose p ∈ S(πξ ◦ f), namely, ξ is in

Tpf(U), and πξ ◦ f(S(πξ ◦ f)) is a regular curve near p. Let κc be the curvature of the

plane curve πξ ◦ f(S(πξ ◦ f)) ⊂ ξ⊥, and κs the curvature of the normal section of M at

p by the plane that contains ξ. Then

K = κcκc = κcκn(ξ)

holds at p, where K is the Gaussian curvature of f(U), and κn(ξ) is the normal curvature

of f(U) with respect to ξ.

This means that the Gaussian curvature is the product of the curvature of the normal
section with the curvature of the contour (or the profile). In particular, this theorem
claims that convex (resp. concave, inflection) points of the contour of a smooth regular
surface correspond to elliptic (resp. hyperbolic, parabolic) points on the surface.

A Koenderink type formula holds when the contour of a regular surface is (2, 3)-cusp
(Proposition 3.1). In [19] it is shown that a Koenderink type formula also holds for
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cuspidal edges. Does any Koenderink type formula hold for other singular surfaces?
Whitney umbrellas are the only stable singularities of mappings from R

2 to R
3, and

its differential geometry is recently discussed by several geometers ([2, 3, 4, 6, 7, 8, 11,
16, 17, 23, 24, 27]). In [9, 10, 19], Koenderink type formulas in several other space
forms are obtained. It is a natural problem to study a Koenderink type formula for
Whitney umbrellas. The purpose of this paper is to extend the theorem above when f
is the Whitney umbrella. However, there is no well-defined unit normal vector field at
Whitney umbrellas and the Gaussian curvature is unbounded near a Whitney umbrella.
Considering a curve γ(t) emanating Whitney umbrella, one obtain a Laurent series of
the Gaussian curvature K(γ(t)). The principal part of the series depends on the curve.
We show that Koenderink type theorems do hold along special curves near Whitney
umbrellas, and do not hold along generic curves (Theorems 4.4 and 4.6).

All maps considered here are of class C∞.

2. Preliminaries

2.1. Geometric properties of Whitney umbrella

A map-germ f : (R2, 0) → (R3, 0) is a Whitney umbrella if f is A-equivalent to the map
germ defined by (u, v) 7→ (u, v2, uv) at the origin. Two map-germs f1, f2 are A-equivalent

if there exist diffeomorphism-germs σ : (R2, 0) → (R2, 0) and τ : (R3, 0) → (R3, 0) such
that

τ ◦ f1 ◦ σ = f2

holds. Let f : (R2, 0) → (R3, 0) be a Whitney umbrella. At the singular point 0, the
tangent plane degenerates to a line, that is, the image of df0 is a line, which is called
the tangent line. The plane passing through the singular point 0 perpendicular to the
tangent line is called the normal plane. There exists a non-zero vector η ∈ T0R

2 such that
df0(η) = 0. We call η the null vector (cf. [14]). The plane passing through f(0) spanned
by the tangent line and ηηf(0) is called the principal plane, where ηηf is the second-order
directional derivative of f with respect to η, and it is not in the tangent line since f is a
Whitney umbrella (cf. [8]). We remark that the definitions of the tangent line, normal
plane and principal plane are independent of the choice of coordinate systems in the
source space (cf. [8]). A regular curve γ(t) = (u(t), v(t)) : (R, 0) → (R2, 0) whose tangent
vector is transverse (respectively tangent) to η is called a tangential curve (respectively
null curve). Clearly, if γ is a tangential curve, then f ◦ γ is tangent to the tangent line of
f at f(0). On the other hand, if γ is a null curve, then f ◦ γ is singular at 0.

It is shown in [24] that Whitney umbrellas are generically classified into two types:
the elliptic Whitney umbrella, whose parabolic line, in the source space, has an A−

1

singularity (locally two transversally intersecting curves); and the hyperbolic Whitney
umbrella, whose parabolic line has an A+

1 singularity (locally an isolated point). At
the transition between two types, there is a Whitney umbrella whose parabolic line is a
(2, 3)-cusp, and such a Whitney umbrella is called a parabolic Whitney umbrella (see
[16, 23]). Here, a map-germ γ : (R, 0) → (R2, 0) is (l1, l2)-cusp if γ is A-equivalent to
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Figure 1. The tangent line, normal plane and principal plane of the
standard Whitney umbrella (u, v) 7→ (u, uv, v2).

t 7→ (tl1 , tl2). It is well-known that if j2n+1γ(0) is A-equivalent to (t2, t2n+1), then γ is a
(2, 2n+ 1)-cusp.

The following proposition is well-known.

Proposition 2.1 ([24]). Let the map f : (R2, 0) → (R3, 0) be a Whitney umbrella.

Then there exists a diffeomorphism-germ ϕs : (R2, 0) → (R2, 0) and an isometry-germ

ϕisom : (R3, 0) → (R3, 0) such that

ϕisom ◦ f ◦ ϕs(u, v)

=



u, uv +
k
∑

i=3

bi
i!
vi +O(u, v)k+1,

k
∑

i+j=2

aij
i!j

uivj +O(u, v)k+1



 (a02 > 0)
(2.1)

holds, where O(u, v)n consists of the terms whose degrees are greater than n.

A proof of this proposition can also be found in [3] (see also [8, Introduction]).
Let f : (R2, 0) → (R3, 0) be a Whitney umbrella as in (2.1). Then the tangent line is

the x-axis and the null vector can be chosen as η = ∂/∂v. Furthermore, the normal plane
is the yz-plane and the principal plane is the xz-plane. Let

γ(t) =

(

p1t+
1

2
p2t

2 +O(t3), q1t+
1

2
q2t

2 +O(t3)

)

(

(p1, q1) 6= (0, 0)
)

(2.2)

be a curve, where O(tn) consists of the terms whose degrees are greater than n. Because
of (p1, q1) 6= (0, 0) and a02 6= 0, the limiting normal vector of f along γ is

lim
t→0

ν(γ(t)) = ± 1
√

p12 + (a11p1 + a02q1)2
(0,−a11p1 − a02q1, p1)

and this vector lies in the normal plane. Furthermore, if γ is a null curve, then p1 = 0,
and thus lim ν(γ(t)) = (0,±1, 0). This vector does not depend on the null curve up to ±1
(cf. [8]). We denote this vector νn. Let us assume that γ(t) is a null curve. Then p1 = 0
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and q1 6= 0 and the limiting tangent vector of γ̂ = f ◦ γ is

lim
t→0

γ̂′(t)

|γ̂′(t)| = ± 1
√

p22 + a022q14
(p2, 0, a02q1

2),

and this vector lies in the principal plane. Let us further assume that γ(t) is a double
curve, namely, γ̂ = f ◦ γ satisfies γ̂(t) = γ̂(−t). Then we have

γ(t) =

(

−1

6
b3q

2
1t

2 +O(t3), q1t+
(−a03 + a11b3)q

2
1

6a02
t2 +O(t3)

)

and

γ̂(t) =

(

−1

6
b3q

2
1t

2 +O(t4), O(t4),
1

2
a02q

2
1t

2 +O(t4)

)

.

Thus

lim
t→0

γ̂′(t)

|γ̂′(t)| = ± 1
√

9a022 + b3
2
(−b3, 0, 3a02)

holds. We call the direction of this vector the tangential direction of the double curve.
The Gaussian curvature K(u, v) of f of the form (2.1) is computed in [4, p44] by setting

(u, v) = (r cos θ, r sin θ):

K(r cos θ, r sin θ) =
1

r2

(

a02(a20 cos
2 θ − a02 sin

2 θ)
(

cos2 θ + (a11 cos θ + a02 sin θ)2
)2

+O(r)

)

.

This formula tells us the limit limr→0 r
2K of the Gaussian curvature of (2.1) depends

only on θ. We consider a curve γ(t) as in (2.2) and consider the Laurent expansion

K(γ(t)) =
1

t2

(

a02(a20p
2
1 − a02q

2
1)

(

p21 + (a11p1 + a02q1)2
)2

+O(t)

)

. (2.3)

Thus considering limt→0 t
2 |dγ/dt(0)|2 K(γ(t)), it can be regarded as the principal part

of the diverging Gaussian curvature and it is determined only by the direction v = γ′(0).
Thus we denote it by Kv.

2.2. Geometric properties of cusps in the plane

Different from the case of regular surfaces, a section of a Whitney umbrella by a plane
has a singular point. It is well known that a section of a Whitney umbrella by a plane is
generically a (2, 3)-cusp. A map-germ g : (R2, 0) → (R2, 0) is called a fold (respectively,
a cusp) if it is A-equivalent to (u, v) 7→ (u, v2) (respectively, (u, v) 7→ (u, v3 + uv)) at 0.
In this section, we introduce an invariant of (2, 3)-cusps given in [21].

A map-germ γ : (R, 0) → (R2, 0) is a (2, 3)-cusp if and only if it holds that γ′(0) = 0
and det(γ′′(0), γ′′′(0)) 6= 0. Then the cuspidal curvature µγ of γ at 0 is defined by

µγ =
det(γ′′(t), γ′′′(t))

|γ′′(t)|5/2
∣

∣

∣

∣

t=0

. (2.4)

See [21] for details. We have the following proposition.
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Proposition 2.2 (cf., [22, Theorem 1.1]). Let γ(t) : (R, 0) → (R2, 0) be a (2, 3)-cusp.
Then

µγ = 2
√
2 lim
t→0

√

|s(t)|κ(t) and |µγ | = 2

√

∣

∣

∣

∣

d2γ

dt2
(0)

∣

∣

∣

∣

lim
t→0

|tκ(t)|

hold, where s(t) =
∫ t

0
|γ′| dt is the arclength.

Proof. For the first equality, see [22, Theorem 1.1]. Since the Taylor expansion of s(t) is

s(t) =
√

(d2γ/dt2)(0)/2t+O(t2), we have the second equality. �

3. Koenderink type formulas for smooth surfaces

In this section, we deal with a Koenderink type theorem for regular surfaces whose
contour has a singular point. Let f : (R2, 0) → (R3, 0) be a regular surface whose
Gaussian curvature K is K ≤ 0 at the origin. Take a vector ξs ∈ T0R

2 of f , and set
g = πξ ◦ f , where ξ = df(ξs). Then one can easily see that g at 0 is a cusp if and
only if II(ξs, ξs) = 0, d

(

II(ξs, ξs)
)

6= (0, 0) and ξs
(

II(ξs, ξs)
)

6= 0 hold at 0, where

II(ξ, ξ) = Lξ21 + 2M ξ1 ξ2 + N ξ22 for ξ = ξ1∂u + ξ2∂v and ξs
(

II(ξs, ξs)
)

stands for the

directional derivative of II(ξs, ξs) by ξs. Here (u, v) is a coordinate system on (R2, 0), and
L,M,N are given by

L = fuu · ν, M = fuv · ν, N = fvv · ν, (3.1)

where ν is a unit normal vector to f .
Under the above condition, the contour of f as viewed from ξ is the (2, 3)-cusp at

0, and the section of f by the plane 〈ξ, ν(0)〉R is a regular curve. Let α(tc) be the
parameterization of S(g) and β(ts) the parameterization of the set {det(f, ξ, ν(0)) = 0}
with α(0) = β(0) = 0. Then α̂(tc) = g ◦ α(tc) gives a parameterization for the contour of

f as viewed from ξ, and β̂(ts) = f ◦ β(ts) gives a parameterization for the section of f by

〈ξ, ν(0)〉R at 0. Let κc(tc) and κs(ts) be the curvatures of α̂(tc) and β̂(ts), respectively.
We remark that α(tc) and β(ts) are tangent to each other at 0. Under the above setting,
we have the following proposition.

Proposition 3.1. It holds that

lim
tc→0
ts→0

∣

∣

∣

∣

κc(tc)κs(ts)

l

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

1

l

µα̂

2
√

(d2α̂/dt2c)(0)

dκs

dts
(0)

∣

∣

∣

∣

∣

= |K(0, 0)|,

where l( 6= 0) ∈ R is determined by |dα/dtc| = l |dβ/dts| at 0.

Proof. Without loss of generality we may assume that

f(u, v) =

(

u, v,
1

2
(k21u

2 − k22v
2) +

k
∑

m=3

cm(u, v) +O(u, v)k+1

)

,
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where

k1 > 0, k2 > 0, and cm(u, v) =
∑

i+j=3

aij
i!j!

uivj .

Then we see that ν(0, 0) = (1, 0, 0) andK(0, 0) = −k21k
2
2. Choose ξs = k2∂u+εk1∂v, which

are parallel to the asymptotic direction at the origin, and set ξ = (k2, εk1, 0)/(k
2
1+k22)

1/2,
where ε = ±1.

Firstly, we consider the curvature of the contour of f as viewed from ξ. We have

det(fu, fv, ξ̃) = −k21k2u+ εk1k
2
2v

− εa21k1 + a30k2
2

u2 − (εa12k1 + a21k2)uv −
εa03k1 + a12k2

2
v2 +O(u, v)3,

where ξ̃ = (k2, εk1, 0). Since k1k2 6= 0, α(tc) can be expressed as

α(tc) =

(

tc,
εk1
k2

tc +
3εc3(k2, εk1)

k1k42
t2c +O(t3c)

)

,

and thus

α̂(tc) =

(

−3c3(k2, εk1)

k32(k
2
1 + k22)

t2c ,
3εc3(k2, εk1)

k1k22(k
2
1 + k22)

t2c , 0

)

+O(t3c). (3.2)

Since

det
(

d2α̂(0)/dt2c , d
3α̂(0)/dt3c , ξ

)

= −72εc3(k2, εk1)
2

k1k62
√

k21 + k22

= −ε(ξsII(ξs, ξs))
2(k21 + k22)

5/2

k1k62
6= 0,

(3.3)

we observe that α̂ is a (2, 3)-cusp. The curvature of α̂ as a plane curve is given by

κc =
det(α̂′, α̂′′, ξ)

|α̂′|3 =

−36εc3(k2, εk1)
2

k1k62
√

k21 + k22
t2c +O(t3c)

(

36c3(k2, εk1)
2

k21k
6
2(k

2
1 + k22)

t2c +O(t3c)

)3/2
= − εk21k

3
2(k

2
1 + k22)(t

2
c +O(t3c))

6|c3(k2, εk1)|(t2c + o(t3c))
3/2

.

(3.4)
Next, we consider the curvature of the section of f with the plane 〈ξ, ν(0, 0)〉R at the

origin. Since det(f, ξ̃, ν(0, 0)) = εk1u − k2v holds, β(ts) can be expressed as β(ts) =
(lts, εk1/k2lts) for some l( 6= 0) ∈ R. Hence, we obtain

β̂(ts) =

(

lts,
εk1
k2

lts,
c3(k2, εk1)

k32
l3t3s +O(t4s)

)

. (3.5)

The curvature of β̂ as a plane curve is given by

|κs| =
∣

∣

∣

∣

∣

det(β̂′, β̂′′, ξ × ν(0, 0))

|β̂′|3

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

6c3(k2, εk1)

k2(k21 + k22)
lts +O(t2s)

∣

∣

∣

∣

∣

. (3.6)
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Since dα/dtc = ldβ/dts at 0, ts = ±tc +O(t2c) holds. Thus it follows from (3.4) and (3.6)
that

lim
tc→0
ts→0

∣

∣

∣

∣

κc(tc)κs(ts)

l

∣

∣

∣

∣

= k21k
2
2.

By Proposition 2.2, we have the assertion. �

We remark that (3.2) and (3.5) imply that the assumption dα/dtc = l dβ/dts at 0
means

∣

∣

∣

∣

d2α̂

dt2c
(0)

∣

∣

∣

∣

:

∣

∣

∣

∣

∣

dβ̂

dts
(0)

∣

∣

∣

∣

∣

= 6

∣

∣

∣

∣

c3(k2, εk1)

κ1κ2
2(κ

2
1 + κ2

2)

∣

∣

∣

∣

: l

where t2c/2 is the arclength of α̂, and ts is the arclength of β̂. Let γ : (R, 0) → (R2, 0) be a
curve which is (2, 3)-cusp. In [22], a parameterization near a (2, 3)-cusp is introduced. Let

s(t) be a usual arc-length function. Then the function sgn(t)
√

|s(t)| is C∞ differentiable
([22, Lemma 2.1]) and it is called half-arclength. This implies that t2 is the arclength.
Then it can be seen that the parameter t satisfies that t2/2 is an arc-length of γ if and
only if |γ| = |t|.

4. Koenderink type formulas for Whitney umbrellas

In this section, we give Koenderink type formulas for orthogonal projections of Whitney
umbrellas.

4.1. Koenderink type formulas at a Whitney umbrella

We fix our setting as follows.

Notation 4.1. Let f : (R2, 0) → (R3, 0) be a Whitney umbrella with a unit normal vector
ν defined on R

2 \ 0, and ξ⊥ ⊂ R
3 a plane perpendicular to ξ = (ξ1, ξ2, ξ3) (|ξ| = 1), and

πξ : R3 → ξ⊥ the orthogonal projection. Denote g = πξ ◦ f : (R2, 0) → (ξ⊥, g(0)). Let
α(tc) : (R, 0) → (R2, 0) be a parameterization of the singular set S(g), and α̂ = g ◦α. Let
β(ts) : (R, 0) → (R2, 0) denote a parameterization of the section of image f by the plane

〈ξ, νn〉R at 0, namely, image(f ◦ β) = image f ∩ 〈ξ, νn〉R, and β̂ = f ◦ β. We remark that

limtc→0 ν(α(0)) = νn. Let κc be the curvature of α̂ and κs be the curvature of β̂ as plane
curves.

Under this notation, α̂ gives a parameterization of the contour of f as viewed from ξ.
We have the following lemma.

Lemma 4.2. Under the setting as in Notation 4.1,

(1) If ξ does not lie in the principal plane of f , then α̂ is a regular curve,

(2) If ξ is in the principal plane of f but ξ is neither the tangential direction of

f nor the tangential direction of the double curve of f , then α̂ and β̂ are both

(2, 3)-cusps.

48



Extensions of Koenderink’s formula

Remark 4.3. If f is a normal form of Whitney umbrella as in (2.1), then the above
conditions are equivalent to the following conditions respectively:

(1) ξ2 6= 0.
(2) ξ2 = 0, ξ3 6= 0 and 3a02ξ1 + b3ξ3 6= 0.

Proof of Lemma 4.2. Without loss of generality, we may assume that f is of the form
(2.1).

(1) We assume ξ2 6= 0. Then since gu = (πξ ◦ f)u = fu − (fu · ξ)ξ holds, S(g) =
{(u, v) | J(u, v) = 0}, where we set J = det(fu, fv, ξ). Since fv(0, 0) = 0, we have
Jv(0, 0) = det(fu, fvv, ξ)(0, 0) = −a02ξ2 6= 0. Therefore, α can be given in α(u) =
(u, v(u)). Since fv(0, 0) = 0, we have

α̂′(0) = fu − (fu · ξ)ξ = (ξ2
2 + ξ3

2,−ξ1ξ2,−ξ1ξ3) 6= (0, 0, 0),

and thus (1) is proved.
(2) We assume the conditions of (2). Since ξ2 = 0 and fv(0) = (0, 0, 0), we show that

Ju(0, 0) = det(fu, fuv, ξ)(0, 0) = ξ3,

Jv(0, 0) = det(fu, fvv, ξ)(0, 0) = 0,

Jvv(0, 0) = 2det(fuv, fvv, ξ)(0, 0) + det(fu, fvvv, ξ)(0, 0) = 2a02ξ1 + b3ξ3.

It follows that α can be given by α(v) = (u(v), v), where u′(0) = 0 and u′′(0) is given by
−(2a02ξ1+b3ξ3)/ξ3. Since u

′(0) = 0 and fv(0, 0) = (0, 0, 0), we show that α̂′(0) = (0, 0, 0).
Moreover, we have

(f ◦ α)′′(0) = fu(0, 0)u
′′(0) + fvv(0, 0)

=
(

− (2a02ξ1 + b3ξ3)/ξ3, 0, a02

)

(4.1)

(f ◦ α)′′′(0) = fu(0, 0)u
′′′(0) + 3fuv(0, 0)u

′′(0) + fuuu(0, 0).

Hence, we have

det(α̂′′(0), α̂′′′(0), ξ) = det
(

(f ◦ α)′′(0), (f ◦ α)′′′(0), ξ
)

=

∣

∣

∣

∣

∣

∣

u′′(0) u′′′(0) ξ1
0 3u′′(0) + b3 0
a02 a03 + 3a11u

′′(0) ξ3

∣

∣

∣

∣

∣

∣

=
2(3a02ξ1 + b3ξ3)

2

ξ3
6= 0, (4.2)

and thus we conclude that α̂ is a (2, 3)-cusp. Here, | · | = det(·). Now we turn to β̂.
Since u′(0) = 0, that is, α is a null curve, we have νn = ±(0, 1, 0). We set Σ(u, v) =
det(f(u, v), νn, ξ). The intersection of f by 〈νn, ξ〉R at 0 is given by f({Σ = 0}). Since
fv(0, 0) = (0, 0, 0), we have Σu(0, 0) = ±ξ3 and Σv(0, 0) = 0. It follows that β can be given
by β(v) = (ũ(v), v). Moreover, we have ũ′(0) = 0 and ũ′′(0) = −Σvv(0, 0)/Σu(0, 0) =
a02ξ1/ξ3. Since ũ′(0) = 0, we have

β̂′′(0) = fu(0, 0)ũ
′′(0) + fvv(0, 0) =

(

a02ξ1/ξ3, 0, a02

)

, (4.3)
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β̂′′′(0) = fu(0, 0)ũ
′′′(0) + 3fuvũ

′′(0) + fvvv(0, 0).

Note that νn × ξ = ±(ξ3, 0,−ξ1). We see that

det
(

β̂′′(0), β̂′′′(0), νn × ξ
)

=

∣

∣

∣

∣

∣

∣

u′′(0) u′′′(0) ±ξ3
0 3u′′(0) + b3 0
a02 3a11u

′′(0) + a03 ∓ξ1

∣

∣

∣

∣

∣

∣

= ±a02(3a02ξ1 + b3ξ3)

ξ3
2

6= 0,

and (2) is proved. �

Figure 2. A situation of the projection

Under the setting as in Notation 4.1, let us consider a parameter family of sections of
f by the planes spanned by ν(α(tc)) and ξ passing through f(α(tc)). See Figure 2 for
this situation. Set

Σtc(u, v) = Σ(u, v, tc) = det
(

f(u, v)− f(α(tc)), ν(α(tc)), ξ
)

. (4.4)

Then f({Σtc = 0}) represents the section of f by the plane spanned by νn = ν(α(tc)) and ξ
passing through f(α(tc)). If tc 6= 0, then {Σtc = 0} is non-singular at α(tc). When tc = 0,
if ξ is not the tangential direction of f then {Σtc = 0} is non-singular at α(0). Therefore,
if ξ is not the tangential direction of f then it holds that the family {Σtc = 0} can be
parameterized as β(ts, tc) : (R, t

0
s)× (R, 0) → (R2, α(tc)) and a member of the family can

be parameterized as βtc(ts) = β(ts, tc), where t
0
s satisfies β(t

0
s, tc) = α(tc). We remark that

limtc→0 β(ts, tc) = β0(ts) = β(ts), where β(ts) is defined as in Notation 4.1. Let κs(ts, tc)

be the curvature of β̂tc = f ◦ βtc as a plane curve. If the condition (2) of Lemma 4.2 is
satisfied, then the contour and the section are both (2, 3)-cusps. From Proposition 2.2,
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it is expected that limtc→0 t
2
cK(α(tc)) relates to limts→0, tc→0 tcκc(tc) tsκs(ts, tc) and the

product of µα̂ and µβ̂ . We have Theorem 4.4. For the sake of simplicity, we assume

|dα/dtc(0)| = |dβ0/dts(0)|.

Theorem 4.4. Under the setting as in Notation 4.1 and above, if ξ satisfies the condi-

tions (2) of Lemma 4.2, and |dα/dtc(0)| = |dβ0/dts(0)|, then the following holds:
∣

∣

∣

∣

lim
tc→0

t2cK(α(tc))

∣

∣

∣

∣

= 2 lim
ts→0
tc→0

|tcκc(tc) tsκs(ts, tc)| = 2 lim
ts→0
tc→0

|tcκc(tc) tsκn(ts, tc)|,

where κn(ts, tc) is the normal curvature along βtc(ts) in the direction dβtc(ts)/dts.

For a regular surface f : U → R
3, the normal curvature of f at p in the tangent

direction ξ = ξ1 fu(p) + ξ2 fv(p) (ξ1, ξ2 ∈ R) is defined by

κn(ξ) =
Lξ21 + 2M ξ1ξ2 +N ξ22
E ξ21 + 2F ξ1ξ2 +Gξ22

,

where (u, v) is a coordinate system on U , ν is the unit normal vector to f , and E = fu ·fu,
F = fu · fv, G = fv · fv, and L,M,N are as in (3.1). We remark that by (4.1), we

see that |β̂′′(0)| = |3a02ξ1 + b3ξ3|. This formula and (4.3) imply that the assumption
|dα/dtc(0)| = |dβ0/dts(0)| means

∣

∣

∣

∣

d2α̂

dt2c
(0)

∣

∣

∣

∣

:

∣

∣

∣

∣

∣

d2β̂

dt2s
(0)

∣

∣

∣

∣

∣

= |3a02ξ1 + b3ξ3| :
∣

∣

∣

∣

a02
ξ3

∣

∣

∣

∣

where t2c/2 is the arclength of α̂, and t2s/2 is the arclength of β̂.

Corollary 4.5. It holds that

|Kη| =
|µα̂ µβ̂ |

2

√

∣

∣

∣

∣

d2α̂

dt2c
(0)

∣

∣

∣

∣

√

√

√

√

∣

∣

∣

∣

∣

d2β̂

dt2s
(0)

∣

∣

∣

∣

∣

,

where η is a null vector defined as in Section 2.1.

Proof. Theorem 4.4, Proposition 2.2 and the Definition of Kη. We remark that under the
condition (2) of Lemma 4.2, α′(0) = η holds. �

4.2. Limit of the usual Koenderink theorem along the contour

Let us consider an orthogonal projection of a Whitney umbrella. Since Whitney um-
brella is an isolated singular point, usual Koenderink formulas hold at each point on
contour away from the Whitney umbrella. Here we consider a Koenderink type theorem
for Whitney umbrella as a limit of the usual Koenderink theorem along the contour.
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Theorem 4.6. Under the setting as in Notation 4.1 and above, if ξ satisfies the condition

(1) of Lemma 4.2, then the following equalities hold:

lim
tc→0

t2cK(α(tc)) = lim
tc→0

t2cκc(tc)κs(t
0
s, tc),

∣

∣

∣

∣

lim
tc→0

t2cK(α(tc))

∣

∣

∣

∣

= lim
tc→0

∣

∣

∣t2cκc(tc)κn(t
0
s, tc)

∣

∣

∣.
(4.5)

Here, α̂ and β̂tc(ts) are oriented so that

(dα̂/dtc)(0)

|(dα̂/dtc)(0)|
= − lim

tc→+0
ν(α(tc))× ξ and lim

tc→+0

(∂β̂/∂ts)(t
0
s, tc)

|(∂β̂/∂ts)(t0s, tc)|
= ξ, (4.6)

respectively. Moreover, planes ξ⊥ and 〈ν(α(tc)), ξ〉R are oriented so that the vectors ξ
and ν(α(tc))× ξ are normal vectors to each plane.

If ξ satisfies the condition (2) of Lemma 4.2 and |dα/dtc(0)| = |dβ/dts(0)|, then the

following holds:
∣

∣

∣

∣

lim
tc→0

t2cK(α(tc))

∣

∣

∣

∣

= lim
tc→0

∣

∣

∣tcκc(tc) t
0
sκs(t

0
s, tc)

∣

∣

∣ = lim
tc→0

∣

∣

∣tcκc(tc) t
0
sκn(t

0
s, tc)

∣

∣

∣. (4.7)

Since f(α(tc)) belongs to the contour generator, and f at α(tc) is regular, the usual
Koenderink theorem tells the equality

K(α(tc)) = κc(tc)κs(t
0
s, tc).

If ξ satisfies the condition (1) of Lemma 4.2, then since πξ(f(α(tc))) is regular, one can
obtain the Koenderink theorem by taking limit along α(tc). On the other hand, if ξ
satisfies the condition (2) of Lemma 4.2, then since πξ(f(α(tc))) has (2, 3)-cusp at tc = 0,
the Koenderink theorem holds after an adjustment as in (4.7).

Proofs of Theorems 4.4 and 4.6. Without loss of generality, we may assume that f is of
the form (2.1). The singular set S(g) is given by

S(g) = {(u, v) | det(fu(u, v), fv(u, v), ξ) = 0}

=
{

(u, v) | (a11ξ2 + ξ3)u− a02ξ2v

+
1

2

(

(−2a20ξ1 − a21ξ2)u
2 − 2a12uv + (2a02ξ1 − a03ξ2)v

2
)

+O(u, v)3
}

.

(4.8)

Firstly, we assume that the condition (2) of Lemma 4.2, namely, ξ2 = 0, ξ3 6= 0
and 3a02ξ1 + b3ξ3 6= 0 hold. By (4.8), it holds that S(g) is locally parameterized by
α(tc) = (u(tc), tc), where u(tc) = −(2a02ξ1 + b3ξ3)t

2
c/(2ξ3) +O(t3c). Then we have

ν(α(tc)) = ε

(

tc,−1,−ξ1
ξ3

tc

)

+O(t2c) and K(α(tc)) =
1

t2c

(

− 1

a202
+O(tc)

)

, (4.9)
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where ε = +1 (resp. −1) if tc > 0 (resp. < 0). Since

Σ = ε

(

−ξ3u+
1

2

(

a20ξ1u
2 + 2a11ξ1uv + a02ξ1v

2 − (3a02ξ1 − b3ξ3)t
2
c

)

+O(u, v, tc)
3

)

,

we have βtc(ts) = β(ts, tc) = (û(ts, tc), ts), where

û(ts, tc) =
a02ξ1
2ξ3

t2s −
3a02ξ1 + b3ξ3

2ξ3
t2c +O(ts, tc)

3.

We remark that dα/dtc(0) = dβ0/dts(0) and t0s = tc. On the other hand, by straightfor-
ward calculations, we have

κc(tc) =
det(dα/dc(tc), d

2α/dt2c(tc), ξ)

|dα/dtc(tc)|3
=

(3a02ξ1 + b3ξ3)
2t2c/ξ3 +O(t3c)

((302ξ1 + b3ξ3)2t2c +O(t3c))
3/2

, (4.10)

κs(ts, tc) =
det(∂β̂/∂ts(ts, tc), ∂

2β̂/∂t2s(ts, tc), ν(α(tc))× ξ)

|∂β̂/∂ts(ts, tc)|3

=
det(∂β̂/∂ts(ts, tc), ∂

2β̂/∂t2s(ts, tc), (fu × fv)(α(tc))× ξ)

|(fu × fv)(α(tc))| |∂β̂/∂ts(ts, tc)|3

=
a202(3a02ξ1 + b3ξ3)tc(t

2
s + t2c)/(2ξ

2
3) +O(ts, tc)

4

√

a202t
2
c +O(t3c) (a

2
02t

2
s/ξ

2
3 +O(t3s))

3/2
,

(4.11)

κn(ts, tc) =
L(β(ts, tc))(∂û/∂ts)

2 + 2M(β(ts, tc))(∂û/∂ts) +N(β(ts, tc))

E(β(ts, tc))(∂û/∂ts)2 + 2F (β(ts, tc))(∂û/∂ts) +G(β(ts, tc))

=
−a02(3a02ξ1 + b3ξ3)(t

2
s + t2c)/(2ξ3) +O(ts, tc)

3

√

a202t
2
s +O(t3s) (a

2
02t

2
s/ξ

2
3 +O(t3s))

.

(4.12)

It follows from (4.10) and (4.11) that

lim
ts→0
tc→0

|tcκc(tc) tsκs(ts, tc)| =
∣

∣

∣

∣

1

ξ3|3a02ξ1 + b3ξ3|
|ξ3|(3a02ξ1 + b3ξ3)

2a202

∣

∣

∣

∣

=
1

2a202
=

1

2
lim
tc→0

∣

∣t2cK(α(tc))
∣

∣ .

Similarly, using (4.10) – (4.12), we show that

lim
ts→0
tc→0

|tcκc(tc) tsκn(ts, tc)| =
1

2
lim
tc→0

∣

∣t2cK(α(tc))
∣

∣ ,

lim
tc→0

∣

∣tcκc(tc) t
0
sκs(t

0
s, tc)

∣

∣ = lim
tc→0

∣

∣t2cK(α(tc))
∣

∣ ,

lim
tc→0

∣

∣tcκc(tc) t
0
sκn(t

0
s, tc)

∣

∣ = lim
tc→0

∣

∣t2cK(α(tc))
∣

∣ .

53



FUKUI, HASEGAWA, and SAJI

We remark that if tc = tc(rc) and ts = ts(rs), then by same calculations obtaining above
relations we have

lim
rc→0

r2cK(α(tc(rc))) =
1

(dtc/drc(0))2
lim
tc→0

t2cK(α(tc)),

lim
rs→0
rc→0

∣

∣

∣rcκc(tc(rc)) rsκs(ts(rs), tc(rc))
∣

∣

∣ =
1

∣

∣

∣

∣

dtc
drc

(0)

∣

∣

∣

∣

∣

∣

∣

∣

dts
drs

(0)

∣

∣

∣

∣

lim
ts→0
tc→0

∣

∣

∣tcκc(tc) tsκs(ts, tc)
∣

∣

∣,

lim
rs→0
rc→0

∣

∣

∣
rcκc(tc(rc)) rsκn(ts(rs), tc(rc))

∣

∣

∣
=

1
∣

∣

∣

∣

dtc
drc

(0)

∣

∣

∣

∣

∣

∣

∣

∣

dts
drs

(0)

∣

∣

∣

∣

lim
ts→0
tc→0

∣

∣

∣
tcκc(tc) tsκn(ts, tc)

∣

∣

∣
,

lim
rc→0

∣

∣

∣rcκc(tc(rc)) r
0
sκs(ts(r

0
s), tc(rc))

∣

∣

∣ =
1

∣

∣

∣

∣

dtc
drc

(0)

∣

∣

∣

∣

∣

∣

∣

∣

dts
drs

(0)

∣

∣

∣

∣

lim
tc→0

∣

∣

∣tcκc(tc) t
0
sκs(t

0
s, tc)

∣

∣

∣,

lim
rc→0

∣

∣

∣
rcκc(tc(rc)) r

0
sκn(ts(r

0
s), tc(rc))

∣

∣

∣
=

1
∣

∣

∣

∣

dtc
drc

(0)

∣

∣

∣

∣

∣

∣

∣

∣

dts
drs

(0)

∣

∣

∣

∣

lim
tc→0

∣

∣

∣
tcκc(tc) t

0
sκn(t

0
s, tc)

∣

∣

∣
,

where r0s satisfies the condition β(ts(r
0
s), tc(rc)) = α(tc(rc)). These relations show the

necessity of the assumption |dα/dtc(0)| = |dβ0/dts(0)|, and by the same arguments in
the proof of Theorem 4.4, one can obtain the geometric meaning of this assumption. We
complete the proofs of Theorem 4.4 and the second assertion of Theorem 4.6.

Secondly, we assume the condition (1) of Lemma 4.2. By (4.8), it holds that S(g) is
locally parameterized by α(tc) = (tc, v(tc)), where

v(tc) =
ξ3 − a11ξ2

a02ξ2
tc

+
1

2a023ξ2
3

(

(2a02ξ1 − a03ξ2)(ξ3 − a11ξ2)
2

−2a12a02ξ2
2(ξ3 − a11ξ2)− a02

2ξ2
2(a21ξ2 + 2a02ξ1)

)

t2c +O(t3c).

We note that α̂(tc) is a tangential curve, which is defined as in Section 2.1. By straight-
forward calculations we show that ν(α(tc)) is expressed as

ν(α(tc))

=
ε sgn(ξ2)
√

ξ2
2
+ ξ2

3

(

(a11ξ2 − ξ3)
2

a02ξ2
tc, −ξ3 −

ξ1(a11ξ2 − ξ3)
2

a02(ξ22 + ξ2
3
)

tc, ξ2 −
ξ1ξ3(a11ξ2 − ξ3)

2

a02(ξ22 + ξ2
3
)

tc

)

+O(t2c),

where ε = 1 (resp. −1) if tc > 0 (resp. < 0), and that K(α(t)) is expressed as

K(α(tc)) =
1

t2c

(

−ξ22((a11ξ2 − ξ3)
2 − a20a02ξ

2
2)

(ξ22 + ξ23)
2

+O(tc)

)

. (4.13)
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On the other hand, we have

κc(0) =
det
(

dα̂/dtc(0), d
2α̂/dt2c(0), ξ

)

|dα̂/dtc(0)|3
=

(a11ξ2 − ξ3)
2 − a02a20ξ2

2

a02ξ2(ξ2
2 + ξ3

2)3/2
. (4.14)

Since we have

Σ = sgn(ξ2)
√

ξ22 + ξ23 (−u+ tc) +
sgn(ξ2)

2
√

ξ22 + ξ23

(

a20ξ1ξ3u
2 + 2ξ1(ξ2 + a11ξ3)uv

+ a02ξ1ξ3v
2 +

ξ1(2a11ξ
3
2 − 2ξ22ξ3 + a11

2ξ22ξ3 − a20a02ξ
2
2ξ3 − ξ33)

a02ξ22
t2c

)

+O(u, v, tc)
3,

we have β(ts, tc) = (u(ts, tc), ts) and u(tc, ts) is locally written as

u(ts, tc) = tc +
1

2

(

a02ξ1ξ3
ξ22 + ξ23

t2s −
2ξ1(ξ2 + a11ξ3)

ξ22 + ξ23
tstc

+
ξ1(a11ξ2 − ξ3)(2ξ

2
1 + a11ξ2ξ3 + ξ23)

a02ξ22(ξ
2
2 + ξ23)

t2c

)

+O(ts, tc)
3.

(4.15)

We remark that β(v(tc), ts) = (u(v(tc), ts), v(tc)) = α(tc), that is, t
0
s = v(tc). Straightfor-

ward calculations show that

κs(t
0
s, tc) =

det
(

∂β̂/∂ts(ts, tc), ∂
2β̂/∂t2s(ts, tc), ν(α(tc))× ξ

)

|∂β̂/∂ts(ts, tc)|3

∣

∣

∣

∣

∣

ts=t0
s

=
−a02/ξ2t

2
c +O(t3c)

√

(ξ22 + ξ23)t
2
c/ξ

2
2 +O(t3c)(t

2
c/ξ2 +O(t3c))

3/2
,

(4.16)

κn(t
0
s, tc) =

L(β(ts, tc))(∂û/∂ts)
2 + 2M(β(ts, tc))(∂û/∂ts) +N(β(ts, tc))

E(β(ts, tc))(∂û/∂ts)2 + 2F (β(ts, tc))(∂û/∂ts) +G(β(ts, tc))

∣

∣

∣

∣

ts=t0
s

=
a02tc +O(t2c)

√

(ξ22 + ξ23)t
2
c/ξ

2
2 +O(t3c)(tc

2/ξ22 +O(t3c))
.

(4.17)

From (4.13) – (4.16), we have

lim
tc→0

t2cκc(tc)κs(t
0
s, tc) =

(a11ξ2 − ξ3)
2 − a02a20ξ2

2

a02ξ2(ξ2
2 + ξ3

2)3/2

(

− a02ξ
3
2

√

ξ22 + ξ23

)

= lim
tc→0

t2cK(α(tc)).

Similarly, we have

lim
tc→0

∣

∣

∣t2cκc(tc)κn(t
0
s, tc)

∣

∣

∣ =

∣

∣

∣

∣

lim
tc→0

t2cK(α(tc))

∣

∣

∣

∣

.
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We remark that since now we have

dα̂/dtc(0)

|dα̂/dtc(0)|
= −sgn(ξ2) lim

tc→+0
ν(α(tc))× ξ, lim

tc→+0

dβ̂/dts(ts, tc)

|dβ̂/dts(ts, tc)|

∣

∣

∣

∣

∣

ts=t0
s

= sgn(ξ2)ξ,

when ξ2 < 0 the equality (4.6) holds by replacing ξ by −ξ while holding the equality
(4.5). �

4.3. Convexity and concavity of Whitney umbrellas

One can easily see that the image of the orthogonal projection of a hyperbolic Whitney
umbrella in any direction is concave at a point corresponding to the singular point. On
the other hand, the image of the orthogonal projection of an elliptic Whitney umbrella
in a direction is concave, convex or has an inflection at a point corresponding to the
singular point. It is natural to expect that the above argument relates to the Gaussian
curvature along the contour. In this section we study the convexity and concavity of
Whitney umbrellas.

Let us consider under the setting as in Section 4. The section of f at 0 with the plane
spanned by ν(α(0)) and ξ is given by f(β0(ts)). The image πξ(f(β

0(ts))) is a half-line
with initial point 0. We denote the direction vector of πξ(f(β

0(ts))) by vs and denote
the (left-hand) unit normal vector to the contour α̂(tc) by Nc.

Theorem 4.7. Under the setting as above and Notation 4.1, assume the contour α̂(tc)
is not singular at tc = 0, then

sgn
(

(vs ·Nc(0))κc(0)
)

= sgn

(

lim
tc→0

t2K(αc(tc))

)

.

If sgn
(

(vs ·Nc(0))κc(0)
)

> 0 (resp. < 0), then α̂(0) is the convex (resp. concave) point

of the image of g (Figure 3 and 4). Furthermore, if sgn
(

(vs ·Nc(0))κc(0)
)

= 0 then α̂(0)
is a inflection point of the contour α̂.

vs, Nc vs

Nc

Figure 3. The case sgn
(

(vs ·Nc(0))κc(0)
)

> 0.
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vs, Nc vs

Nc

Figure 4. The case sgn
(

(vs ·Nc(0))κc(0)
)

< 0.

Proof of Theorem 4.7. Without loss of generality, we may assume that f is of the form
(2.1). Now we have ξ2 6= 0. It follows from (4.15) that

g(β0(ts)) =

(

0, − a02ξ2ξ3
2(ξ22 + ξ23)

t2s,
a02ξ

2
2

2(ξ22 + ξ23)
t2s

)

+O(t3s). (4.18)

Therefore, vs is given by

vs =

(

0, − sgnξ3(ξ2)
√

ξ22 + ξ23
,
sgn(ξ2)ξ2
√

ξ22 + ξ23

)

. (4.19)

Since α̂ can be considered as a plane curve in the plane ξ⊥ with normal vector ξ,

Nc(0) =
dα̂

dtc
(0)× ξ =

(

0,
ξ3

√

ξ22 + ξ23
, − ξ2
√

ξ22 + ξ23

)

. (4.20)

It follows from (4.14), (4.19) and (4.20) that

sgn
(

(vs ·Nc(0))κc(0)
)

= −sgn
(

(a11ξ2 − ξ3)
2 − a20a02

)

.

On the other hand, from (4.13)

sgn

(

lim
tc→0

t2cK(α(tc))

)

= −sgn
(

(a11ξ2 − ξ3)
2 − a20a02

)

,

and the proof is complete. �
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