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ABSTRACT. These are the expanded lecture notes of the author’s webinar series at
the Goékova Geometry Topology Institute between the dates August 23 - August 26,
2021. The main goal of these lecture series was to familiarize the audience with some
of the major developments in the theory algebraic group actions that took place in
the last several decades. Most of the lectures were geared towards non-experts. While
introducing some basic notions of Lie groups and algebraic groups in a down-to-earth
manner, we tried to provide a short but self-contained overview of the classification
of the reductive group actions of complexity 0.
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Algebraic groups in action

1. Introduction

In any topological investigation of manifolds, compactness® is an ultimate tool to have
since it enables combinatorial methods. For algebraic varieties?, the most natural topology
is the Zariski topology, which is usually not Hausdorff. Therefore, the ordinary compact-
ness notion should be replaced with a notion of “completeness”. A variety X is called
complete if for every variety Y, the second projection X x Y — Y is a closed mapping in
the Zariski topology. In [77] (Géométrie algébrique et géométrie analytique, 1955), Serre
shows that an algebraic variety X defined over C is compact in the classical Hausdorff
topology if and only if X is complete®. Important examples of complete varieties include
all projective varieties®. In particular every projective complex algebraic variety is com-
pact. It turns out that all smooth complete algebraic surfaces are projective varieties.
However, there exist singular nonprojective complete algebraic surfaces as well as smooth
nonprojective complete three-folds; see the references in [36, Remark 4.10.2]. For a simple
example that is close to the spirit of this text, see [26, Example 4.2.13]. Later we will see
that there are compact complex Lie groups which are not projective.

Many interesting manifolds (resp. algebraic varieties) are naturally equipped with the
Lie group (resp. algebraic group) actions on them. An orbit of a Lie group or an algebraic
group action is called a homogeneous space. Clearly, the group itself is a homogeneous
space under each of its left-, right-, or two-sided actions. Other examples of homogeneous
spaces include all Grassmann manifolds, all complex tori, all projective spaces, all spaces
of constant curvature, such as the euclidean spaces, the spheres, as well as certain finite
quotients of (pseudo)orthogonal groups, all symmetric spaces. While some of these orbit
spaces are compact in the Hausdorff topology many of them are not complete. The
theory of compactifications of homogeneous spaces of Lie groups is a vast area of geometry
with connections to almost all known areas of mathematics. In these notes, we will be
concerned with a small combinatorial corner of the theory of equivariant completions for
only a certain type of algebraic group actions. In fact, most of our discussion will not be
specifically about completions of orbits but about their “equivariant embeddings”.

Definition 1.1. Let G be a Lie or an algebraic group, and let H < G be a closed
subgroup. A G-equivariant embedding of G/H is an irreducible G-variety X with an open
orbit isomorphic to G/H.

At the heart of the theory of equivariant embeddings of orbits are the equivariant
embeddings of the group itself. If the group itself is compact then it may look at first
sight that no new information would be gained from its equivariant embeddings. This is

1A locally compact Hausdorff topological space is compact if and only if for every topological space
Y, the projection map X x Y — Y is a closed map.

2For us, an algebraic variety is a reduced and separated scheme of finite type defined over an alge-
braically closed field.

3Very roughly summarized, [77] states that the analytification functor X v~ X?" from proper C-
schemes to compact Hausdorff C-analytic spaces is fully faithful.

4The vanishing set of a collection of homogeneous polynomials in P™ is called a projective variety.
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correct to some degree for algebraic groups. Nevertheless, many complex algebraic groups
are obtained from compact Lie groups as we will explain later. We note that any complex
algebraic group has a unique structure of a complex Lie group. The converse of this
statement is not true as it is easily seen from the following example: Let A be denote the
image in C? of the holomorphic map s — (e®,e%®), s € C. Then A is a one-dimensional
complex Lie group since it is biholomorphically isomorphic to (C, +). However it is easy
to check that there is no nonzero polynomial in two (or more) variables f(z,y) € C[z,y]
such that f(e?®, e\/jls) = 0 for all s € C. Therefore, A is not a complex algebraic variety.
Since not every (complex) Lie group is algebraic, we want to know where the complete
Lie groups stand in relation with the algebraic groups. While answering this question,
we will explain why the existence of a faithful finite dimensional linear representation of
a Lie group is important for algebraicity. Let us proceed with a real example.

The three dimensional unit sphere in S?> — R* can be viewed as the special unitary
group via the identification,

SU,(C) :={[_“b 2] aa +bb =1, a,beC}—»S?’ ={a2+ a2t + i+l =1}

[ 2] Gelaima)ret. i)

Hence, it admits the two-sided multiplication action of SU5(C). Since S? is a compact
subset of R*, the Lie group SU,(C) is compact as a real Lie group. But notice that the
equation aa + bb = 1, a,b € C that defines SU5(C) as a matrix group is not really a
polynomial equation. Therefore we cannot regard SU5(C) as a complex Lie group or as
a complex algebraic variety” although it is still a “real algebraic group”.

An algebraic variety in R™% is a subset of the form
Xs:={zxeR": f(x) =0 for every f € S},

where S is a set of polynomials in R[z1,...,z,]. Clearly, any real polynomial, that is to
say a polynomial with real coefficients, is also a complex polynomial. Therefore, regarding
S as a subset of C[xzy,...,z,] we obtain an affine complex algebraic variety,

Xs(C):={xeC": f(x) =0 for every f € S},

called the complex points of the variety Xg, or the C-form of Xg. Conversely, let X < C"
be an affine complex algebraic variety. A real form of X (or, an R-form of X) is a real

5A group G equipped with the structure of a differentiable manifold (resp. complex manifold, resp.
complex algebraic variety) is said to be a real Lie group (resp. a complex Lie group, resp. a complex
algebraic group) if the underlying group operations are smooth maps (resp. holomorphic maps, resp.
algebraic morphisms). Equivalently, a real Lie group (resp. a complex Lie group, resp. a complex
algebraic group) is a group object in the category of differentiable manifolds (resp. category of complex
manifolds, resp. category of algebraic varieties).

6Strictly speaking, this is the set of “R-rational points” of the complex affine scheme defined by the
polynomials in S.
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Algebraic groups in action

algebraic variety Xg in R™ such that the C-form of X is isomorphic to X as a complex
algebraic variety. For the convenience of reader, in Appendix 12, we included a brief
discussion about the forms of an algebraic set defined over an arbitrary field.

Let C[X] denote the C-algebra of C-valued polynomial functions on X. Let z1,..., 2,
denote the restriction to X of the coordinate functions of C". Then C[X] is generated by
21,..., 2, over C. Let C[X] denote the C-algebra C[Zy, ..., Z,], where z; (i € {1,...,n})
is the complex conjugate of the polynomial function z; (i € {1,...,n}). Let Y be another
complex affine algebra. A continuous map of complex affine varieties f : X — Y is called
an anti-holomorphic morphism if f*C[Y] < C[X]. In this case, evidently, f : X — Y
is a morphism of affine varieties. For every real affine variety Xy < R™ there exists a
unique anti-holomorphic automorphism of the complexification 7 : Xy(C) — Xo(C) such
that 7(x¢) = x¢ for all 29 € Xo and 7%(z) = z for all 2 € Xo(C). It turns out that
with a small restriction, the converse of this observation holds as well: For every anti-
holomorphic involutory morphism 7 : X — X, where X is a complex affine algebraic
variety, if the fixed point set Xy of 7 contains a smooth point of X, then Xj is a real form
of X. Our first example, the special unitary group SU(C), is a complete (compact) real
form of SLy(C), which is a real hypersurface in R*. A compact group is a compact
Hausdorff topological group. We proceed with an additional assumption that our compact
group is locally euclidean. It is well-known that such a group has the structure of a Lie
group’. A compact group called a linear compact group if it admits an injective topological
group homomorphism into GL(V'), where V is a finite dimensional complex vector space.
Thanks to Stone-Weierstrass theorem, it can be shown without much difficulty that every
linear compact group has the structure of a real algebraic variety in R™ for some n € Z™".
In particular, every linear compact group has the structure of a linear real algebraic
group. Thus, every linear compact group K has a complexification K(C), which is a
complex affine algebraic group®. It turns out that K (C) is a reductive group, that is, an
affine algebraic group which does not contain any nontrivial normal unipotent subgroup.
Furthermore, the assignment K v K(C) defines an equivalence of categories between
the category of linear compact groups and the category of complex reductive algebraic
groups. In summary, we learn from this equivalence of categories that

(1) for every reductive complex algebraic group G there exists a unique complete
(compact) real form K of G such that K(C) = G,

(2) every reductive complex algebraic group G is linear, that is to say, it admits a
faithful algebraic group representation on some finite dimensional complex vector
space.

THilbert’s fifth problem asked if every locally euclidean topological group is a Lie group or not. The
answer is yes. For compact groups this was first proved by von Neumann in [86]. A detailed explanation
of the general case is given by Montgomery and Zippin [55, Chapter IV, §4.10].

8As far as we can tell from the literature on this subject, it was first Chevalley [25, Chapter VI, §VIII]
who constructed a complex affine algebraic group for each linear compact group. An easily accessible
treatment of the “complexifications of real analytic groups” can be found in Hochschild’s book [38,
Chapter XVII].
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The above discussion shows that the representation theory of linear compact groups is
related to the theory of reductive groups in a fundamental way. We note that reductive
groups are not complete unless they are zero dimensional. Next, we will consider complete
(compact) complex Lie groups. The completeness assumption on such a group puts a very
severe restriction on the multiplicative structure.

Let G be a connected complex Lie group, let e € G be the identity element. For every
vector v in the tangent space of G at e, there exists a unique holomorphic one-parameter
semigroup homomorphism 1, : C — G such that d(¢)o : ToC — T.G maps 1 € ToC to
v € T,G. Consequently, we get the exponential map exp : T.G — G by exp(v) := 1, (1).
In particular, we have v, (t) = exp(tv) (by the uniqueness of v,). Thanks to implicit
function theorem, we know that the exponential map exp is a local diffeomorphism.
This fact immediately implies that the kernel of exp is a discrete subgroup of the vector
space T.G. We will mention another important property of the exponential map. The
uniqueness property of 1, also implies that the differential of any complex Lie group
automorphism f : X — X commutes with exp:

flexp(v)) = exp(dfe(v)) (veT.Q). (1.2)

Let C, : G — G (g € G) denote the conjugation map = — grg~!

that Cy(exp(v)) = exp(d(Cy)e(v)) for every v e T.G.

We now proceed with the assumption that G is a complete connected complex Lie
group. It follows that G does not admit any non-constant holomorphic map to an affine
space, hence, its adjoint representation on T.G is the trivial representation. In other
words the differentials of the conjugation maps, dCy (g € G), are the identity maps. In
particular by (1.2) we have Cy(exp(v)) = exp(v) for every v € T.G. This means that
exp(v) is contained in the center of G for every v € T.G. But G is connected, so, the
image of exp generates G as a group. We conclude from these observations that every
complete connected complex Lie group has the structure of an abelian group.

, x € G. Then we see

Furthermore, G is isomorphic to a quotient of a vector space T.G by a discrete sub-
group, kerexp. The induced map T.G/kerexp — G is a holomorphic map between two
equal dimensional complex manifolds. Therefore, it is an isomorphism of complex Lie
groups. Also, since lattices are the only discrete subgroups of vector spaces with compact
quotient, ker exp is a lattice.

Notice that, since a complete complex Lie group G cannot be a compact linear group,
we cannot apply the easy ‘complexification’ method to conclude that G is an algebraic
group. In fact, this is not true beyond dimension one. The crucial point here is to know
whether the complete complex Lie group admits an embedding into a projective space
or not. Indeed, the Theorem of Chow states that if X is a complete algebraic variety,
and Y € X is a closed analytic subset of the analytic space structure on X, then Y is
Zariski closed in X. In [56], Mumford shows that for a complete complex Lie group of
the form X := V/L, where V is a g-dimensional complex vector space, L € V a lattice,
the following statements are equivalent:
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Algebraic groups in action

(1) The underlying variety of X is a projective variety.

(2) There exist g algebraically independent meromorphic functions on X.

(3) There is a positive definite hermitian form H on V such that the image of H on
L x L is integral.

A complete algebraic group is called an abelian variety. We just saw that the complete
complex Lie groups are closely related to the abelian varieties although there are subtle
differences (the existence of a projective embedding, also known as a polarization). We
also know that the complete real Lie groups lead to the theory of reductive groups, which
are affine algebraic groups. Of course, there are many algebraic groups which are neither
affine nor projective. But we will not discuss the completions of non-affine algebraic
groups beyond this introduction. The reason is a classical theorem of Chevalley (1953),
which states that a connected algebraic group is an extension of an abelian variety by a
connected affine algebraic group. We will restrict our attention mostly to the equivariant
embeddings of the orbits of connected affine algebraic groups. Our aim is to show that
this study not only produces new geometric and combinatorial structures related to the
actions of affine groups but also reveals new facts about these groups. Furthermore,
surprisingly, some equivariant affine embeddings of affine groups appear rather naturally
as homogeneous vector bundles on abelian groups see [8, 21]. This already indicates the
strong categorical relationship between affine equivariant embeddings and the category
of homogeneous vector bundles on abelian varieties.

Some highlights for the reader: The study of the compact linear real Lie groups is
equivalent to the study of the complex reductive algebraic groups. A complex reductive
algebraic group is not complete unless it is a finite group. The compact complex Lie groups
are precisely the quotients of vector spaces by their sublattices. A compact complex Lie
group is an abelian variety if it is polarized, which means that it has an embedding into
a projective space by some meromorphic functions. Now an outstanding question that
motivates our other lectures is: how do we describe the completions of reductive groups?

2. Preliminaries

Most of the results that we review in this section can be found in the standard re-
sources, [6, 39, 80] (for algebraic groups) and [36] (for algebraic varieties). However, in
many places we use our notation.

Throughout our text, we work with algebraic varieties that are defined over an al-
gebraically closed field. We fix the notation k for such a field. In some places we will
assume that k = C. To work over algebraically closed fields different than C, it is con-
venient to use the following definition of an algebraic variety: An algebraic variety is a
reduced separated k-scheme of finite type. Notice that, unlike the definition used in [36],
our definition does not require that an algebraic variety be irreducible as a topological
set. The reason behind our convention is that, algebraic groups may have more than one
connected components. An algebraic group is a group scheme over k whose underlying
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scheme is a smooth algebraic variety. If k = C, then an algebraic group defined over k
will be called a complex algebraic group.

A morphism of algebraic groups is a regular map which is also a group homomorphism.
For example, the map C* — C* x C*, z + (1/z, 2?) is a morphism of complex algebraic
groups. If the underlying variety of an algebraic group G is affine, then G is called an
affine (or linear) algebraic group. In the rest of this text we will be concerned with the
affine algebraic groups only. Note that every finite group is both affine and complete at
the same time. These are precisely the zero-dimensional algebraic groups. Also, the only
connected, zero-dimensional algebraic group is the trivial group.

The multiplicative group structure on k\{0} is often denoted by G,,, while the additive
group structure on k is occasionally denoted by G,. Both of these algebraic groups are
connected, one-dimensional, and affine. Any affine algebraic group having these properties
is isomorphic to either G,, or G,.

2.1. Some algebraic geometry terminology
We continue to review basic notions from algebraic geometry.

Let X be an irreducible variety. First we assume that X is a quasi-affine variety
in A”. This means that X is the intersection of a Zariski-open set with an irreducible
subvariety in A”. A function f : X — k is called regular at a point p € X if the exists an
open neighborhood U of p, where f is a rational function of the form f = h/g, for some
polynomials h, g € k[z1,...,z,] where g is nowhere zero on U. If f is regular at every
point of X, then f is said to be a regular function on X. Next, we assume that X is a
quasi-projective variety in P"~! (where n > 1). This means that X is the intersection
of a Zariski-open set with an irreducible projective variety in P"~!'. The notion of a
regular function f on U < X is defined as before but with the additional requirement
that the polynomials h and g are homogeneous and they are of the same degree. If
U is an open subset of X, then the set of regular functions on U will be denoted by
Ox(U). It is easy to check that Ox(U) is a ring with respect to point-wise addition
and multiplication of regular functions. The field of rational functions on X, denoted
by k(X), is defined as follows: an element of k(X)) is an equivalence class of pairs (U, f)
where U is a nonempty open subset of X, and f € Ox(U). Two pairs (U, f) and {V, g)
are identified if f = g on U n V. The elements of k(X) are called rational functions on
X. To ease our notation, whenever it is convenient, an element (U, f) from k(X)) will be
denoted by f. The local ring of an irreducible subvariety Z < X, denoted by Oz x, is
the subring of elements {V, f) € k(X) such that V n Z # ¢J. In other words, we have
Oz x :={fek(X): fisdefined on an open subset V' < X such that V n Z # }.

Exercise: 1) Show that Oz x is indeed a local ring. 2) Show that the residue field of
Oz x is the field of rational functions on Z. Hint: Assume that X is an affine variety
of the form X := Spec R, where R is an integral domain. Let Z < X be an irreducible
subvariety defined by a prime ideal P < R. Show that the localization of R at P, denoted
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by Rp, is Oz x. Show that the residue field of Rp is isomorphic to the field of fractions
of R/P.

The assignment of the rings O x (U) to each open subset U € X defines a sheaf of rings
on X. It is called the sheaf of regular functions of X, or the structure sheaf of X.

Exercise: Let p be a point in X. Show that the stalk of the sheaf Ox at p’ agrees with
the local ring of the point p viewed as a subvariety of X.

For the biggest open set, U = X, there are several different names and notations for
Ox(X). Sometimes it is denoted by k[X], and sometimes it is denoted by H°(X,Ox). In
the former notation it is often called the k-algebra of reqular functions of X; if X is affine,
then it is called the coordinate ring of X. If the notation H°(X,Ox) is used, then it is
customarily called the k-algebra of global sections of the sheaf Ox. Finally, let us mention
that the notation O(X)* stands for the group of invertible elements of the multiplicative
semigroup of the ring of regular functions O(X). For any irreducible variety X, we will
denote the quotient group O(X)*/k* by E(X).

2.2. Basic abstract representation theory terminology

Let V be a k-vector space, that is, a vector space defined over k. Let S be a group.
An (abstract) k-representation of S is a group homomorphism p : S — GL(V). If such
a homomorphism exists, then V is sometimes called an S-module. In practice, when a
k-representation is mentioned one usually writes V' or (p, V') instead of p : S — GL(V).
The dimension of a k-representation is the vector space dimension of V.

Example 2.1. Let S be an abelian group. Let k be an algebraically closed field. Let
(p, V) be a finite dimensional k-representation of S. Since S is abelian, there is a basis
{v1,...,vn} of V such that, for each i € [n], v; is a joint eigenvector for all g € S. By using
this basis we identify GL(V') with GL,, (k). Then the image of S under p : S — GL, (k)
consists of diagonal matrices.

Example 2.2. Let S,, denote the symmetric group of permutations of the set {1,...,n}.
We will view S,, as the set of n x n 0/1 matrices with exactly one 1 in each row and each
column. More precisely, if ¢ is an element from S,, then we will “represent” it by the
matrix p(o) = (04,7)7 j—1, where

1 ifoli) = i
ors i { if o(i) = J;

0 otherwise.

9Let .Z be a (pre)sheaf of groups on a topological space X. Let p be a point of X. The stalk of # at
p is the direct limit of the groups .#(U) for all open sets U containing p via the restriction maps of the
(pre)sheaf.
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For example, for S3 = {123,213,132,231, 312,321}, we have {p(c) : o€ S5} =

1 0 0] Jo1o0] [t oo] [oo 1] [o10] [oo01
01 o0f,]t 00,0 0 1f,]t 0 o0f,[00 1],]0 10
00 1| ]oo 1] o1 of |o1o0| |1 o0o0]]|1o0o0

It is easy to check that the assignment o — p(o), where o € S,,, defines a k-representation
of S,,.

Example 2.3. Let Hs denote the following complex affine algebraic group:

In a certain context, Hs is called the complex Heisenberg group of 3 x 3 matrices. We
consider the conjugate-matrix multiplication action of Hs on C3,

1 a b T x4 ay + bz
01 c|-|yl|= Yy +cz
0 0 1 z z

This is a three dimensional C-representation of Hs.

Example 2.4. Let G denote the GLy(C). Let R denote the polynomial ring
R := C[X,Y]. Clearly, R is an infinite dimensional vector space. Let A be an element

a

from G such that A~! := [c b]. It is easy to check that the map ¢4 : R — R defined by

d

wa(f(X,Y)) = f(aX +cY,bX +dY) (f(X,Y)eR)

is a linear automorphism of R. Furthermore, it is easy to verify that o4 0 op = pap
for every A, B € G. Therefore, the map ¢ : G — GL(R), A — ¢4 defines an infinite
dimensional C-representation of G on R.

2.3. Terminology of reductive groups

An abstract group G is called ‘simple’ if it does not possess any nontrivial normal
subgroup. For algebraic groups, this definition is too restrictive in the following sense.
A big part of the theory of algebraic groups depends on the theory of Lie algebras.
By definition, the Lie algebra of an algebraic group G, denoted Lie(G), is the tangent
space of G at the identity element e € G together with the bilinear product [,] : Lie(G) x
Lie(G) — Lie(G), called the Lie bracket, which is induced from the multiplication on G.
However, the passage from G to Lie(G) does not depend on the finite central subgroups
of G since it uses the differentials of one-parameter subgroups. For example, consider
the special linear group G := SL,,(C). The center Z(G) of G is isomorphic to the cyclic
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group of order n. For any subgroup Z' < Z(G), the Lie algebra of the quotient G/Z’
is equal to the space of traceless n x n matrices with complex entries. But this is a
simple Lie algebra, that is, a nonabelian Lie algebra without a nontrivial ideal. Among
the quotient groups of G, the only abstract simple group is the one that is given by the
full quotient, G/Z(G) = PSL,(C). In this regard, it is more natural to call an algebraic
group G a simple algebraic group (or even better, a quasi-simple algebraic group, or an
almost-simple algebraic group) if it has no nontrivial closed connected normal subgroups.
For example, SLy(C) is a simple group but not SLy(C) x SLy(C). The problem with
the second example is that it has more than one “simple factors”. Later we will see
that the simple algebraic groups are parametrized by certain combinatorial objects called
“indecomposable, reduced root systems”.

A positive dimensional algebraic group G is called semisimple if it has no closed con-
nected commutative normal subgroups except e. For example, SLy(C) x SLy(C) is
semisimple but not GL2(C). The problem with the second example is that it has a
one dimensional center. A Lie algebra g is said to be a semisimple Lie algebra if g has no
nontrivial abelian ideals. If g is the Lie algebra of GG, then it is a semisimple Lie algebra
if and only if G is a semisimple algebraic group.

Let G be an algebraic group, and let {G; : i € I} be the set of all minimal, closed,
connected, and nonabelian subgroups of G such that dimG; > 0 for ¢ € I. Then G;’s are
called the simple factors of G. Indeed, they are simple algebraic groups by definition. If
G is semisimple, then the indexing set I is finite. Furthermore, there exists a surjective
algebraic group homomorphism v : [[,.; G; — G with finite kernel.'® The converse of
this statement also holds. Another characterization of the semisimplicity is as follows:
A connected algebraic group G is semisimple if and only if the commutator subgroup
(G,G) < G is a quotient of G by a finite central subgroup.

Let us assume for a moment that we already know the definition of a reductive group.
Let G be a connected reductive group. It follows from [39, Sections 19.5 and 27.5] that
G is isomorphic to a quotient of the form (Gg x Z)/Z, where

o Gy :=(G,G);
e / is a central torus;
e 7y is a finite normal central subgroup of Gy x Z.

This decomposition can be taken as a definition of a connected reductive group. Here is
a proper way of introducing the reductive groups.

Definition 2.5. An algebraic group U is called a wunipotent group if there exists an
embedding of algebraic groups ¢ : U — GL, (k) for some n € Z" such that, for every
u € U, the matrix ¢(u) is unipotent.'! A reductive (algebraic) group is an affine algebraic
group that does not contain a nontrivial closed normal unipotent subgroup.

105uch homomorphisms are called algebraic covering maps, or isogenies.
LA linear operator is called unipotent if 1 is its unique eigenvalue.
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Exercise:

(1) Show that every semisimple group is a reductive group.

(2) Show that GL2(C) is a reductive group.

(3) Show that GLy(C) is isomorphic to (SLg(C) x Z)%°, where Z is the group of
diagonal constant matrices in GL3(C), and Zj is the finite subgroup,

Zy = {(9,9) € SLy(C) x Z : g is diagonal and ¢* = e}.

(4) Show that GL2(C) x GLy(C) is a reductive group.

(5) Show that the additive one dimensional algebraic group G, = (C,+) is not a
reductive group.

(6) Show that the subgroup of upper triangular matrices in GL2(C) is not a reductive
group.

Let G be an affine algebraic group. A Borel subgroup B of G is a maximal closed
connected solvable subgroup of GG. Let us denote the set of all Borel subgroups of G by
#(G). Then Npega)B is a normal solvable subgroup of G. The connected component
of the identity element in N peg(g)B is called the (solvable) radical of G; we denote it by
R(G). The maximal closed normal unipotent subgroup of R(G), denoted by R, (G), is
called the unipotent radical of GG. In this notation, we have

e (G is semisimple if and only if R(G) is trivial;
e G is reductive if and only if R, (G) is trivial.

2.4. The group of algebraic characters

In this section, we introduce an essential notion for the representation theory of alge-
braic groups. Let S be an affine algebraic group.

Definition 2.6. An algebraic character of S is an algebraic group homomorphism into G, .

In other words, an abstract group homomorphism y : S — k* is a character of S if
X is a nowhere vanishing regular function on S. Equivalently, a group homomorphism
X : S — k™ is an algebraic character of S if x is an element of O(S)*. Clearly, the set of
algebraic characters of S is a group under point-wise multiplication.

Let X be an algebraic variety. Recall that E(X) denotes the quotient group O(X)*/k*.
We will show that if S is an algebraic group, then F(S) is nothing but the group algebraic
characters of S. This result was discovered by Rosenlicht ([76]) in the mid-1950s. Our
exposition closely follows the paper [47, §1].

Proposition 2.7. Let S be a connected algebraic group. Let f be an element of O(S)*.
Then f is an algebraic character of S if and only if f(e) = 1. In particular, the group of
algebraic characters of S is isomorphic to the quotient group E(S).

Proof. The essential ingredient of the proof is the following observation: If X and Y are
two irreducible varieties, then the map O(X)* x O(Y)* — O(X x Y)* is surjective, [47,
Proposition 1.1]. In particular, O(S)* x O(S)* — O(S x S)* is surjective. Let f : S — k*
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be a regular function such that f(e) = 1. We view f as an invertible regular function on
Sx S via (g1,92) — f(9192) (91,92 € S). Then there exist two invertible regular functions
r1,72 € O(S)* such that f(g192) = r1(g1)r2(g2) for every g1,92 € S. Notice that, since
f(e) =1, the equality f(g1g2) = r1(g1)r2(g2) holds for every g1, go € S even if we replace
r; by r;/r;(e) for i € {1,2}. But now we see that f = r; for i € {1,2}. O

The notion of an algebraic action will be introduced properly later in this section. It
can be roughly understood as follows. Let S (resp. X) be an algebraic group (resp. an
algebraic variety). Let ¢ : S x X — X be an abstract group action. If the action map
@ is a morphism of varieties, then it called an algebraic action of S on X. We are now
ready to mention another important result of Rosenlicht.

Proposition 2.8. Let X be an irreducible variety. Then

(1) E(X) is a finitely generated free abelian group.
(2) If a connected affine algebraic group S acts algebraically on X, then the corre-
sponding canonical action of S on E(X) is trivial.

In the second part of the proposition, the canonical action of S on E(X) is the one
that comes from the action of S on the ring of regular functions, O(X).

Proof. We will sketch the idea of the proof of (1). We may assume that X is a quasi-
projective subvariety of P" for some n € Z*. Let X denote the normalization of the
Zariski closure of X in P". Let us associate a principal divisor to each invertible regular
function on X by using the following assignment:

div: O(X)* — PZD;
i=1

m

fr— Z OrdDi(f)Di'
=1

Here, Dy,...,D,, are the irreducible components of the complement X\X. For i €
{1,...,m} and a rational function f € k(X), the notation ordp,(f) stands for the order-
of-vanishing of f on the divisor D;. It is easy to check that div is homomorphism of abelian
groups, and the constant functions are contained in its kernel. Thus, div descends to an
injective homomorphism on E(X) — @;", ZD;. But @~ ZD; is a finitely generated
free abelian group. Therefore, F(X) is a finitely generated free abelian group. (2) We
will see later that any algebraic action induces a locally finite rational representation on
the ring of regular functions. It follows that, for any element f in O(X)*. the span of
S - fin O(X) is contained in a finite dimensional vector subspace of O(X). Since S is a
connected group, we see that the orbit S - f € O(X)* is an irreducible algebraic subset
of O(X). Then the image of S - f under the quotient map = : O(X)* — O(X)*/k* is an
irreducible subset as well. Since E(X) is a lattice, its irreducible subsets are its points.
Therefore, we conclude that S - f is of the form S - f = k* f. In particular, the action of
S on the quotient group E(X) = O(X)*/k* is trivial. O
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We continue with an important observation about the characters of semisimple groups.

Lemma 2.9. Let G be a connected semisimple algebraic group of dimension at least two
(or three!). Then G does not possess any nontrivial algebraic character. Consequently,

we have E(G) =1, or O(G)* = k*.

Proof. Let x : G — k* be an algebraic character. Then the restriction of x to any normal
subgroup G/ € G is an algebraic character of G’. Therefore, it suffices to prove our
claim for the simple algebraic groups. The kernel of an algebraic group homomorphism
is an algebraic subgroup. Therefore, if x : G — k* is an algebraic character of a simple
algebraic group G, then ker x is a normal subgroup of G. Let H denote the connected
component of the identity in ker y. We proceed with the assumption that y is a nontrivial
character; ker x is a proper subgroup of G. Then H is a normal subgroup of finite index
in kery, [39, Proposition 7.3]. Since ker x is normal in G, so is H. But G is a simple
algebraic group and H is connected. Hence, we see that H = {e}. Therefore, kerx
is a finite group. Hence, we have dimG = dim(G/ker x). But since x(G) < k* and
X(G) = G/kerx, we see that G is at most one dimensional. This contradiction shows
that x must be trivial. O

We now prove an analogous statement for the unipotent groups.

Lemma 2.10. Let U be a unipotent group. Then U does not possess any nontrivial
algebraic characters. In particular, we have E(U) = 1.

Proof. Since any linear representation of G, is diagonalizable, G, consists of semisimple
elements. At the same time, by the Jordan Decomposition Theorem [39, Theorem 15.3],
we know that the image of a unipotent element under any rational representation is
unipotent. Now let x : U — G, be an algebraic character of U. The image of x consists
of unipotent elements in G,,. But only unipotent element of G,, is the identity element.
Therefore, x is the constant (trivial) algebraic character. ]

Although semisimple and unipotent groups do not have any nontrivial algebraic char-
acters, reductive groups have algebraic characters. For example, tori are reductive groups;
they possess plenty of algebraic characters.

Example 2.11. Let S be the following three dimensional complex torus,

ay 0 0
S = 0 ay O0]: ai,as,a3eC*
0 0 as

For every i € {1,2,3}, themap A; : S — G, A\i((a1,a2,a3)) = a;, is a character of S. The
constant map S — G,,, (a1, a2, as) — 2 is not a character since it is not a homomorphism.
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2.5. Abstract characters vs algebraic characters of algebraic groups

In the theory of finite group representations, the “trace” function on matrices is used
for defining the “character” of a C-representation. More precisely, if G is a finite group
and p : G — GL(V) is a representation of G on a finite dimensional C-vector space V,
then the function x : G — C defined by

x(g) = trace(p(g)) = sum of eigenvalues of p(g)

is called the character of p. We want to stress the fact that our definition of a character
for affine algebraic groups is not exactly this one! Our definition requires that a character
takes nonzero values only, but the trace of a linear operator might be zero. If for all g € G,
the value x(g) is nonzero, then x is an algebraic character as in Definition 2.6.

Example 2.12. The symmetric group S,, has only two algebraic characters; they are the
trivial and the sign representations of .S,,.

Next, we will discuss the algebraic characters of diagonalizable groups.

Lemma 2.13. Let S be an algebraic group. The group of all algebraic characters of S is
a linearly independent subset of the space of all k-valued functions on S.

The proof of this lemma is not difficult but we will not present it here; see [39, §16.1].
We will demonstrate it by a simple example.

Example 2.14. We consider S = G,,,. The algebraic characters of S are the regular
functions of the form z — z™ (z € C*) where m € Z. Clearly, each such function is an
element of the ring C[z,1/z] = @, ., Cz™. Then the linear independence of the algebraic
characters is easily verified.

meZ

Let us call an affine group D a diagonalizable group if it is isomorphic to a closed
subgroup of the group of diagonal n x n matrices with entries from k. An important
consequence of the previous lemma is that if D is a diagonalizable group, then E(D) is
a vector space basis for k[D]. The proof of the next theorem about the structure of a
diagonalizable group can be found in [39, §16.2].

Theorem 2.15. Let D be a diagonalizable group. Then D is isomorphic to a direct
product of the form S x H, where S is a torus (always connected!) and H is a finite
abelian group.

Exercise. Prove that for every connected algebraic group G, the group of algebraic
characters of G is torsion free.

2.6. Algebraic actions and rational representations

Let f: S x X — X be an abstract group action of S on X. If, in addition, the map f
is a morphism of varieties, then it is called an algebraic S-action. In this case, X is called

an S-variety. If the map f is understandable from the context, then instead of writing
f:9x X — X we will write §: X.
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Let X be an affine algebraic variety. Let S be an affine algebraic group. For each
algebraic action S : X, there is a corresponding left translation action of S on the ring of
regular functions of X [6, Ch I, §1.9]. It is defined as follows. Let s be an element of S.
Then we define the linear automorphism A(s) : k[X] — k[X] by

As)(g(z)) = g(s™'-2) (g€ k[X]). (2.16)

(The action (2.16) makes perfect sense if we define it as the action of the opposite group
G°P on k[X]. Note that G°? is canonically isomorphic to G as an algebraic group.)

A simple but important fact regarding the representation defined by (2.16) is that it
is a locally finite representation. More precisely, we have the following well-known fact.

Lemma 2.17. Let X be an S-variety. Then the k-algebra k[X] is a union of finite
dimensional vector subspaces that are S-stable.

Proof. Let a : § x X — X be the morphism that defines the action S : X. Then
the comorphism o* : k[X] — k[S x X] is defined by a*(g)(s,z) = g(a(s,x)), where
g € k[X],s € S, and z € X. Now let f be a function from k[X]. We will con-
struct an S-stable, finite dimensional vector subspace V of k[X] such that f € V.
Since the coordinate ring of S x X is given by the tensor product, k[S x X| = k[S|®k[X],
we write o*(f) in the form

a*(f) =), i @
i=1

for some ¢; € k[S] (i € {1,...,7}) and ¢; € kK[ X] (i € {1,...,7}). In other words, we have
f(s-2) = fla(s,2)) = a*(f)(s,2) = Y] dils)vhi(2). (2.18)
i=1

Note that f(s-x) = (s7! - f)(x) for every s € S and z € X. Thus, we conclude from
(2.18) that the set {s- f(z) : s € S,z € X} is not only S-stable but also contained

in the linear span of the functions t1,...,%, in k[X]. In particular, the linear span
V := span,{s- f(z) : s € S,z € X} is a finite dimensional, S-stable subspace of k[X].
This finishes the proof. ]

Let S be an affine algebraic group. Let M be a k-module, that is, a k-vector space.
Let o : S — GL(M) be an abstract group homomorphism. We have two possibilities for
the vector space dimension of M.

(1) First, we assume that dimM < oo. If, in addition, o is an algebraic group
homomorphism, then M is called a rational S-module, and o is called a (rational)
representation of S.

(2) Next, we assume that dim M = co. If for each element x € M there exists a
finite dimensional o(S)-stable linear subspace V' < M such that = € V, and the
restrictions of the elements of o(S) to V defines a rational S-module as in (1),
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then we say that M is a rational S-module. Also in this case, we say that ¢ is a
rational representation of S.

Lemma 2.17 shows that if X is an affine S-variety, then the coordinate ring of X has
the structure of a rational S-module. In our first Example 2.3, C? is not a rational Hz(C)-
module, since the action there is not an algebraic action. All of the other examples in
this section are rational modules.

Let us agree on the following abbreviation. When we discuss rational S-modules, if
there is no danger for confusion, then let us just write a S-module instead of writing a
‘rational S-module’.

Now, a nonzero S-module M is called simple if M has no S-submodule other than 0
and itself. In this case, we will say that the representation o : S — GL(M) is irreducible.
There is no harm in mixing up these terminologies. For an S-module V| the sum of all
simple S-submodules of M isomorphic to V is called the V -isotypic component of M.

2.7. Algebraic covering homomorphisms

Let G and G be two connected affine algebraic groups. Let f : G — G be a surjective
algebraic group homomorphism. If the kernel of f is a finite group, then f is called
a covering homomorphism or an isogeny. The group G is called (algebraically) simply
connected if every isogeny onto G is an isomorphism of algebraic groups. A convenient
characterization of simply connected groups is that they are precisely the connected affine
groups G such that every finite dimensional representation of the Lie algebra of G is the
differential of a rational representation of G.

Let us note that if G is a connected affine complex algebraic group, then viewed as
a real Lie group, if G is topologically simply connected, then G is algebraically simply
connected. A proof of this useful result can be found in [33, Remark 6.3.10].

2.8. A word on our notation

Let G be an algebraic group. Some authors call an algebraic character of G a linear
character. Hereafter, when we feel that it will not cause any confusion, we will drop the
adjectives like ‘linear’ or ‘algebraic’ from our terminology.

In standard textbooks [6, 39, 80], the set of characters of G is usually denoted by one of
the following notations: X (G), X« (G), X*(G), X, X(G), X«(G), X*(G).. Also, we just
learned that the quotient group O(G)*/k*, denoted by E(G), is isomorphic to the group
of characters of G as well. In this text, the character group of an algebraic group will be
denoted by 6(6’)12. In the sequel, for a G-variety X, where G is a reductive group and
B < G a Borel subgroup, we will use the notation O(X ) to denote a certain sublattice of
the character group of B. We note here that, in general, E(X) = O(X)*/k* is not the
same thing as O(X). When we write O(X)g, we mean the Q-vector space O(X) ®z Q.

12\We decided to denote the set of algebraic characters of G by ('j(G)7 since the letter O with umlaut
is the initial of the Turkish word 6z, which could be translated as “one’s own”
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3. Geometric Interpretations

In this section we will review some well-known results about the geometric aspects of
characters. Our main references for this section are [63, 47, 46]. We proceed with the
assumption that k is an algebraically closed field of characteristic 0.

Let X be an algebraic variety. The Picard group of X, denoted by Pic(X), is the group
of isomorphism classes of line bundles on X. The multiplication in Pic(X) is given by
the tensor products of line bundles.

Remark 3.1. We mentioned in Section 1 the following result of Serre: the restriction of
the analytification functor X — X?" to the category of proper C-schemes is an equivalence
of categories onto the category of compact Hausdorff C-analytic spaces. Along these
lines, we know the following fact from [35, Expose XII, Theorem 4.4]: if X is a proper C-
scheme, then the functor % — Z2" where % is a coherent Ox-module, is an equivalence
of categories. It easily follows from [35, Expose XII, Theorem-Definition 4.1] that the
inverse functor .#2" — % respects the tensor products of Ox-modules. Consequently,
the (algebraic) Picard group of X is isomorphic to the (analytic) Picard group of X?2".

For a homogeneous space G/H, there is a close relationship between Pic(G/H) and the
group of characters of H. In the special case of a Borel subgroup of a reductive group,
there is a well-known construction of a line bundle from a character of B; it is sometimes
called the “Borel-Weil-Bott construction”. We will present the general formulation.

Let G be an aﬁi__ne algebraic group, and H be a closed subgroup of G. Let x : H — G,,
be an element of O(H). We consider the following diagonal action of H on G x k:

h-(g,z):= (gh™ ", x(h)x) (he Hyge G,x € k).

Let us assume that the quotient (G x k)/H, denoted by L(x), exists as a variety. Then via
the first projection map p : L(x) — G/H, L(x) becomes a line bundle on G/H. We notice
that G acts on L(x) = (G x k)/H via its action on the first factor. Furthermore, the
projection map is equivariant with respect to this action. Therefore, the space of global
sections of L() has the structure of a G-module. If H is a Borel subgroup of a connected
reductive group G, then under some assumptions on the character x, the vector space
H°(G/B, L(x)) turns out to be an irreducible representation of G. In fact, the Borel-
Weil-Bott theorem states that all irreducible representations of G can be constructed this
way, [40, Part II, Ch 5].

It is a natural question to ask if any line bundle on a G-variety has any representation
theoretic meaning. The answer is ‘yes’ under suitable assumptions. To explain the scope
of this question, we will introduce the notion of an ‘equivariant Picard group.’

The equivariant Picard group Let G be an affine algebraic group, and let X be a
G-variety. Let m: L — X be a line bundle on X. A G-linearization of L is a G-action

p:GxL—L
such that
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(1) the natural map 7 : L — X is G-equivariant,
(2) for every z € X, g € G, the map ¢, : L, — Ly, is linear. Here, L, is the fiber of
LatzelX.

Definition 3.2. Let X be a G-variety. The equivariant Picard group of X, denoted by
Picg(X), is the group of isomorphism classes of the G-linearized line bundles on X.

The following proposition is useful for computing the (equivariant) Picard groups of
homogeneous spaces; it is proved in [47, Proposition 5.1].

Proposition 3.3. Let G be a reductive group, and let X be an irreducible G-variety which
admits a geometric quotient m : X — X/G. Then we have the following commutative
diagram whose rows and columns are exact:

1
E(X/G)
E(X)¢ 1
0(G) Pic(X/Q)
1 —— Hy,, (G, 0(X)*) —— Picg(X) —— Pic(X)
5
HY(G/G°, E(X)) [locc E(G:)

In the diagram of the proposition, G® stands for the connected component containing
the identity element e € G. The indexing set C' in the product [[,.~ E(G;) is a set of
representatives of the closed G-orbits in X; GG, denotes the stabilizer of a point x € G.
The map J is obtained by associating to a line bundle L the characters of the isotropy
groups on the fibers L, (z € C). Finally, Hllllg(G7 O(X)*) denotes the group of classes of
algebraic cocycles. (A morphism v : G — O(X)* is said to be an algebraic cocycle if the

equality v(gh) = (g - v(h))v(h) holds for every g, h € G.)

Remark 3.4. We have a note on the notation of Proposition 3.3. In the original form
of this proposition in [47], what we called a geometric quotient is called a “quotient,”
and denoted by X //G. The reader may see in the literature, such as [19], that the latter
notation is more commonly used for a “categorical quotient”. In our text, all quotient
varieties are geometric quotients.
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Remark 3.5. If G is connected, then we know that E(X)“ = E(X) by Proposition 2.8.
Of course, if G is connected, then we have H'(G/G?, E(X)) = 0 as well. If X is normal,
then the horizontal sequence in Proposition 3.3 has an extension by the homomorphism
p : Pic(X) — Pic(G) defined by p(L) = ((p*(L)@p}"((L)_l)bx{mO}, where p : Gx X — X
is the action map, px : G x X — X is the second projection, and zg € X is an arbitrary
point. This is proved in [46, Lemma 2.2].

Proposition 3.3 is a culmination of several useful theorems which we want to state
separately.

Theorem 3.6. Let G be a connected affine group, and let H be a closed subgroup of G.
Then there exists a canonical isomorphism,

6 : Picq(G/H) — O(H).

Identify Picg(G/H) and O(H) via 6, and let & be the morphism of “forgetting the G-
action”,

¢ : Picg(G/H) — Pic(G/H).

If PicG = 0, then e is surjective and the kernel of € is the subgroup res(O(G)) =:
Oc(H) < O(H) of characters that are obtained from O(G) by restricting to O(H).

Remark 3.7. For any connected affine algebraic group G, and a closed subgroup H < G,
the quotient group O(H)/Og(H) is isomorphic to the character group O(H n (G, G)),
[63, §4, Lemma 4]. Therefore, if PicG = 0, then by Theorem 3.6, we see that the Picard
group of G/H is O(H n (G, G)).

Theorem 3.8. Let G be a connected affine group, and let H be a closed subgroup of G.
Let € be as in Theorem 3.6, and let 7 : G — G/H be the canonical projection. Then the
following statements hold:

(1) The sequence

O(G) 2 O(H) 5 Pic(G/H) =5 Pic(G) (3.9)

15 exact.

(2) If H is a connected solvable subgroup of G, then the natural morphism
m* : Pic(G/H) — Pic(G) is surjective.

(3) Let R denote the radical of G. We assume that (G,G) n R = 0 holds. Then
Pic(G) is isomorphic to the fundamental group of G/R. (This statement is not
correct if the assumption (G,G) "R = 0 is missing.) It is also isomorphic to the

kernel of the covering homomorphism G — G, where G is simply connected.
(4) If G is simply connected, then Pic(G) = 0.

The proofs of (1) and (2) are given in [47, Proposition 3.2]. Notice that, in light of
Remark 3.7, (1) can be seen as a restatement of Theorem 3.6. The proofs of (3) and (4)
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are given in [63]. For part (3) also see [90]. The statement in part (4) was first proven by
Voskserenskii in characteristic 0, [87].

Corollary 3.10. Let B be a Borel subgroup of a connected reductive group G. Let T be
a mazimal torus of B. Then we have

e Pic(G/B) =~ O(Ty), where Ty is the mazimal torus in the semisimple part (G, G)
of G.
e Picg(G/B) =~ O(T).

Proof. The statement in the second bullet follows directly from Theorem 3.6. We proceed
with the proof of the claim in first bullet.

Recall that an isogeny is a surjective algebraic group homomorphism whose kernel
is finite. It is easy to verify that the flag varieties are invariant under the morphisms
induced by isogenies. Therefore, we can replace G/B by G/B, where G is a simply
connected cover of G, and B is the preimage of B in G. Then by Part 2 of Theorem 3.8,

we have Pic(G/B) = O(B)/res(O(G)). We notice that the quotient O(B)/res(O(G))
is isomorphic to the quotient O(B)/res(O(G)). Finally, we notice that every central
torus of G is contained in B; these facts follows from our remark in Subsection 2.3 about
the definition of a connected reductive group. Hence, the quotient O(B)/res(O(G)) is
isomorphic to the corresponding quotient O(By)/res(O(Gy)), where Gy is the semisimple
part Go = (G, G) and By is the Borel subgroup BnG. Since Gy is a connected semisimple

group, we know that O(Gg) = 1. Therefore, Pic(G/B) = O(By) = O(Tp), where Ty is
the maximal torus of By. This finishes the proof of our assertion. O

Remark 3.11. Let G be a connected affine group, G - Ghbea simply connected cover.
If H is a closed subgroup of G, then let H denote preimage of H in G. The arguments that
we used in the proof of Corollary 3.10 hold in general. First, we have the isomorphism

G/H = G/H.

It follows that G/H is a G-variety. Secondly, since G is simply connected, Pic(G) = 0,
hence, every line bundle on G/H is G-linearizable. This is proved in [46, Proposition 2.4
and its Remark]. We now apply Theorem 3.6 (or part 1. of Theorem 3.8), which gives us

Pic(G/H) = Pic(G/H) = O(H)/res(O(G)). (3.12)
3.1. The Picard group of GL, (k)

Next, we want to work out an instructive example. The statement we want to prove
is the following: Let k be an algebraically closed field. Then we have

Pic(GLy,(k)) = 0. (3.13)

We begin with an algebraic reinterpretation of Picard groups from [36, Ch II, §2].
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Let X be a noetherian, integral, separated scheme which is regular in codimension one.
The last condition means that every local ring O, of X of dimension one is regular. For
example, if X is a normal algebraic variety, then it has these properties.

Let Z be a prime divisor in X. The local ring Oz x is a discrete valuation ring in k(X).
In particular, the total quotient field of Oz x is equal to the function field of X. Let vz
denote the valuation corresponding to Oz x. For every element f € k(X), there are only
finitely many prime divisors Z (depending on f) in X such that vz(f) # 0. Thus, we
associate a divisor to f as follows:

div(f) := Y vz (f)Z2.
Z

This is called the principal divisor defined by f. The free abelian group that is generated
by all divisors is called the group of Weil divisors, denoted by Div(X).

Two divisors D and D’ are said to be linearly equivalent if D — D’ is a principal
divisor. Since div(f/g) = div(f) — div(g) for f,g € k(X)\{0}, the principal divisors form
a subgroup of Div(X). The quotient of Div(X) by the subgroup of principal divisors is
called the (divisor) class group, denoted by C1(X).

Lemma 3.14. ([36, Proposition 6.2]) Let A be a noetherian domain. Then A is a UFD
if and only if the affine scheme X := Spec A is normal and C1(X) = 0.

Another well-known important property of the class groups is the following:

Lemma 3.15. (36, Proposition 6.5 (¢)] Let Z be a proper closed subset of X, and let U
denote the open set X\Z. If Z is an irreducible subset of codimension one in X, then the
sequence

Z — Cl(X) - Cl(U) — 0,
where the first map is given by 1 — 1-[Z], is exact.

A variety X is said to be locally factorial if for every x € X the local ring of x is
a unique factorization domain. The relation of the class group to our discussion is the
following result:

Lemma 3.16. ([36, Proposition 6.15]) Let X be a noetherian, integral, separated scheme.
If X is locally factorial, then C1(X) is isomorphic to Pic(X).

Corollary 3.17. Let n be a positive integer. Then the Picard group of GL, (k) is trivial.

Proof. Let U denote GL, (k). Since U is smooth, it is a locally factorial variety. Thus
we have Pic(U) = Cl(U). We now view U as the complement of the hypersurface
{a € Mat, (k) : deta = 0} in Mat, (k). Since X := Mat, (k) is an affine space, we
see from Lemma 3.14 that its class group is trivial. It follows from Lemma 3.16 that
ClL(U) = 0. This finishes the proof of our assertion. O
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3.2. The equivariant Picard groups of classical symmetric spaces

A classical group is one of the following simple groups: SL, (k), SO, (k), and Sp,, (k).
By a classical symmetric space we mean a pair (G, K), where G is a classical group, and
K ={geG: 0(g9) = g}, where § € Aut(G) such that 6% = id. It turns out that there are
16 distinct classes of classical symmetrical spaces (G, K). Seven of these 16 classes have
infinitely many members, and the remaining 9 of them are singletons. In our next table,
we have listed the infinite families along with their titles in the “Cartan classification”.

Non-exceptional Classical Symmetric Spaces
Al | SL; (k)/ SOy (k)
ATL | SLy, () Spy (k)
AIII | SL,, (k)/S(GL, (k) x GL4(k)) (p+g=nand1l<p<yq)
CI | Sp, (k)/GL, (k)
DIIT | SO2, (k)/GL, (k)
BDI | SO,,(k)/S(O,(k) x O4(k)) (ptg=nand 1< p<yq)
CIL_| Sp, (k)/Sp, (k) x Sp,(k)  (p+q=n)

Let us compute the Picard groups of these symmetric spaces.

Proposition 3.18. Let (G, K) be a non-exceptional classical symmetric space, defined
over an algebraically closed field. Then the (equivariant) Picard group of G/K is as
follows:

G/H | Pic(
Al

All
AIIT

G/H) | Pica(G/H)
0
0
0
CcI Z,
Z
0
0

DIl
BDI
cl

SO NNocoo

TABLE 1. The Picard groups of classical symmetric spaces.

Proof. The fact that the equivariant of Picard groups are as listed in the last column of
Table 1 follows directly from Theorem 3.6, where it is shown that Picq(G/H) = O(H).
For the middle column, we will use an exact sequence, which is a direct consequence of
Proposition 3.3. It is shown in [47, Example 5.2] that for every connected reductive group

G and a reductive subgroup H < G, the following sequence is exact:

0 - E(G/H) — O(GQ) 2% O(H) 5 Pic(G/H) ™ Pic(G) — Pic(H). (3.19)
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In all of our cases, G is a connected, semisimple, and simply connected group, H is a
reductive subgroup. Therefore we know that O(G) = 0 (Lemma 2.9) and Pic(G) = 0
(Theorem 3.8). Then by (3.19) we see that O(H) is isomorphic to Pic(G/H). We conclude
that the middle column of our Table 1 is identical to the last column of the table. Alter-
natively, we can use Remark 3.7; since Pic(G) = 0, we have Pic(G/H) = O((G,G) n H).
Since G is simple, G/(G, G) is a finite group, hence, H/(G,G) n H is a finite group. It

follows that O((G,G) n H) = O(H). O

4. Root Systems, Weyl Groups, Fundamental Weights

The simple algebraic groups defined over an algebraically closed field k are parametrized
by the “indecomposable and reduced root systems” independently of the characteristic
of the underlying field k. It turns out that there are four infinite families of such roots
systems, labeled Ay (¢ = 1), By (£ = 2), C¢ (£ = 3), and Dy (£ = 4), and five exceptional
types, labeled Eg, E7, Eg, F4, Go. Then the semisimple algebraic groups are classified by
the possibly decomposable but still reduced root systems. In this section, we will briefly
review the relevant notions. As a reference text, we recommend [7], which contains many
historical remarks on the whole development of the theory.

Let E be a euclidean space. This means that E is a finite dimensional real vector
space together with an inner product (-,-) : E x E — R. For each vector a € E, we have
the corresponding refiection operator, denoted s, : E — E, that reflects the vectors with
respect to the hyperplane that is perpendicular to . To formulate this more precisely,
let us define another ‘product’ map:

2(8,a)

B0 1= T

(o, B€E, a#0).

Then for every 8 € E we have

sa(B) = B — (B, a)a.

Definition 4.1. Let E be a finite dimensional vector space over Q. A root system in E,
denoted R, is a finite set of nonzero vectors, called roots, in E such that
(1) R spans E;
(2) for every root « € R, the corresponding reflection operator s, : E — E permutes R;
(3) for every a and f from R, we have (8, a) € Z.

If, in addition, for each « € R, the condition ca € R, where ¢ € Q, implies that ¢ € {—1,+1},
then R is said to be a reduced root system in E. In general, if @ and ca (¢ € Q) are two
proportional elements of a root system, then ¢ can be any of the elements of {i%, +1,+2}.
A root system is called indecomposable if it cannot be partitioned into a disjoint union of
two mutually orthogonal proper subsets. The rank of R is the dimension of E.

In many texts, including [7], what we called here as an ‘indecomposable root system’ is
called an irreducible root system. Later in this text we will encounter the root systems of

80



Algebraic groups in action

A1 Bcl
- < < > >
« « 200
Indecomposable, reduced. Indecomposable, non-reduced.

A2 G2 A1 X A1

B

o 4

Ind., reduced Ind., reduced Ind., reduced Dec., reduced.

283 BCo

Indecomposable but non-reduced.

FIGURE 4.1. All rank one and rank two root systems. The abbreviations
“Ind.” and “Dec.” stand for the words indecomposable and decompos-
able, respectively. The simple roots are indicated by a and 5.

“spherical varieties”. They can be non-reduced.'® We mentioned at the beginning of this
section that the classification of simple algebraic groups is achieved via the classification
of indecomposable and reduced root systems, which are enumerated by the letters A,, to
Go. It turns out that there is only one family of indecomposable and non-reduced root
systems; it is labeled by BC, (n > 1). For the details of the proof, see [7, Ch VI, §4,
Subsection 14].

13We feel that the adjectives “non-reduced” and “irreducible” are too close to each other in their
literal meanings. At the same time, the word “irreducible” is used in the names of many other geometric
notions. For this reason we prefer to write indecomposable rather than irreducible.
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Let us introduce the root system of (the semisimple part of) a reductive group. We fix
a connected reductive group G, a Borel subgroup B < G, and a maximal torus T' < G
contained in B. An algebraic group homomorphism ¢ : G, — G will be called a one-
parameter subgroup, abbreviated to 1-psg. We will call a character « € O(T) a root of G
relative to T if there exists an additive 1-psg ¢ : G, — G such that

tp(e)t™! = p(a(t)c) (teT,ceGy,). (4.2)

We call the image of ¢, denoted U,, a root subgroup with respect to T'. Although U, is
uniquely determined by «, the 1-psg ¢ is not unique; we can always modify the speed of
¢ by scaling its variable by a nonzero element of k*. The set of all roots of G relative to
T is denoted by Rg,r. It turns out that G is generated by its maximal torus along with
the root subgroups, see [39, Theorem 26.3 (d)].

A closely related construction is obtained via the “adjoint representation of G” on the
tangent space at the identity element, T.G. The Lie algebra structure on T.G will be
denoted by g. Since G is a linear algebraic group, it admits an embedding into a suitable
general linear group as a closed subgroup. Then the adjoint representation of G is the
representation of G on its Lie algebra that is given by the conjugation action:

Ad: G — GL(g)
g — Ad(g),
where Ad(g)(A) = gAg~! for every A € g. By differentiating this algebraic group homo-
morphism, we arrive at the adjoint representation of the Lie algebra g, defined by
ad : g — End(g)
r+— ad z,
where ad z is the left translation map ad z(y) = [z,y], ¥ € g. Let t denote the Lie
subalgebra in g of the maximal torus 7' < G. Since T is a maximal abelian algebraic

subgroup of G, t is a maximal abelian Lie subalgebra of g. By restricting ad to t, we
obtain the generalized eigenspace decomposition,

g=to® C—D Jas

a€Rg, T

where g, is the Lie algebra of the root subgroup U,. Let a: T — G, be any root from
Rg 7. Then the action of t on g, is given by

[s,2] = (dae(s))x (set, T€gq),

where daf. : t > k = Lie(G,,) is the differential of o at e € T. Below, we will discuss
more general weight space decompositions from group theory viewpoint in more detail.

Homework: Find out about the Coxeter and Dynkin diagrams of a root system.
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4.1. Weyl groups.

The relative positioning of the root subgroups in a reductive group is controlled by a
finite group called the Weyl group. It is defined by W := N¢g(T)/Za(T), where Ng(T) is
the normalizer of T in G, and Zg(T') is the centralizer of T in G. If G is connected, then
Zag(T)=T.

The Weyl group acts as a group of automorphisms of the abelian group O(T) The
action is given as follows. For w € W and a € O(T), the function w-x : T — G,, is
defined by

(w-x)(t) = x(w™'tw)  (teD). (4.3)
Furthermore, we have w - (xu) = (w - x)(w - p) for every x, u € O(T).

Let 0 : G — GL(V) be a finite dimensional rational representation of G. We will
verify that the action of W in (4.3) descends to a permutation action on a certain set
of characters called the “weights of 0”. To this end let us view o (by restriction) as a
rational representation of 7. Then we have a decomposition V = @Xea(a) Vi, where V, ’s
are the joint eigenspaces for the elements of T":

Vyi={veV: t-v=x(t)vforalteT} (4.4)

It is easy to verify that the functions x € R(o) are actually algebraic characters of the
maximal torus. We call them the weights of the representation o. For x € R(o), the
elements of V), are called the weight vectors of weight x.

Now let x be a weight of o : G — GL(V). Let v € V,, be a weight vector of weight x.
Let w be an element of W. Let w be a representative of w in Ng(T'). We will check to
see where v is sent to via the action of w. To this end, we will compute the action of T
on o(w)(v):

a(t)(o(w)(v)) = (o()o(w))(v) = (W) (o (W™ tw)(v)) = o) (x(w ™ tw) v)
o(w)((w - x)(t) v)
(w - X))o (w)(v).
Hence, we conclude that w - x is also a weight of ¢. In other words, the weights of a

rational representation are permuted by the Weyl group. In particular, if we use the
adjoint representation in place of o, then we find that W -Rg,r = Rg 7.

It is a consequence of the general theory that Rg 1 is indeed a reduced root system
in the euclidean space O(T) ®z Q, where the inner product is chosen so that it is W-
invariant. We will not verify this assertion in these notes. The details of this development
are clearly presented in [6, Ch IV, §14], or [39, Chapter X].
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Homework:

(1) Show that W is isomorphic to the finite group generated by all the reflections sg,
where 8 € Rg, 7.

(2) Determine the Weyl groups of the classical groups.

(3) Let G — G be a covering homomorphism. Show that the Weyl groups of G and
G are isomorphic.

(4) Let Z be a central closed subgroup of G. Show that G/Z and G have isomorphic

Weyl groups.
4.2. Terminology of weights

Let G be a connected reductive algebraic group. Let B and T denote a Borel subgroup
of G, and a maximal torus contained in B, respectively. Then there is a unique Borel
subgroup B~ < G such that B~ n B = T. This Borel subgroup is called the opposite
Borel subgroup to B. Let Rg,r denote the root system determined by (G, T). Recall that
R 7 is a finite subset of the character lattice O(T) of the torus T. The elements of the
character lattice O(T) are sometimes called the weights of G relative to T. We set

E:= O(T) ®Z Q
As usual, the Weyl group of (G, T) will be denoted by W.

A root o € Rg 1 is called a positive root if the corresponding root subgroup U, is
contained in B. The set of positive roots will be denoted by RE’T. Note that there are
several equivalent ways of defining the positive roots. We introduced them by using Borel
subgroups to emphasize the combinatorial nature of such subgroups. Similarly to the
definition a positive root, an element a € Rg 7 is called negative if the corresponding
root subgroup U, is contained in the opposite Borel subgroup B~. The set of negative
roots will be denoted by Rg . It is easy to check that Rg , = —RET. (In fact, we
could introduce the negative roots this way!) A positive root o € RE,T is called simple if
it cannot be written as a sum of two positive roots. The set of all simple roots will be
denoted by S. It is easy to show that S is a basis for the vector space O(T) ®7Q. Although
in general S is not a basis for the lattice O(T ), it will help us to define a distinguished
basis for O(T). We proceed to explain.

The duals of the elements of Rg 7 in E* form the dual root system, denoted by R ;..
Furthermore, SY := {aY : « € S} is a set of simple roots for this root system. Let (,)
be any inner product on E. By using the averaging process, we can assume that (,) is
a W-invariant inner product. Using this invariant inner product, we identify the dual
vector space E* by E. Under this passage it is easy to check that the dual of 2cr, where
o is a root in Rg, 1 gives the following vector in E:

aY =2a/(a, ).

This vector is called the coroot of a. Now let us define the notion of an ‘abstract weight.’
Let w € E®z R. If for every a € S, we have (w,a¥) € Z, then w is called an abstract
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weight. At the end of this section, we will assign the verification of the following fact as
a homework: Every element of O(T) is an abstract weight.

We proceed by labeling the simple roots of Rgr as in 8 = {ai,...,a;}. For i €
{1,...,1}, the fundamental dominant weight is a character w; € O(T) such that
(wi,af) = d;j, where a is the coroot of a;. A character w € O(T) is said to be a
dominant weight if it is can be written as a nonnegative integral combination of the fun-
damental dominant weights. Thus, set of all dominant weights becomes a subsemigroup

of the free abelian group O(T).

The cone span of the semigroup of dominant weights in E will be called the fundamental
(or dominant) Weyl chamber. The anti-dominant Weyl chamber is the cone spanned by
{—ay,...,—a)} in E.

(6%)

FIGURE 4.2. The anti-dominant Weyl chamber of As.

Homework:

(1) Show that for every nontrivial element w € W and a vector v from the interior of
the dominant Weyl chamber, w - v is not an element of the dominant chamber.
(2) Show that the set of abstract weights of (G, T) in E®z R is a free abelian group
of rank ! (the number of simple roots of Rg 7).
(3) Show that the elements of O(T) are abstract weights. Hint: Consider the W-
action on the weights of a rational representation.
(4) Let x and p be two abstract weights in E ®z R. We write p < x if and only if
X— U= 22:1 a;a; for some nonnegative integers aq, ..., q;.
(a) Verify that < is a partial order on the set of all abstract weights. Draw the
Hasse diagram of < for all rank 2 root systems.
(b) Show that R, = {8 €Rgr: 0 < S}
(¢) Show that for every w € W and v from the dominant Weyl chamber, we have
w-v <.
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(5) Compare the root systems, weight lattices, as well as the lattices of abstract
weights for the groups SLy(C) and PSLy(C).

(6) Show that every dominant Weyl chamber is a strictly convex rational polyhedral
cone in O(T) ®zR. (For the relevant convex geometry terminology, see Section 7).

4.3. The Bruhat-Chevalley decomposition and Schubert varieties

In this subsection we will introduce one of the most useful tool for studying the struc-
ture of a reductive group. We begin with setting up our conventions. As usual, G will
denote a connected reductive group. We fix a Borel subgroup B and a maximal torus,
T < B. Then B is of the form B = TR, (B), where R, (B) is the unipotent radical of
B. Tt follows from our initial definition of the positive root system R, that R, (B) is
directly spanned by the root subgroups that it contains,

RU(B)= H Uou

O‘ERE,T
where the product can be taken in any order [39, Proposition 28.1].

Let W denote the Weyl group. Every element w € W has a representative, denoted
w, in the subgroup Ng(T') € G. Hereafter, by abuse of notation, we will omit using the
dot on the top of w. The Bruhat-Chevalley decomposition of G is the decomposition of G
into two-sided orbits (= double-cosets) of B in G:

G = || BuB. (4.5)

weW
In B, the maximal torus T normalizes the maximal unipotent subgroup, U := R, (B). It
follows that a double-coset BwB is canonically isomorphic to UwB. Therefore, we see

that the coset space G/B is a union of finitely many U-orbits, indexed by the Weyl group
of (G,T).

A closed subgroup P < G is called a standard parabolic subgroup with respect to B if
it contains B. We call a closed subgroup Q < G a parabolic subgroup if ) is conjugate-
isomorphic to a standard parabolic subgroup with respect to B. Another characterizing
property of the parabolic subgroups is that the homogeneous space G/Q is a projective
variety. We want to explain how the Bruhat-Chevalley decomposition (4.5) descends to a
similar decomposition for each parabolic subgroup. For simplicity, we will work with the
standard parabolic subgroups.

Let P be a standard parabolic subgroup. Then P = R, (P) x L, where R, (P) is the
unipotent radical of P and L is a (maximal) reductive subgroup of P that normalizes
R.(P). It is easy to see that the maximal torus 7' is entirely contained in the subgroup
L. In other words, T is a maximal torus of the reductive group L. We will denote the
Weyl group of the pair (L,T) by Wp. Then Wp is naturally isomorphic to the subgroup
of W that is generated by the simple reflections s, where « is a simple root such that
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the corresponding root subgroup U, is contained in L. Then we have analog of the
Bruhat-Chevalley decomposition for P is given by

p= || BwB. (4.6)

U)EWP

Recall that G/P is a projective variety. Since both of G and P have related Bruhat-
Chevalley decompositions, the structure of the variety G/P is closely related to the finite
quotient set W/Wp.

The projective variety G/P is called a partial flag variety of G. If P = B, then it is
called the (full) flag variety of G. By using (4.6), we see that G/P has a decomposition
into finitely many B-orbits. More precisely, we have

G/P= | | BwP/P, (4.7)
weW P

where WP < W is a certain transversal for Wp in W. There is a canonical choice for this
transversal. To identify it, we will introduce the rank function of W:

{: W —N
w — dim(BwB/B). (4.8)
Here, dim(BwB/B) = dim(UwB/B) is the dimension of the B-orbit of w in G/B. Then,
the canonical transversal for the subgroup Wp € W is given by
we WP — ((w) <{(v) forall vewWp. (4.9)
Hereafter, we implicitly assume that the elements of W are the minimal length left coset
representatives of Wp in W as in (4.9).

One of the most useful properties of the B-orbit closures in partial flag varieties is that
they give a basis for the singular homology groups with integral coefficients. A proof of
the following well-known fact is presented in [6, Ch IV, §14].

Lemma 4.10. Let P be a parabolic subgroup of G. Then the decomposition of G/P in
(4.7) is a cellular decomposition of G/P.

We are now ready to introduce the Schubert varieties.

Definition 4.11. Let w be an element of W¥. The U-orbit of the coset wP € G/P is
called the Schubert cell determined by w in G/P. Let us denote it by C,,p. The Zariski
closure of Cy,p in G/P is called the Schubert variety determined by w in G/P. Tt will be
denoted by X, p.

The Schubert varieties are partially ordered according to the gluing of their Schubert
cells. We will explain this comment by using the Schubert varieties of the full flag variety.

Definition 4.12. The Bruhat-Chevalley order, denoted <, is the partial order defined by
w<v <= Cup S XuB (w,veW).

The pair (W, <) is a ranked poset with respect to the rank function defined in (4.8).
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Example 4.13. Let us consider G = GL3(k). We take T as the group of diagonal
matrices in G, and we take B as the group of upper triangular matrices in G. The
Weyl group W of (G, T) is the symmetric group S3. The root system of (G,T) is given
by {e; —¢; : 1 < i # j < 3}, where ¢; : T — k* is the character of T' defined by
e;(diag(ty, ta,t3)) = t; for i € {1,2,3}. The set S = {&1 — e2,69 — 3} is a set of simple
roots for Rg 1. Let s; € S3 (i € {1,2}) denote the Coxeter generator corresponding to the
simple root €; —&;41. The Hasse diagram of the Bruhat-Chevalley order on S5 is depicted
in Figure 4.3.

518281 = S28152

/

8251 8152
\ |
FIGURE 4.3. The Bruhat-Chevalley order on Sj3.

Many geometric properties of a Schubert variety X,,5  G/B can be extracted from
the combinatorial properties of the lower interval [e, w] in the Bruhat-Chevalley order on
W. For example, it is easy to tell if a Schubert variety in G/B is rationally smooth or not
just by checking if the rank generating function py,(t) := X o<, <, () is palindromic'*
or not [24]. But understanding the exact nature of an interval in the Bruhat-Chevalley
order is not only important for grasping the geometry of a Schubert variety but also for
representation theory. Indeed, the multiplicities in the Jordan-Holder series of Verma
modules, or equivalently for the formal characters of irreducible highest weight modules
(extending the celebrated Weyl character formula to “nondominant” weights), depend on
these intervals [41]. It is natural to ask if there are similar combinatorial, geometric, or
representation theoretic properties for the posets of B-orbit closures in other homogeneous
spaces. However, in an arbitrary homogeneous space G/H , there might be infinitely many
B-orbits.

BN polynomial in one variable p(t) is called palindromic if t3p(t—1) = p(t), where d is the degree of
p(t).
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Definition 4.14. Let H be a closed subgroup of G. The homogeneous space G/H is
called spherical if the number of B-orbits in G/H is finite.

It is known that the symmetric spaces are spherical homogeneous spaces. This fact
was first shown for the symmetric spaces defined over C by Matsuki [53]. In [78], Springer
showed that this fact holds true in arbitrary characteristic (s 2).

We close this section by explicitly describing the inclusion poset of the B-orbit closures
in a very special symmetric space.

Example 4.15. Let G denote SLy,(C), and let B denote a Borel subgroup of G. Let H
denote the symmetric subgroup Sp,,(C). Then G/H can be identified with the space of
all nondegenerate 2-forms on C2".

FIGURE 4.4. Bruhat-Chevalley order on SL¢/Spg.
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Indeed, G acts transitively, by the “congruence action”, on the space invertible, skew-
symmetric, 2n x 2n complex matrices. More precisely, let g be an element from G, and
let A be a skew-symmetric 2n x 2n complex matrix. Then the action of g on A is given
by g- A := gAg". It is shown by Richardson and Springer [72, Example 10.4] that the
set of B-orbits in G/H is in bijection with the set of all fixed-point-free involutions of the
symmetric group Sa,. Richardson and Springer showed in [73] that the inclusion order on
the B-orbit closures in G/H agrees with the restriction of the Bruhat-Chevalley order to
the fixed-point-free involutions. Note that, conveniently, a fixed-point-free involution in
San, can be represented by a product of transpositions of the form (i1 j1) - - - (iy, jn), Where
we have 1 < iy < -+ <ip <2n— 1,41 < J1,.-eyin < Jn, and {é1,...,0n, 1, -, Jn} =
{1,2,...,2n}. In Figure 4.4, we depict the Bruhat-Chevalley order on the fixed-point-free
involutions of the symmetric group Sg.

5. Eigenvectors of Algebraic Actions

Let S be an affine algebraic group, and let V' be an S-module. A nonzero vector v € V
is said to be an S-eigenvector, or an S-semiinvariant, if there exists a character y in O(.S)
such that s -v = x(s)v for all s € S. We set

V) .= {veV: vis an S-semiinvariant}.

If Sis a torus T, and x € 6(T), then the T-semiinvariants in V relative to y are precisely
the weight vectors of weight x as we defined in (4.4).

Example 5.1. Let T denote the maximal diagonal torus of GLy(C). We consider the
standard action of GL3(C) on C2. We will find all T-semiinvariants of the corresponding
action on the coordinate ring R := O(C?) = C[X,Y]. The action of T on R is given by
the restriction of the action in Example 2.4. Let f(X,Y) be an element of R("). Then
there exists x in O(T) such that, for every t := diag(a=!,d"!) e T,

t- f(X,Y) = f(aX,dY) = x; (1) f(X,Y).

First by setting d = 1 and varying a € C*, and then by setting a = 1 and varying d in
C*, we see that f(X,Y) is a monomial of the form aX*Y" for some o € C* and r, s € N.

The semiinvariants of a Borel subgroup are contained in the semiinvariants of its max-
imal torus. More generally, we have the following statement.

Lemma 5.2. Let S be an affine algebraic group, and let H < S be a closed subgroup. If
V is an S-module, then V(5 < V),

Proof. Let v be an element of V(%) and let y,, denote the corresponding S-semiinvariant.
Then, the restriction of x, to H is a character of H. Therefore, we have v e V), O

Example 5.3. Let B denote the Borel subgroup of upper triangular matrices in GLo(C).
We will compute directly the B-semiinvariants in R := C[X, Y] for the action that we dis-
cussed in Example 2.4. Since R(®) ¢ R(T) it suffices to determine the T-semiinvariants
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that are B-semiinvariants. It follows from the argument of Example 5.1 that a B-
semiinvariant is a monomial of the form aX"Y*, where a € C*, r,s € N. Let g~! be

an element of B such that g = [8 Z] Then the action of g on aX"Y® is given by

g -aX"Y?® =ad" X"(bX 4+ dY)°. (5.4)

Unless b = 0 or s = 0, the right hand side of (5.4) cannot be a scalar multiple of aX"Y*.
Since for an arbitrary g € B, the entry b can be different than zero, we must have s = 0. In
other words, a XY ® is a B-semiinvariant if and only if s = 0. This argument shows that

RB) = {aX": aeC* reN}.
On the other hand, as we observed in Example 5.1, the set of T-semiinvariants is given by
RT) = {aX"Y*: aeC*, r,seN}.
5.1. The weight monoid of an action

Let B be a Borel subgroup of a reductive group. In this section we will introduce some
basic representation theoretic invariants of normal B-varieties. Hereafter, by writing
B = TU, we implicitly assume that T is a maximal torus in B and U is the unipotent
radical of B. Note that the groups of characters of B and T are naturally isomorphic.
This follows from the decomposition B = TU and the fact that the character group of
U is trivial. Let r denote the dimension of T. Then O(B) = O(T) is a free abelian
group of rank r. The group operation on O(B) is given by the point-wise multiplication
of the algebraic characters. However, it will be more convenient to switch to the additive
notation.

Example 5.5. Let B denote the Borel subgroup of upper triangular matrices in GLy(C).
Then O(B) is freely generated by the following characters:

Ai<[“(1)1 Z;;]>=a (ie{1,2}).

If we identify Ay (resp. A2) with the vector (1,0) (resp. by (0,1)), then we see that the
multiplication of the generators in O(B) corresponds to the addition of the corresponding
integer vectors. Therefore, O(B) is isomorphic to Z2.

We proceed with the assumption that G is a connected reductive group containing B as
a Borel subgroup. It turns out that the finite dimensional rational simple G-modules are
in one-to-one correspondence with the elements of a certain submonoid of O(B) Since
the main ideas behind this well-known result will be used several times in the sequel, we
will review its proof.

Lemma 5.6. ([39, Theorem 31.3]) Let G be a connected reductive group having B = TU
as a Borel subgroup. If V is a simple G-module, then the subspace of U-invariants in 'V,
that is VU = {v eV : w-v = v for allue U} contains a one-dimensional subspace on
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which B acts by a character, x € O(B) Furthermore, V is uniquely determined by x up
to G-isomorphism.

Proof. By the Lie-Kolchin Theorem we know that V' contains a B-stable one-dimensional
weight subspace, V,, < V, such that B acts on V, by a character x, see [39, Theorem
17.6]. Let v be a nonzero vector (weight vector) in V.. We claim that U - v = v. Towards
a contradiction, assume otherwise that U - v # v. Since b- v = x(b)v for every b € B, the
restriction x to U gives a nontrivial character for U, which is absurd. This contradiction
shows that U point-wise fixes the whole line V,. This proves our first assertion.

For our second assertion, we fix some terminology; let us call the vector v of the previous
paragraph a mazimal vector for V. Let B~ denote the unique Borel subgroup opposite
to B. Let U~ denote the maximal unipotent subgroup of B~. Let U~ = []

and U = HaeRG’T
It is well-known that for all & € R 1, the root subgroup U, maps Vy into Y., ,+ Viika,

see [39, Proposition 27.3]. Let V' denote the G-submodule of V' that is generated by v.
Since V is simple, we have V' = V. The weights of V' are of the form y — >’ Cal,

- U,
a€Rg «

U, be the root subgroup decompositions of these unipotent subgroups.

aeRaT
where ¢, € ZT, see [39, Proposition 31.2] (which essentially follows from [39, Proposition
27.3]). In other words, x is the highest weight with respect to the partial order <. Let
us assume that there exists another ‘maximal vector’ w € V\V, so that U -w = w and on
which B acts by a weight . Then by repeating the previous argument for w, we see that
the span of xy < p which contradicts with the maximality of the weight x. It follows from
the uniqueness of the maximal vector in a simple module that if two simple G-modules
V and W possess the same highest weight y then they must be isomorphic. This finishes
the proof of our second assertion. O

Let us strengthen the part of Lemma 5.6 about the space of unipotent invariants.

Corollary 5.7. Let G be a connected reductive group having B = TU as a Borel subgroup.
If V is a simple G-module, then VU is one-dimensional.

Proof. Let v and w be two non-proportional vectors in V such that U-w = wand U-v = v.
Without loss of generality we assume that v is a highest weight vector of weight x. Then
V' decomposes as V' @V,, where w is an element of V’. Since V"' is spanned by the weight
spaces V),, where p < x, it is T-stable. In particular, we see that B -w < V'. We now
observe that the B~ orbit of w cannot be entirely contained in V’. Otherwise, since B~ B
is dense in G, we would have the span of G - w entirely contained in V', which is absurd.
Now let b’ € B~ be such that ¥’w = v. Then we have w = u - w = ub'~!v for every u e U.
Since both of the spans of B~v and B~w are dense in V, the equalities ub'~'v = b'~lv
(for all w € U) imply that b’ € T. But then the span of w in V is a line on which B acts
by the character x. This contradicts with our assumption that w is a weight vector of
weight p such that p # x. O

Notation 5.8. Let G, B,T,U be as in Lemma 5.6. The group O(B) is called the weight
lattice of (G, B,T). The elements of O(B) are called the weights. The highest weight of
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a simple G-module as in the proof of Lemma 5.6 is called a dominant weight of (G, B, T).
We set

O(B)* := {x € O(B) : x is the highest weight of a simple G-module}.

This set is a submonoid of O(B) The identity element of this monoid is given by the
trivial character defined by xo(b) := 1 (b € B). This element corresponds to 0 in additive
notation.

Now let X be an irreducible affine G-variety. Then k(X) is the total quotient field of
the ring of regular functions k[X]. Clearly, k(X ) has the structure of a G-module. For
the analysis of this representation, the following fact, which was originally proved sepa-
rately by Hadziev and Grosshans, is essential; it will enable us to define some important
combinatorial invariants for the action G : X.

Lemma 5.9. (Hadziev-Grosshans Theorem) The algebra of U-invariant regular functions
k[X]Y is a finitely generated k-algebra.

Remark 5.10. Hadziev-Grosshans Theorem allows us to reduce the analyses of the
coordinate rings of many affine varieties to the coordinate rings of toric varieties. We will
make this comment more precise in Theorem 7.34.

One proof of Hadziev-Grosshans theorem relies on a useful method that is known as
the “transfer principle”. In our case this principle says that

E[X]Y = k[X x G/U]Y = (k[ X] @ k[G]Y)C.

Since G is reductive, the k-algebra of G-invariants of a finitely generated algebra is finitely
generated. Note that k[X] is already a finitely generated k-algebra. Therefore, to prove
the Hadziev-Grosshans theorem, it suffices to prove the finite generation of k[G]Y only. In
the literature, this invariant ring is sometimes called the flag algebra of G. It is naturally
identified with the coordinate ring of G/U. We note here without proof that for arbitrary
affine algebraic group G and a maximal unipotent subgroup U < G, the ring of invariants,
k[G/U] = k[G]Y, is finitely generated; see the paragraph after [34, Theorem 5.6].

Lemma 5.11. Let X be an irreducible quasi-affine S-variety, where S is a connected
solvable affine algebraic group. Then any S-invariant in k(X) is the quotient of two S-
semiinvariants in k[X] with the same weight. Furthermore, if S is a unipotent group,
then k(X)® is isomorphic to the total quotient field of k[X].

Proof. Let f = p/q be a S-invariant in k(X), where p and ¢ are regular functions. Since
any element of the coordinate ring k[X] is contained in a finite dimensional S-stable
subspace, we see that the subspace V :=span{s-q: s€ S} c k[X] is finite dimensional.

Then by the Lie-Kolchin Theorem, there is a nonzero semiinvariant h := »},_; ¢;s;g € V,
where [ is a finite set of indices. Then for every i € I we have f = s; - f = %.
Equivalently, we have the following equations: (¢;8;-q)f = (¢;s;-p) fori e {1,...,|I|}. Tt

follows that f is also equal to f = % But since the denominator is a semiinvariant,
iel “rot
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and f is invariant, the numerator must also be a semiinvariant with the same weight as
the denominator. This finishes the proof of our first assertion. For the proof of our second
assertion, it suffices to mention that every semiinvariant of a unipotent group action is
an invariant since such a group does not possess any nontrivial characters. O

Remark 5.12. (1) The arguments that we used in the proof of Lemma 5.11 can
be used for proving the following statement: any S-semiinvariant in k(X)) is the
quotient of two S-semiinvariants in k[X].

(2) The first assertion of Lemma 5.11 holds true even without the assumption on
solvability as long as X is a “factorial” quasi-affine variety. Here, X is factorial
means that the coordinate ring k[X] is a unique factorization domain.

(3) Let U be a unipotent group. Let M be a rational U-module. Then we have
MWU) = MY,

We will now focus on the B-semiinvariants of a quasi-affine irreducible B-variety X,
where B is a Borel subgroup of some connected reductive group GG. Although initially we
do not need to require that X admits an algebraic G-action, let us first assume that this
is the case. Recall that the coordinate ring of X is a locally finite representation of G
which decomposes as a sum of finite dimensional irreducible G-modules. We further note
that the B-highest weights of this representation is closed under addition. In other words,
the B-semiinvariants that appear in k[X] all belong to the monoid of dominant weights
in the character group O(B). Since the dominant Weyl chamber is a strictly convex
rational polyhedral cone in O(B) ®z Q, the inverse weight —y (in additive notation)
does not appear as the weight of a regular function in k[X]. However, if a nonzero
element f € k[X] is a B-semiinvariant of weight y, then certainly the rational function
1/f € k(X) is a B-semiinvariant of weight —x in k(X). At the same time, the point-
wise multiplication of two B-semiinvariants in k(X)(®) is another B-semiinvariant in
k(X). Therefore, k(X)) is a subgroup of the multiplicative group of the field k(X).
Furthermore, the weights of k(X)) form a subgroup of O(B). In other words, the
monoid homomorphism k[X](5) — 6(B)+, f — xy extends to a group homomorphism
k(X)) — O(B). We are now ready to ramp up our Notation 5.8.

Definition 5.13. Let X be an irreducible affine (or, quasi-affine) G-variety. The map
r: k(X)® — O(B)
f—xs
is a Z-module homomorphism. We call the image of r, that is,
O(X) = x(k(X)P),

the weight lattice of X. (Some authors call O(X) the rank group of X.) Since O(B) is a
free abelian group, and O(X) is a subgroup of O(B), O(X) is a free abelian group as well.
Its Z-module rank, which we denote by rkq (X ), will be called the rank of the action G : X.
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We defined the weight lattice of an affine variety by using its coordinate ring. The ring
of regular functions of a projective variety X consists of constant functions only. So it
is not big enough to define any meaningful invariant of an action G x X — X. We can
overcome this difficulty by using a B-stable affine open subset of X. We proceed with an
example.

Example 5.14. Let P be a parabolic subgroup. We fix a Borel subgroup B in P,
and let 7" be a maximal torus contained in B. By the Bruhat-Chevalley decomposition,
we know that B has an open orbit in G/P. Let W denote the Weyl group Ng(T')/T,
and let Wp denote its subgroup corresponding to the parabolic subgroup P. Let O
denote the open orbit of B in G/P. It is well-known that O contains a unique 7-fixed
point, that is, 29 := wf B, where w is the longest element of W/Wp. Then we have
O = B -2y =~ B/B,,, where B, is the stabilizer of zy in B. Now let f(z) be a B-
semiinvariant from k(O), and let x ¢ denote the corresponding character. For b € B, let
t e T and u € U be such that b = tu. Then we have b= - zp = u~! - zo. It follows that
b- f(z0) = f(b™'20) = f(u™" - 20) = xf(u) - f(20) = f(20). At the same time, as b varies
in B, b~'z varies over all points of O. In other words, we have f(O) = f(zp). Since
O is open in G/P, we see that f(x) is a constant rational function, hence, xy = 1. In
conclusion, we see that the weight lattice of O, hence the weight lattice of G/P, is trivial.

In our next example, we will show an alternative approach towards the definition of
the weight lattice of a projective variety.

Example 5.15. Let G denote SLo(C), and let B be a Borel subgroup of G. Let X denote
G/B. Then X is isomorphic to P. We denote by 7 : L — X the hyperplane bundle
Ox (1) on X. Clearly, G acts on the total space of L, and 7 is a G-equivariant morphism.
In other words, L is a G-linearized line bundle for the simply connected semisimple group
G. Let us define the section ring of L by

R(X,L) := @ H°(X,L"). (5.16)

n=0

Notice that this section ring is nothing but the (graded) coordinate ring of the total space
of the dual line bundle LY. The fiber of LY at a point p € X is the line in k% passing
through the origin and the point p. By definition, the affine cone associated with the line
bundle L — X is the affine variety whose coordinate ring is R(X,L). Let X denote this
cone. Clearly, in our case, we have X =~ k2. Let us have a closer look at the G x G,,-
module structure on the coordinate ring R(X,L) = k[z,y]. The G,,-action gives the
usual grading on the polynomial ring k[x,y]. In particular, the n-th graded part, that is
HO(X, L"), is isomorphic to the space of homogeneous polynomials of degree n in k[, y].
Furthermore, for every n € N, the subspace H°(X, L") is a G-module. It is well-known
that this is an irreducible G-module of highest weight x, := n + 1, n € N. Since the
semisimple part of G x G, is G, the weight x,, is also the highest weight of H°(X, L")
as an irreducible rational representation of G x G,,. In conclusion, the weight lattice of
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the line bundle LY =~ Opi(—1) as an G x G,,-variety is given by
O(Opi(-1)) = Z.

Remark 5.17. We maintain the notation of Example 5.15. It is not difficult to see that
the homogeneous space G/U, where U is the unipotent radical of B, is isomorphic to
k*\{0}. Thus, the weight lattice of G/U as a G-variety is identical to the weight lattice
of k2 as a G x G,,-variety.

5.2. Summary

Let X be an irreducible quasi-affine G-variety, where G is a connected reductive group.
Then coordinate ring k[X] has a natural decomposition into G-submodules as follows:

Kxl= @ GIXIP)ev,

XeO(B)+
where V() is the simple G-module with highest weight A, and k[X ]S\B) is the G-module
KXY i= Homg(V(A), HX]),

that is the space of all G-equivariant morphisms from V(A) into k[X]. In characteristic 0,
: (B)
dim k[ X}
let us note the well-known fact that, for every A and p from 6(B)+, the simple module
V(X + p) occurs exactly once in the tensor product V(M) ® V(p). Therefore, highest

weights of the simple G-submodules of k[X] form a subsemigroup O(B)* < O(B).

is equal to the number of occurrence of V() in k[ X]. To justify the notation,

Definition 5.18. Let X be an irreducible affine (or, quasi-affine) G-variety. The weight
monoid of G : X, denoted O(X)*, is the following submonoid of O(X):

O(X)* := {Ae O(X): V() occurs in k[X]}.

We have learned from the discussion preceding Remark 5.12 that the weight monoid
O(X)™ generates the weight lattice O(X). Furthermore, we observed that O(X)™ spans
a rational polyhedral cone in O(X) ®z Q.

Notation 5.19. We denote the Q-vector space defined by the dual of O(X) as follows:
HO(X) := Homz(O(X),Z) ®z Q = Homz(O(X), Q).
5.3. Modality

If an algebraic group action has an open orbit, then usually there is a combinatorially
rich algebraic structure in force in the background. This is most apparent for the action
of a Borel subgroup that is obtained by restricting a reductive group action.

Definition 5.20. Let G be a reductive group. Let X be a normal G-variety. If a Borel
subgroup B of G has an open orbit in X, then X is said to be a spherical G-variety.
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There are several different characterizations of the spherical varieties. We begin with
interpreting the original definition in terms of invariants. For this purpose, the notion
of a “modality” will be useful. Before introducing that notion, we want to mention an
important result of Rosenlicht.

Lemma 5.21. Let X be an irreducible H-variety, where H is an algebraic group. The
transcendence degree over k of the field k(X)™, denoted tr.deg, k(X)H, is equal to
dim X — m, where m := max{dim(H - z) : x € X}.

Definition 5.22. Let H be an algebraic group, let X be an H-variety. The generic
modality of the action H : X is the integer dp(X) defined by

dp(X) := tr.deg, k(X)".

In other words, by Lemma 5.21, the generic modality dg(X) is the minimum codimension
of an H-orbit in X.

Definition 5.23. We maintain the notation of Definition 5.22. The modality of the action
H : X, denoted mod(H : X), is the integer defined by

mod(H : X) = max{dy(Y) : Y is an H-stable, irreducible subvariety of X}.

Let X be an irreducible H-variety. Clearly, if X is one dimensional and H has an open
orbit in X, then the complement of the open H-orbit consists of finitely many H-fixed
points. More generally we have the following statement.

Proposition 5.24. Let X be an irreducible H-variety. If mod(H : X) = 0, then X is
comprised of finitely many H -orbits.

Proof. We use induction on dim X. We already observed that if dim X = 1, then our
claim holds true. We proceed with a well-known statement [29, Theorem 3.3]: For m € N,
the set {r € X : dim(H - z) > m} is open in X. In particular the set of points whose
orbits have maximal dimension is open. Now we assume that for every H-variety Y
with dimY < n — 1, where n € Z", if mod(H : Y) = 0, then the set {H -y : y € Y}
has finitely many elements. Let X be an n-dimensional irreducible H-variety such that
mod(H : X) = 0. The latter condition implies that there exists an open H-orbit O
in X. Furthermore, since X is irreducible, O is the unique open H-orbit in X. The
complement X\O is an H-stable subvariety of X. By our assumption, each irreducible
component of X\O is comprised of only finitely many H-orbits. Since the number of
irreducible components of X\O is finite, we conclude that the total number of H-orbits
in X is finite. O

Definition 5.25. Let G be a reductive group with a Borel subgroup B. Let X be a
G-variety. The complezity of the action G : X, denoted by cg(X), is the generic modality
dp(X).
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We omit the proof of the following theorem.

Theorem 5.26. ([83, Theorems 2 and 3]) Let X be an irreducible G-variety, where G is
a reductive group. Let B be a Borel subgroup. Then the following equalities hold:
(1) dp(X) = mod(B : X),
(2) dy(X) = mod(U : X).
The following simple consequence of the previous theorem of Vinberg gives us another

characterization of the spherical varieties. The same corollary was obtained independently
by Brion by different methods.

Corollary 5.27. ([83, 14]) Let X be an irreducible variety as in Theorem 5.26. If B has
an open orbit in X, then X is comprised of finitely many B-orbits.

Proof. If B has an open orbit in X, then dg(X) = 0. The proof follows from Theo-
rem 5.26. (]

Let H be a closed subgroup of a connected reductive group. Clearly, G/H is a G-
variety. If G/H is a spherical variety, then H is called a spherical subgroup.

Lemma 5.28. Let H be a closed subgroup of G. If H is a spherical subgroup of G, then
we have the following short exact sequence of Z-modules:

{1} > k* - k(G/H)P) I O(G/H) — {0}.

Proof. Let % be a rational function contained in the kernel of 7 : k(G/H)B) — O(B).
This means that the character of B that acts on 5 is the character 1: B — G,,, b— 1. In
other words, 5 is a B-invariant rational function. We proceed to calculate some values of
g. Let 2 be a point from the open B-orbit in G/H. Since g(b_1 ) =b- 5(;{70) = 5(:100)

for all b € B, we see that 5 is constant along the open orbit. But G/H is a normal variety,

hence, g is constant on all points of X. In other words, 5 is contained in the image of
kE* in k(G/H). This finishes the proof. |

There are many interesting non-spherical B-varieties with open B-orbits. We give two
examples here.

(1) Let B denote the Borel subgroup of G := GL(V'), where V is a finite dimensional
k-vector space. Then the Zariski closure B of B in End(V) has an open B x B-
orbit. It is easy to verify that B is not a G x G-variety.

(2) Let X,p be a Schubert variety in G/B. Then the B-orbit of wB € G/B is open
in X,,p. Unless w is the longest element wy € W, the Schubert variety X, p is
not G-stable.

We finally want to point out a simple but useful relationship between the notions of
complexity, rank, and the generic U-modality of a G-variety.
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Lemma 5.29. ([44, Lemma 2.1], [58, Theorem 1.2.9 (2)]) Let X be an irreducible G-
variety. Then we have the following identity:

CG(X) + ’I“kg(X) = dU(X).

Proof. By replacing X with an open subset (using Rosenlicht’s theorem on quotients) we
may assume that the orbit spaces X/U and X /B = (X/U)/T exist. Then the following
equations hold: dim(X/B) = cg(X) and dim X = dim(X/U) + max{dimUz : = € X}.
The latter equation is equivalent to dy (X) = dim(X/U). Moreover, it is easy to see that
the image of T" in the automorphism group Aut(X/U) is of dimension rkq(X). It follows
from these facts that dim(X/U) = dim(X/B) + rkg(X). This finishes the proof of our
assertion. ]

Corollary 5.30. Let P be a parabolic subgroup of G. If X = G/P, then we have
cq(X) =rkg(X) =0 and O(X) = {0}.

Proof. By Bruhat-Chevalley decomposition we know that U has an open orbit in G/P.
Therefore, dy(X) = 0. Since both of the integers cg(X) and rkg(X) are nonnegative,
they are equal to 0. In particular, O(X) is trivial. |

6. Valuations

From a purely combinatorial viewpoint, a wvaluation ring'® is nothing but a maximal
element of a certain partial order on the set of all local rings of a field. Let K be a field
and let Loc denote the set of all local subrings of K. We order Loc with respect to the
domination order which is defined as follows. Let A and B be two local subrings of K.
We say that B dominates A if A is a subring of B and the maximal ideal of A is the
intersection of the maximal ring of B with A. Then the maximal elements of Loc exist;
they are precisely the valuation rings whose quotient field is K. Since we are interested
in the geometric applications of valuation rings, we proceed to identify the most useful
ones for our purposes.

Let X be a variety. The multiplicative group of field of rational functions on X will
be denoted by k(X)*. A wvaluation on X'° (or, more precisely, a valuation on k(X)) is a
map

v:k(X) > Qu {w}
such that

5Let B be an integral domain, and let K denote the quotient field of B. If for every z € K either
z € Bor x~! € B, then B is called a valuation ring. Let U denote the group of units of B. Clearly, U
is a subgroup of K* := K\{0}. Let I" denote the quotient group K*/U. It is easy to check that I is a
totally ordered abelian group with respect to the partial order defined by Z > § if and only if zy~! € B,
where T (resp. ¥) is the image of x (resp. y) in T'. Then the canonical projection v : K* — T is a group
homomorphism such that v(z +y) = min{v(z),v(y)} for every z,y € K*. The map v is called a valuation
of K with values in T'. A good reference for studying valuation rings is [54].

1681:1rictly speaking, this should be called a discrete valuation on k(X).

99



CAN

(1) v(f1 + f2) = min{v(f1),v(f2)} whenever we have {f1, fo, f1 + f2} < k(X)*,
(2) v(fif2) = v(f1) +v(fe) for all {f1, fo} = k(X)¥,
(3) v(k*) =0 and v(0) = 0.

We note that, according to this definition, the map defined by w(k(X)*) = 0 and
w(0) = o0 is a valuation on X. We will call this valuation the trivial valuation on k(X).

It is easy to verify that, for every nontrivial valuation v on k(X), the image v(k(X)*) <
Q is a discrete subgroup of Q. Although it is isomorphic to Z, v(k(X)*), it may not be
identically equal to Z in Q. If the equality v(k(X)*) = Z holds, then we say that “v is
normalized’ .

Example 6.1. Let v4c, denote the degree-difference function on the field of rational
functions k(z) on Al. More precisely, for f(x) = h(z)/g(x) € k(z), we define

degh(z) —degg(x) if h(z) # 0;

Vaeg (f (%)) 1= {OO if h(z) = 0.

Then it is easy to check that vgee is a normalized valuation. We note that “deg” in vgeg
should not be taken as ‘degree’ but rather for ‘degenerate.” As we will see in later in
the text, the most interesting valuations on k(z) are the ones that correspond to the
geometric points of P'. The valuation vgeg is not one of them; this is the reason for why
we called it the degenerate valuation.

The valuation ring of v is the local ring O, defined by
Oy :={f e k(X)*: v(f) =0} u{0}.
Note that the quotient field of O, is exactly the full function field k(X). The unique
maximal of O, is given by
m, = {f e k(X)*: v(f) >0} u{0}.
The residue field of v is the field defined by
k(v) := O,/m,.

Remark 6.2. (1) O, is a maximal subring of k(X).
(2) O, determines v up to a positive scalar multiple.

We now want to explain why valuations are actually at the heart of algebraic geometry.
Let K /k be a field extension with transcendence degree one. Let Ck denote the set of
valuation rings O, such that

(1) k<O, € K,
(2) v is a normalized valuation of K.

"More generally, let B be a (not necessarily discrete) valuation ring. We assume that B is not a field.
Then B is the local ring of a discrete valuation if and only if B is noetherian [54, Theorem 11.2].
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The set C'i possesses the “Zariski topology” whose closed sets are finite subsets of Ck
or Ck itself. Then an abstract nonsingular curve is an open subset U < Ck with the
induced topology. It is well-known that every nonsingular quasi-projective curve Y is
isomorphic to an abstract nonsingular curve [36, Ch I, Proposition 6.7].

6.1. Valuations associated with subvarieties

Hereafter, we assume that X is a normal variety. Let Z be an irreducible divisor in X.
Since X is normal, the local ring of Z, denoted by Oz x, is integrally closed. Furthermore,
it is noetherian and it has dimension one. In other words, it is a Dedekind domain'® The
fact that Oz x is a local ring implies that it is a discrete valuation ring. Let f be a
nonzero element from Oz x. Then, as an Oz x-module, the quotient Oz x/(f) has finite
length. This observation allows us to introduce the order-of-vanishing function:

OI‘dZ : OZ,X — 7
f > the length of the module Oz x/(f).

This function has the property that ordz(fg) = ordz(f) + ordz(g). At the same time,
we can view Oz x as a subring of the function field k(X). In fact, we know the fact that
the quotient field of Oz x is k(X) (see, for example, [36, pg. 130]). In particular, any
element of k(X) is of the form f/g with f,g € Oz x. Hence, the function ordy extends
to a function vz : k(X)* — Z defined by

vz(f/g) = ordz(f) —ordz(g). (6.3)

It is not hard to see that vy is indeed a valuation of k(X). Thus, we associated to the
divisor Z a valuation vz on k(X).

Definition 6.4. Let D be a prime divisor in a normal variety X. The valuation vp
defined as in (6.3) will be called the order-of-vanishing valuation of D.

Example 6.5. This example is the most elementary example of a valuation. Let p be a
prime number. Every nonzero rational number o € Q has a unique expression of the form

na

a=Dp 6’
where n € Z, a € Z\{0}, b € Z*, and gcd(a,b) = ged(a,p) = ged(b,p) = 1. In this
notation, we define a function v, : Q — Z u {0} as follows:
n ifa#0and a=p"y;
Up(@) = —
oo ifa=0.

It is easy to verify that v, is a valuation on Q; it will be called the p-adic valuation. There
is a useful geometric way of viewing v,. We will explain this in very rough terms. Since
Z is a principal ideal domain, its prime ideals are all maximal ideals. Let SpecZ denote

181 et A be a noetherian domain of dimension one. If A is integrally closed, then it is called a Dedekind

domain. Equivalently, if every local ring Ap, where P is a nonzero prime ideal in A, is a DVR, then A
is a Dedekind domain.
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the affine scheme of prime ideals of Z. Since it is one-dimensional as a scheme, SpecZ
can be viewed as a curve. Moreover, since Z is integrally closed in its fraction field, we
can view SpecZ as a normal curve. From this viewpoint, a prime ideal of Z represents
an irreducible divisor in SpecZ. Hence, each p-adic valuation can be regarded as the
order-of-vanishing valuation on the curve Spec Z.

Next, we will discuss the order-of-vanishing valuations of the affine line, Al(k) :=
Spec k[z].

Example 6.6. Let = be a transcendental element over k, and let f be an irreducible
polynomial in the polynomial ring k[x]. Clearly every nonzero element of the field k(z) is
of the form f™g/h, where n € Z, and both of g and h are nonzero polynomials in k[z] such
that ged(f,h) = ged(f,g) = ged(g,h) = 1. Let v : k(x) — Z U {00} denote the function
defined by

n if g # 0;
oo if g=0.

v(f"g/h) = {

Then it is easy to verify that v is a normalized valuation. Since k is algebraically closed,
we have f = x—a« for some « € k. Thus by applying v to a rational function in k(x) we find
out whether that rational function has a pole, or zero of certain order at the point o € Al.
In summary we see that v is the discrete valuation of the divisor v in Al. Thus, it makes
sense to write v = v,. Note also that the local ring of v is precisely the localization of k[z]
at the ideal (f). In other words, we have O, = k[z]s) = {a/b € k(x) : gcd(f,b) = 1}.

We now introduce the most important valuations for our purposes.

Definition 6.7. Let X be a variety. Let v be a valuation on k(X). Then v is said to be
a geometric valuation on k(X) if there exists an irreducible divisor D < X and c € Q7
such that v(f) = c-vp(f) for every f € k(X). In this case, the DVRs of the valuations v
and vp are equal. A closed subvariety Z of X is called the center of v if the local ring of
Z in X is dominated by the local ring of v. (Recall that this means that Oz x < O, and
myzx = Oz x Nnmy.)

The center of a valuation may not exist. Nevertheless, if it exists, then it is unique.

Example 6.8. Let us consider the affine variety, X := C*. The function field of X is
given by C(z). As in Example 6.6, we will define the valuation vy : C(z) — Q u {0} as
follows. Every nonzero element f € C(z) can be written uniquely in the form 2"g/h for
some n € Z, g,h € C[x] such that ged(x,g) = ged(z,h) = ged(g,h) = 1. We then set
vo(f) := n, and vo(0) = co. It is easy to check that vy is a valuation of C(z). Furthermore,
the valuation ring of vg is O, = C[z]) = {g9/h : g,h € C[x], ged(h,z) = 1}, and the
maximal ideal of O, is generated by z in O,. Since C* is affine, if the center of v were
existent, then the center would be given by the vanishing of 2 in C*. Clearly, there is no
such point in C*. Indeed, vg is the valuation associated with the origin 0 € C, which is
missing from C*.
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For each closed subvariety Z in X, there is a corresponding geometric valuation on
k(X). The construction of this valuation goes as follows. Let m : X — Blz(X) — X
denote the normalization of the blow-up of X along Z. Let Z denote an irreducible
component of the exceptional divisor, 771(Z). Then we get a geometric valuation vy on

k:()N( ) corresponding to Z. Since 7 is a dominant map, the induced map on the function

~

fields, 7* : k(X) — k(X) is injective. The valuation vz that we seek is then the restriction

of vz to the subfield k(X)) in k(X).

Let vz be the valuation associated with a closed subvariety Z < X as defined in the
previous paragraph. Then the proofs of the following assertions follow from the definition
of a valuation associated to a divisor.

e Let f be an element of Oz x. Then vz(f) = 0.
o Let f be an element of k(X). If f|z = 0, then vz(f) > 0.
e Since O, dominates Oz x, the induced map k(Z) = Oz x/mz x — k(v) = O,/m,
is injective.
Remark 6.9. (1) If X is an affine variety, then a valuation v on k(X)) has a center
Z =7, c X if and only if v(f) = 0 for every f € k[X]. In this case, Z is defined
by the ideal k[X] n m,.

(2) Let f: X — X’ be a dominant morphism of varieties. Then the induced map
f* : B(X') — k(X) of function fields is injective. We identify k(X’) with its
image in k(X). Now, the map f: X — X’ is proper if and only if any geometric
valuation of k£(X) has a center in X provided that its restriction to k(X’) has a
center in X'.

(3) A variety X is complete if and only if every geometric valuation has a center in X.

Example 6.10. Let X denote P!. We decompose P! as A! U {00}, where oo is the
point-at-infinity. Then the field of rational function on X is the total quotient field
of the coordinate ring k[z] of Al. Since X is complete, every valuation of k(z) has a
unique center on P'. Since X is one dimensional, the proper irreducible subvarieties of
X are points; they are precisely the prime divisors of P!. In other words, the geometric
valuations of X are the valuations of k(X) associated with the points of X. Let o be a
point in X. Let us first assume that « # o0. Then we have, as in Example 6.6, v, as
the corresponding valuation. Now let us define the valuation corresponding to the divisor
a = . In this case the local defining equation of our divisor is given by f := % = 0.
Clearly, any nonzero element of k(x) has a unique expression of the form z"g/h, where
n € Z and g and h are polynomials without constant terms. Once again as in Example 6.6
we see that the valuation corresponding to oo is given by

n —n if g #0;
Voo (@™ g/h) —{ g

0 ifg=0.

It turns out that the geometric valuations of k(X) are characterized by the transcen-
dence degrees of their residue fields.
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Proposition 6.11. Let K’ be an intermediate field between k and k(X). Let v be a
nonzero valuation on k(X). Then we have,
(1) v is a geometric valuation if and only if tr.deg k(v) = tr.deg, k(X) — 1.
(2) If v is a geometric valuation of k(X), then v|k: is a geometric valuation of K'.
(8) Any geometric valuation of K' extends to a geometric valuation of k(X).

The proof of this proposition is not difficult. We refer the reader to [82, Propositions
B.7 and B.8§].

6.2. Invariant valuations

In this subsection, as usual, X denotes an irreducible G-variety, where G is a connected
affine algebraic group.

Definition 6.12. A valuation v on k(X) is said to be a G-invariant valuation if
v(g - f) = v(f) for every g € G and f € k(X)*. A G-invariant valuation v is called
a G-valuation if it is a geometric valuation. The set of all G-valuations on X is denoted
by V(X). Although the trivial valuation is not a geometric valuation, we include it in the
set V(X)) as a convention. Therefore, we always have V(X) # &.

‘We note that a G-valuation does not need to be a normalized valuation.

Example 6.13. In this example, we will determine all normalized G,,-valuations on P*.
Let 51, s3 be two distinct positive integers. We consider the algebraic action G,, x P! — P!
defined by t - [(a,b)] = [(t**a,t*2b)], where [(a,b)] € P* and t € G,,. Here, we use the
identification of P! with the quotient (k*\{0})/G,, where G, acts on the right on k2\{0}
by the coordinate-wise multiplication action. Now let v, (a € P) be a geometric valuation
on P'. Let us also assume that v, is a G,,-valuation. As before, we decompose P! as
Al U {o0}. Let us first assume that o € A'\{0}. Let f(x) € k(z) be a rational function
defined on an open subset contained in A'. Then f(z) = c¢[[._,(z — a;)™, where ¢ € k,
n; € Z, and a; € k for all i. Since v, is a G,,-valuation, for every t € G,,, the following
equalities hold:

va(f(2)) = va(t- f(2))
= Ua(f(t_l -x))

T
= Vg (ct™ Xni H(x —t%1a;)™)
i=1
T
= va(] J(& = ta5)™). (6.14)
i=1

But since v, (f(z)) is the order of vanishing of f(z) at «, and since t varies over all
elements of G,,, we see that the equality (6.14) cannot hold unless the valuation v, takes
the constant value 0 on k(x)*. Therefore, v, cannot be a G,,-valuation. Next, we assume
that a = 0 in A'. We notice that a similar calculation to (6.14) shows that v, is a valid
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Gy,-valuation. Adopting these arguments to the valuation of the divisor (00), we see that
Voo 18 also a G,y,-valuation. (Indeed, we have the equality vy = —vp.) In conclusion, we see
that on P! there are only two nontrivial G,,-valuations, that are, vy and v,,. Therefore,
on k(P'), there are exactly three normalized G,,-valuations; one of them is the trivial
valuation, and the other two are the normalized valuations vy and vy.

Example 6.15. In this example, we view P! as the flag variety GLy/B. Then we obtain
a natural GLsy action on P!. Since any GLs-valuation is also a G,,,-valuation, where G,,
is viewed as the center of GL3, we see that up to normalization, there are at most three
normalized GLa-valuation on P'. But GLy acts transitively on P'; this was not possible
by the Gy,-action. It follows from a calculation similarly to (6.14) that the normalized
valuation vy is not a GLs-valuation. Likewise, v, is not a GLg-valuation. In fact, as
we will see later, on any homogeneous space of the form G/P, where G is a connected
reductive group and P € G a parabolic subgroup, there is a unique G-valuation, which
is the trivial one.

Remark 6.16. Let v be a G-valuation in V(X). We assume that v has the center on
a subvariety Z € X. By intersecting it with an affine open G-stable subset in X, we
may assume that Z is affine. Now it is easy to check that Z is G-stable. Conversely, if
Z is an irreducible G-stable closed subvariety of X, then let vz denote the valuation in
kE(X) that is obtained by the blowing up construction as in the previous subsection (in
the paragraph after Example 6.8). Since it comes from the restriction of a G-valuation
onto the G-stable field k(X), the valuation vz is a G-valuation as well.

One of the earliest and the most useful results about geometric valuations is the follow-
ing lemma of Sumihiro [81, Theorem 1]. Here we follow Timashev’s proof [82, Chapter 19].

Lemma 6.17 (Sumihiro’s Lemma). Let X be an irreducible G-variety. Let v be a geo-
metric valuation on k(X). Then there exists a G-valuation v € V(X) such that if f is a
rational function on X, then there is an open subset Uy < G having the following property,

o(f)=v(g-f) forall geUs.

Furthermore, if A is a G-stable subalgebra of k(X), then for every f € A, the value v(f)
is found by

o(f) = min{v(g- f): g€ G}.

Proof. Thanks to the algebraic action G : X, for each f € k(X), the G-translates of f,
that are g- f where g € G, glue together to give a rational function f’ € k(G x X) defined
by f'(g9,2) = f(g~* ), (9,2) € G x U. Here, U is the domain of definition of f in X. We
now let D be a prime divisor of X such that v = vp. Then G x D is a prime divisor of
G x X. Let v/ := vgx p denote the corresponding geometric valuation. Let f’ € k(G x X)
be a rational function with domain of definition A € G x X. Of course, f’ might be an
element of the subfield k(X) — k(G x X). In any case, since v’ is the valuation of the
divisor G x D, v'(f’) is the order zeros or poles of f' on G x D. In particular, there is
an open subset Uy of G such that for every g € Uy, the order of zeros or poles of the
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rational function f'(g,-) : A — k, (h,z) — f'(g,x) is given by v/(f). In other words, we
have v'(f') = v(f(g,-)). Therefore, by setting v := v'[,(x) We obtain a G-valuation that
extends v.

For the second assertion, we first notice that, for d € Q, the linear spaces A@ := {f €
A o(f) = d} form a filtration of the (infinite dimensional) affine space A. The orbit
G- f in A is a finite dimensional variety. Then the intersections (G - f) n A are closed
subvarieties of G - f. Therefore our claim follows from the first assertion combined with
the definition of A, O

As a consequence of Sumihiro’s lemma and Proposition 6.11, we know the following
useful statement.

Lemma 6.18. Let k € K' < k(X) be an intermediate G-stable field. Let v’ be a G-
valuation on K'. Then there exists a G-valuation on k(X) such that v|g: = v'. Con-
versely, the restriction of a G-valuation v € V(X) to K' is a G-valuation v’ on K'.

Convention 6.19. For the rest of this subsection we assume that GG denotes a connected
reductive group. We assume that X is a normal G-variety.

Let H be a closed subgroup of G. As we pointed out before, the canonical map
G — G/H is dominant. Then k(G/H) is a G-stable subfield of k(G). Therefore, by
Lemma 6.18, any G-valuation on k(G/H) extends to a G-valuation on k(G). More gen-
erally, if the modality of G : X is zero, then there is an open G-orbit O € X. Let H
denote the stabilizer of a point in general position in O. Then k(X) = k(0O) = k(G/H).
It follows that any G-valuation of k(X) extends to a G-valuation on G/H.

We are ready to discuss a very useful but somewhat technical result of Knop. Let

char-exp(k) denote the characteristic exponent of k, that is,
1 if char(k) = 0;
char(k) otherwise.

char-exp(k) := {

Let M be a subset of a G-field K. For n € Z*, we denote by M™ the subspace of K that
is spanned by all n-fold products of the form f;--- f, for f; € M.

Theorem 6.20 (Knop’s Approximation Theorem). Let K be a G-field such that
k< K < k(G/H). Let A be a rational G-subalgebra of K. Let v be an element of
V(G/H). Then for every f € A we have

n

o(f) = min{v(f)  fe (M")(B)}, (6.21)

where M is the G-submodule generated by f in A, and n = n(f) is a sufficiently big power
of p := char-exp(k).

Notice that, in characteristic zero, the formula in (6.21) simplifies to

o(f) = min {o(f) : fe @)@},
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A proof of this theorem can be found in [82, Section 19]. We will mention some of its
important consequences.

Corollary 6.22. Let H be a spherical subgroup of G, and let v be a G-valuation from
V(G/H). Let f be a regular function on the open B-orbit Bxo € G/H. Then there exists
a sufficiently big power n := p" (depending on f), and a B-semiinvariant f' € k(G/H)(P)
such that

(1) v(f’) = v(f™),

(2) w(f') = w(f™) for allwe V(G/H),

(8) vp(f') =vp(f") for every B-invariant divisor D of G/H.

Proof of this corollary follows immediately from a more general statement (Lemma 6.24)
that is applicable to any G-variety X such that mod(G : X) = 0. In characteristic 0,
Corollary 6.22 implies that, on a spherical homogeneous space G/H, a G-valuation is com-
pletely determined by its values on the B-semiinvariants k(G/H)®). To state the more
general version of Corollary 6.22, we consider a special subalgebra of the field rational
functions.

Notation 6.23. Let X be a G-variety. We denote by Kpg the subalgebra of k(X) that
consists of rational functions with B-stable divisor of poles on X. In other words, we set

Kp:={f/ge k(X): the divisor of g in X is B-stable}.

Recall that a nonzero rational function f € k(X) is called a B-semiinvariant if there
exists a character xy € O(B) such that b- f = x(b)f for every b € B. Recall also that the
set of all B-semiinvariant rational functions in k(X) is denoted by k(X)®5).

Lemma 6.24. Let X be a normal G-variety with an open orbit. Let K denote the field
of rational functions on X. Let v be a G-valuation on G. Then for any rational function

f € Kp, there exists an element f e KB and a sufficiently big power n := p" (depending
on f) such that

(1) v(f) = v(f"),

(2) w(f) = w(f") for every w eV,
(8) vp(f) = vp(f") for every B-stable, but not G-stable divisor D of K.

Proof. Let § := divy f denote the divisor of poles of f in X. Let o denote the element
fus in HO(X,0O()), where s is the canonical section of the locally free sheaf O(6).
After extending all G-valuations to @,,-, H°(X,O(nd)) by using Sumihiro’s lemma, we
consider the G-submodule M < H°(X,O(5)) generated by . For any B-eigensection
& e (M™)B) we define f := &/u%. Tt follows from Theorem 6.20 that vp(f) = nvp(f),

w(f) = nw(f), and v(f) = nv(f) for some 4. O
Lemma 6.24 implies the following important fact that is noticed by Luna and Vust [52].

Proposition 6.25. Let X be a G-variety with an open orbit. Then the elements of V(X)
are distinguished by their restrictions to k(X)®).

107



CAN

Proof. Since G has an open orbit in X, the field K of rational functions on X is a G-
stable subfield of k(G). Let v' and w’ be two distinct valuations on K. Since the quotient
field of K is K, there exists f € K such that v'(f) # w'(f). Without loss of generality
we may assume that v'(f) < w/(f). By virtue of Sumihiro’s lemma, there are distinct
valuations v and w of G extending v’ and w’, respectively. Then by Lemma 6.24 (1),
there exists a B-semiinvariant f such that v( f) = v(f") for some n. Once again by
applying Lemma 6.24 (part (2)), we see that v(f) < w(f) for some K(P). Therefore, the
restrictions of v and w to K (5) give distinct functions. O

6.3. Recollections

In this subsection, we will reorganize some facts that we already mentioned for peda-
gogical reasons. Along the way, we will introduce several new concepts.

Let X be an affine G-variety, where G is a connected reductive group. Let K denote
field of rational functions on X. Then K is the quotient field of O(X). Recall that the
weight lattice of X is the subgroup O(X) < O(B) generated by the highest weights of
the irreducible representations of G that appear in k[ X]. The weight lattice of X fits into
a short exact sequence,

1 - (K8 - KB 5L O(X) -0, (6.26)

where r(f) = xy. Here, xy is the character that determines the action of B on f.
We now assume that X is an affine spherical G-variety. Then, as we explained earlier
(Lemma 5.28), the short exact sequence (6.26) becomes

1 -k - kX)P 5 O(X) - 0.
Hence, we have the identification, k(X)) /k* ~ O(X).

Remark 6.27. The requirement that X be an affine variety is not very critical. We know
that every normal G-variety X is locally linearizable (thanks to Sumihiro’s Equivariant
Embedding Theorem, which will be reviewed later). Thanks to the local structure theo-
rem [82, Theorems 4.6 and 4.7] we can always find a B-stable affine open subset X in
X. Then we use X to define the set of G-valuations as well as the weight lattice of X.

We continue with the assumption that X is a not necessarily affine spherical G-variety.
For any valuation v on k(X), there is an associated homomorphism k(X)®) — Q defined
by f — v(f). If v is a constant function on the group of nonzero B-invariants, then, thanks
to (6.26), v descends to a homomorphism on O(X). Let us denote this homomorphism
by 0,. Since X is a spherical variety, the assignment v — o, € HO(X) is well-defined. In
other words, we have the following function:

o : {all valuations on X} — HO(X)

V> 0y.
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There is a good choice of notation for the evaluations of g,’s on the elements of HO(X ).
It is given by

0,x) = 0,(x) (xe HO(X)).

This notation is indicative of a duality pairing between a certain set of valuations and the
weights. When there is no danger for confusion, we will use this notation.

The map o has utmost importance in the classification of spherical varieties. The
analysis of this function becomes more useful once its domain is carefully restricted.

Notation 6.28. Let v be a G-valuation on k(X). We denote the evaluation map g, by
e,. Similarly, the restriction of g to V(X) will be denoted by e. In other words, we set

e:V(X)— HO(X) (6.29)

vV —> e,.
We now paraphrase Proposition 6.25 in the notation of (6.29).

Proposition 6.30. Let X be a spherical G-variety. Then the evaluation map on the
G-valuations, that is e : V(X) — HO(X), is injective.

Proof. Let G/H be the homogeneous space that is isomorphic to the open B-orbit in
X. Since all of the ingredients are birational invariants, without loss of generality we
may assume that X = G/H. Let vy and v; be two distinct G-valuations on G/H.
Then there exists a rational function f defined on B - zy such that vo(f) < vi(f).
By Corollary 6.22, we have a B-semiinvariant rational function f’ € k(G/H) such that
vo(f) = vo(f™) < v1(f™) < v1(f’). This shows that val(vg) and val(vy) are distinct. O

Example 6.31. Let X denote a partial flag variety G/P, where P is a parabolic subgroup
of G. Recall from Example 5.14 that O(G/P) = {0}. Therefore, by Proposition 6.30, we
see that the set of G-valuations on G/P has only one element.

6.4. Central valuations
Let X be an irreducible G-variety, where G is a connected reductive group.

Definition 6.32. A G-valuation v on k(X) is called a central valuation if v vanishes on
the nonzero B-invariant rational functions. In other words, v is a central valuation if and
only if v((k(X)E)*) = 0.

Notice that if X is a spherical variety, then every G-valuation on k(X) is a central
valuation. We proceed with the more general assumption that dg(X) = 0. In other
words, G has an open orbit in X. Thanks to (6.26), a central G-valuation on k(X)
factors through a linear functional on O(X). We will denote by Z(X) the set of linear
functionals in O(X ) that come from central valuations on k(X). By Proposition 6.25, we
know that for each central valuation on k(X)) there exists a unique element of Z(X). Of
course, for a spherical variety X, the set Z(X) is none other than the cone of invariant
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valuations V(X). The following theorem is very important for our purposes. In this
generality it is due to Knop.

Theorem 6.33. Let X be an irreducible G-variety, where G is a connected reductive
group. If dg(X) = 0, then Z(X) is a finitely generated solid convex polyhedral cone in
HO(X). Furthermore, Z(X) contains the image of the anti-dominant Weyl chamber of
(G,B,T).

For spherical varieties, Pauer realized that the set V(X) (= Z(X)) is a cone. In the
same setup, the fact that V(X) is a finitely generated cone'” was first proved by Brion and
Pauer in [20]. Actually, in [20], Brion and Pauer identify the inequalities that define V(X).

Theorem 6.34. Let X be a spherical variety. Then there exists a finite linearly inde-
pendent set of weights {x1,...,xn} € O(X) such that

V(X)={ve HOX): (v,—xi» =0 forallie{l,...,n}}.

Theorem 6.34 implies immediately that the dual of the valuation cone in O(X o is
a rational polyhedral cone generated by the linearly independent set {—x1,...,—Xn} <
6(X )o- In particular, the valuation cone itself is a rational polyhedral cone since these
properties are preserved under passing to the duals. For relatively easy proofs of these ex-
tremely important facts, in the setup of spherical varieties, we recommend Knop’s “expos-
itory” article [43, Section 5]. We will sketch the proof of Theorem 6.34 in Subsection 8.3.

It turns out that the valuation cone V(X)) of a spherical variety is a fundamental domain
for a finite reflection group which naturally acts on HO(X). This reflection group is called
the little Weyl group of X.

Definition 6.35. Let X be a spherical homogeneous space G/H. The set of linearly
independent and primitive weights S := {—x1,...,—Xn} that are introduced in Theo-
rem 6.34 is a basis for a crystallographic root system. The corresponding reflection group
is called the little Weyl group of X. The elements of S are called the spherical roots of X
relative to (G, B,T).

These facts were proved by Brion [16, 18] after [20]. Later, Knop extended the notion
of a little Weyl group of a spherical variety to arbitrary G-varieties. In particular, Knop
identifies the little Weyl group of a G-variety as the Galois group of a certain covering of
the cotangent bundle of X. A complete account of these results are nicely presented by
Timashev in his memoir [82, Chapter 4].

1911 the language of convex geometry, which we will review soon, a finitely generated convex cone
is called a polyhedral cone. A polyhedral cone o in N ®z Q, where N is a lattice, is called rational if a
generating set for o is contained in N. Let us mention in passing that the valuation cone of a spherical
variety is not necessarily “strictly convex” although it is a rational polyhedral cone.

110



Algebraic groups in action

7. Toric Varieties

Definition 7.1. Let T be a torus. A normal T-variety X is called a toric variety if it is
a spherical T-variety.

It is safe to say that the theory of spherical varieties sprung from the toric varieties
and reductive groups. The purpose of this section is to review their construction in terms
of combinatorial fans. The following resources are helpful: [30, 57, 26, 28]. Throughout
this section we will follow the standard notation related to the toric varieties.

N : afree abelian group of rank n

M . the dual lattice of N, that is, Homgz(N,Z)
NQ : N ®q Z

Mgy @ M ®gZ = Homgz(N,Q)

In our previous notation, if T is an n-dimensional torus defined over k, then M will be the
character group O(T'), and N will denote the dual of O(T'). Then we have No = HO(T).
Conversely, if M and N are free abelian groups as above, then we obtain an n-dimensional
torus Ty and the character lattice of Ty by setting

Ty = Nz k* and O(Ty) = M.

Later, when we want to emphasize the fact that an element m € M is a character of the
torus T, we will write x™.

Soon we will construct the affine toric varieties; they will be obtained from certain
cones in HO(T') via the spectra of finitely generated semigroup algebras. To this end, let
us first introduce the necessary combinatorial gadgets.

A (convezx) polyhedral cone in Ng is a finitely generated convex subset of Ng. If 0 € Ng
is a polyhedral cone of the form

J
g = <’U1,...,’Uj>2= {Z’I‘ﬂ)ji ’I“iEQ>0}, (72)
i=1

for some vectors vy, ...,v; in Ng, then the v;’s are called the generators of o. We say that
{v1,...,v;} is a minimal generating set if ¢ cannot be generated by less than j vectors.
If a generator v; (i € {1,...,7}) is the first nonzero lattice point along its ray, that is
Qsx0 ‘- v;, then it is called the primitive vector for Q*tv;. We now introduce several related
notions.

e A rational polyhedral cone in Ng is a polyhedral cone whose generators are from
the lattice N.

e A polyhedral cone is called a strictly convex polyhedral cone if it does not contain
any vector subspace of Ng.

o A strictly convex rational polyhedral cone o in Ny is said to be a simplicial cone
if a set of generators {vy,...,v;} for o is a linearly independent set of vectors
from N.
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A strictly convex rational polyhedral cone o is called smooth if its minimal gen-
erating set (v1,...,v;) is part of a Z-basis for N.

e The dual cone of o is the cone defined by 0¥ = {m e Mg : m(u) = 0 for all u € o}.
e A face of o is a subcone of the form H,, n o for some m € ¢¥, where H,, < Ng

is the kernel hyperplane of m, that is, Hy, := {u € Ny : m(u) = 0}.

Remark 7.3. (1) The set of all faces of a polyhedral cone o forms a finite poset

(2)

()

with respect to inclusion, called the face lattice of . This naming is justified by
the fact that a face lattice is a lower meet semilattice in a combinatorial sense.
Furthermore, the face lattices are always coatomic posets.
Let 7 be a face of a o be a polyhedral cone in Ng, and let 7 be a face of o.
Let 71 denote the orthogonal complement of 7 in M@QO. Then there is a unique
orthogonal face, denoted 7%, of the dual cone of ¢. It is defined by 7* := o¥ N7+,
The assignment 7 +— 7% is an isomorphism between the face lattice of o and the
opposite poset of the face lattice of ov. Furthermore, we have dim 7 +dim 7* = n,
where dim 7 is the dimensional of the smallest subspace of Ng that contains .
The notion of a relative interior of a face can be defined by the following impli-
cation:
m € Relint(7*) <= 7=H, no.
The strictly convex polyhedral cones can be characterized in several different
ways:

(a) o is strictly convex;

(b) {0} is a face of o3

(c) on—o={0}

(d) dimo" = dim M.
Let o be a full dimensional cone in Ng. Then o is smooth (resp. simplicial) if
and only if oV is smooth (resp. simplicial).

The monoid of integral points in a rational convex polyhedral cone is always finitely
generated. This fact is known as the Gordan’s lemma in literature. We will rewrite it in
terms of the coordinate rings.

Lemma 7.4 (Gordan’s lemma). If o is a rational convexr polyhedral cone in Ng, then
o¥ M is a finitely generated subsemigroup (submonoid) of M. In particular, the semi-
group algebra k[o¥ n M] is a finitely generated k-algebra.

Let o be a rational polyhedral cone in Mg. By Gordan’s lemma o¥ n M is a finitely
generated affine semigroup in M. We fix a minimal generating set {ms,...,m;} for

o¥ n M. As before, let Ty denote the torus defined by N, so that M = O(Ty).

20The orthogonal complement of a cone T < Ng is defined by 7+ := {m € Mg : m(u) =
0 for all ue 7}

112



Algebraic groups in action

A minimal generating set of ¥ n M.
ty Ty — K (7.5)
t— (X™ (1), X" (1)),

where x™ (m € M) stands for the character of Ty corresponding to the vector m. Then
the image of t,, denoted by T, is canonically isomorphic to the quotient torus,

T, = Tn/ nl_, ker ™. (7.6)
Theorem 7.7. Let o be a rational polyhedral cone in Ng. Then the affine scheme

U, := Spec(k[o¥ n M])
s an irreducible affine variety; it admits a natural algebraic action of the torus T, defined

as in (7.6) with an open orbit. Furthermore, the following statements are equivalent:

(1) Then dimU, = n. (Recall that we set n := dim Ng.)

(2) The torus Tn acts on U, with an open orbit. In other words, we have Ty = T,.
(3) o is strictly conver.

(4) 0¥ n M is a saturated lattice cone.

(5) U, is normal.

Proof. Let {m1,...,m;} be a minimal generating set for ¥ n M. Then the characters
X™, ..., x™ minimally generate the coordinate ring k[o¥ n M]. Let T, denote the torus
defined by {m1,...,m;} asin (7.6).  To show that U, is an affine variety we will show

that the k-algebra k[c¥ n M] is a finitely generated integral domain. The finite generation
follows from the Gordan’s lemma. To show that k[c¥ n M] is an integral domain (that
is to say it has no zero divisors), we simply notice that k[c¥ n M] is a subalgebra of the
polynomial ring k[M]. Let us discuss the open orbit question.

Recall that the k-valued points of an affine algebraic variety Spec(A) correspond to
the maximal ideals of its coordinate ring A. Since a maximal ideal of A is the kernel of
a k-algebra homomorphism from A to the field k (viewed as a k-algebra), we will further
identify the k-valued points of Spec(A) by the k-algebra homomorphisms A — k.

Returning to our setup, we see that the k-valued points of U, are given by the k-algebra
homomorphism k[c¥ n M] — k. But we know from its definition that the k-algebra
k[o¥ n M] is minimally generated by the functions x™,...,x™. The image of the map
(7.5) defined by t — (x™*(t),...,x™ (t)) (t € Tn) is exactly our torus T,. Therefore, it
gives a dominant morphism t, : Ty — T, where T, is the Zariski closure of T, in k7.
Then the induced map of k-algebras t¥ : k[T,] — k[Tn] is injective. Since the coordinate

functions of t, = (fi(t),..., f;(t)) are given by fi(t) = x™ (t),..., f;(t) = x™ (t), we
see that any k-algebra homomorphism k[T, ] — k is contained in the k-algebra generated
by x™,...,x™ . In other words, these characters generate the coordinate ring of T,. At
the same time, we know that they generate k[c> n M] as a k-algebra. Therefore, the
affine variety U, is isomorphic to T,,. It follows that T, acts algebraically on U, with an

open orbit.
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We are now ready to prove the second assertion. The equivalencies of (1), (2), and
(3) follow from various characterizations of the strictly convex polyhedral cones. The
equivalencies of (3), (4), and (5) is proved in [26, Theorem 1.3.5]. O

Theorem 7.7 shows that the affine toric varieties are classified by the strictly convex
rational polyhedral cones in Ng. Arbitrary toric varieties are obtained from affine toric
varieties by gluing. This idea is formalized by the combinatorial notion of a fan. Before
we introduce the notion of a fan, we will explain how the morphisms of affine varieties
arise from the lattice maps.

Let a and 8 be two strictly convex rational polyhedral cones contained in the lattices
Ng and Ng respectively. Let ¢ : N — N’ be a homomorphism of lattices such that
o(a) € B. Then we have the dual map ¢¥ : ¥ — «Y. Hence, we have a k-algebra
homomorphism ¢, : k[8Y n M] — k[a¥ n M]. Thus, we obtain a map of affine toric
varieties ¢ : U, — Ug. Let us focus on a more specific situation, where ¢ : N — N is the
identity map and 7 < o is a face. Recall that 7 is a face of o if there exists m € ¢ such
that 7 = H,, no. It is not difficult to check that 7¥ n M is generated by m and ov n M.
It follows from that k[7¥ n M] is equal to the localization of k[o¥ n M] at x™. In other
words, U, is an open subset of U,. Hence we observed the following useful fact.

Lemma 7.8. Let (P(0), <) denote the face lattice of o. Then the inclusion order on the
affine open subsets Uy (T € P(0)) is isomorphic to (P(0), X).

Definition 7.9. A fan X' in Ny is a finite set of strictly convex rational polyhedral cones
o0 c Ng such that

(1) every face of o is a cone in X;
(2) the intersection of two cones from X is a face of both of the cones, hence, it is an
element of X.

The dimension of a fan X is the dimension of the smallest vector subspace in Ng that
contains the support of X, that is, Uysexo. A fan X is said to be an affine fan if ¥
consists of a cone o and all of its faces. A complete fan in Ng is a fan X in Ng such that
Ugey 0 = N@.

The toric variety associated with X', denoted by X(X), is obtained by gluing the
affine toric varieties U, (o € X) along their common open affine toric subvarieties. An
instructive example here is the construction of the n-dimensional projective space from
its affine open subsets. Note that in the case of a projective space P", the inclusion order
on the fan of P™ is isomorphic to the face lattice of the regular n simplex. We leave the
details to the reader. More formally stated, the the toric variety associated with a fan is
obtained by taking the direct limits of the affine toric varieties associated with the cones
of the fan:

Definition 7.10. The toric variety associated with a fan X' in Ng is the direct limit
X(X¥) = lim U,.

oeX
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For a given fan X, let us agree on calling the open cover {U,},cx the distinguished
open affine covering of X (X).

7.1. The T-orbits of a toric variety.

In the previous subsection we learned that every affine toric variety U,, where o is
a strictly convex rational polyhedral cone in Ng, is covered by the affine open toric
subvarieties U, where 7 is a face of 0. In particular, for the unique smallest face v of o,
that is v := {0}, we have U, < U,, where 7 € P(0). We notice that, since v¥ = M, U, is
the torus Ty,

Uiy = U, = (Speck[vY n M]) = Spec(k[M]) = Ty.

In this subsection we will discuss the structures of the Ty-orbits in U,. For this purpose,
it will be useful to view N as the group of one-parameter subgroups of T. To see that
this is a natural point of view let us describe the perfect pairing the group of 1-psgs and
the group of characters of T. Let x be a character of T, and let A be a 1-psg of Ty.
Then the composition y o A : G,,, — G,, is an algebraic group homomorphism. Hence,
there exists a € Z such that for every s € G,,, we have x o A(s) = s*. The pairing between
the 1-psgs and the characters is then defined by (A, x) := a. Hereafter, whenever it is
useful, we will view N as the lattice of 1-psgs of Tl .

In the proof of Theorem 7.7 we observed that the points of the affine toric variety U,
corresponds to the semigroup homomorphisms ¢¥ n M — k. It turns out that there
is a distinguished point of U, which we denote by e,. It is defined by the semigroup
homomorphism

1 ifveot.

{0 ifvegot,
VUV —

It can be shown that ¢ < Ng is full dimensional if and only if the point e, is the
unique closed Tn-orbit in U,. In the standard literature on toric varieties, the point e,
is either called the distinguished point, or the special point of U,. It turns out that the
distinguished point of U, is nothing but an idempotent if we view U, as a commutative
algebraic monoid. The distinguished point e, is characterized as the point-of-flow for all
1-psgs that are contained in the relative interior of o. The proofs of the following facts
are not difficult.

e ¢, is fixed under the Ti-action if and only if dim o = n, see [26, Corollary 1.3.3].

e If 7 is a face of o, then e, is in U,.

e Let u be a vector from Ng. Then u € o if and only if lim,_,0 A%(s) exists in U,.
Furthermore, if u is contained in the relative interior of o, then lim,_,g A*(s) = e,,
see [26, Proposition 3.2.2].

For o € X, let U, denote the affine toric variety Speck[oc¥ n M]. We will denote by
O, the T orbit determined by o. Since T is a solvable group, the O, is an affine variety.
We are going to describe the coordinate ring of O, .
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Let o be a saturated rational polyhedral cone in N ®7 Q. Let N, denote the sublattice
of N generated by 0 n N. We do not assume that ¢ is full dimensional, so, N, is not
necessarily equal to N. We set N(o) := N/N, and T, := N(0) ®z k*. Since the
sequence of free Z-modules 0 — N, — N — N(o) — 0 is exact, the torus Ty is
isomorphic to the quotient torus Tn /T, . Clearly, the dimension of T, is given by
dim Ty () = rank(N (o)) = rank(N) — dimo. It is easy to check that the duality pairing
{(,>: N x M — Z restricts to give the following perfect pairing:

(6t A M) x N(o) — Z.

Hereafter, we write M (o) in place of o n M. In this notation, we have M(c) =
HO(Tn(y))-

Let X' be a fan in Ng, and let ¢ be an r-dimensional cone in Y. We will define the
notion of the star of o. If 7 is a cone such that ¢ < 7, then under the natural projection
N — N(o), 7 maps onto a cone denoted by 7 in N (o).

Definition 7.11. The following collection of cones in N (o) is called the star of o (with
respect to X):

star(o) :={7: 7€ X, 0 < T}

It is easy to check that the star of o is a fan in N(0)g. We will denote the associated
toric variety X (star(c)) by V(o). The dimension of this variety is equal to the dimension
of the euclidean space N(o)g, hence, we have dim V(o) = n — r. Clearly, the image of
o in star(o) gives the unique zero dimensional cone . The corresponding affine toric
variety Ug, that is, Speck[g n M ()] is naturally isomorphic to the torus Ty (s)-

Let o be a cone in the fan Y. We set
O(0) :=Tn(o) - €o and V(eo) := O(o).

Hence, V(o) is a toric variety itself. Notice that Ty still acts on O(c) by its quotient group
Tn(s)- In other words, O(o) is a T-orbit in Uy, hence, V(o) is a toric Ty-subvariety
of U,. The inclusion orders on the sets {V(0) : o € X} and {U, : o € X} are closely
related to the inclusion order on the fan Y. Here is the main theorem that summarizes
these relationships [26, §3.2].

Theorem 7.12. Let X be a fan in Ng. Then the following statements hold:

(1) There is an order reversing isomorphism between the inclusion poset of cones
o € X and the inclusion poset of the Zariski closures of the corresponding orbits
O(o). Under this isomorphism the dimension of a cone o € X is equal to the
codimension of O(c) in X(X).

(2) Uy = |_|rsa O,

(3) V(T = Llaﬁ'r OT'

(4) Vo = X (star(o)).
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One of the many useful facts that we immediately deduce from Theorem 7.12 is that
each affine open toric variety U, contains a unique closed Ty-orbit, that is the orbit of
the distinguished point e,. Therefore, e, is a Ty-fixed point if and only if ¢ is a maximal
cone in Y.

7.2. Y-linear support functions and the equivariant Picard group

Let X be a fan in Ng, and let |X| denote its support, Usexo in Ng. A Q-valued
function h : |X]| — Q is called an integral X-linear support function if the following
condition hold:

e for each cone o € X, there exists a character m, € M such that h(v) = m,(v) for
allveo.

Clearly, such a function respects the inclusion relations between the elements of Y. There-
fore, an integral X-linear support function is a piecewise linear function h : | X| — Q such
that the domains of the pieces of h are the maximal cones of Y. The integral X-linear
support functions forms an abelian group with respect to pointwise addition. We will
denote this group by SF(X,N), and we will call it the group of integral X-linear sup-
port functions. For each element m of M, we have a principal integral X -linear support
function, denoted by h,,. It is defined in an obvious way,

hml, (v) = m(v) = (m,v) for every v € 0.

Thus we have a natural group homomorphism M — SF (X, N). It is easy to verify that
if | X'| spans Ng, then this inclusion of abelian groups is injective. Less obvious is the fact
that if X' is a smooth fan, then SF(X, N) is a free abelian group of rank r, where r is
the number of rays in X. The integral X-linear support functions are interesting from
geometry viewpoint also.

Theorem 7.13. Let X be a fan in Ng. Then there is a right ezact sequence,
M — SF(X,N) — Pic(X(X)) — 0. (7.14)
The sequence (7.14) is exact if and only if the rays of X spans Ng.

A proof of Theorem 7.13 can be pieced together from [26, Theorems 4.2.1 and 4.2.12].
([26, Theorem 4.2.1] states that the exact sequence (7.14) holds true if SF(X,N) is
replaced by the group of Ty-stable Cartier divisors on X (X); [26, Theorem 4.2.12] states
that these two groups are isomorphic.) Note that the Picard groups of the toric varieties
X (X), where X' contains a cone of dimension n are torsion free [26, Proposition 4.2.5]. If
X (X) is factorial (for example, if X (X) is smooth), then every Weil divisor on X (X) is
Cartier. Hence, in this case, the class group of X (X)) is isomorphic to Pic(X(X)). If ¥
is simplicial only, then Pic(X (X)) is isomorphic to a finite index subgroup of Cl(X (X)),
see [26, Propositions 4.2.6 and 4.2.7]. Below we will discuss the group of Ti-stable Cartier
divisors in more detail. Here, we want to a reinterpretation of SF(X, N).

Corollary 7.15. If X(X) is a complete fan, then SF(X, N) = CDivp(X) = Picp(X (X)),
where CDivp(X) is the group of Tn-stable Cartier divisors.
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Proof. The first isomorphism follows from [26, Theorem 4.2.12]; it is independent of the
completeness of Y. For the second isomorphism, we observe that if X is complete, then its
rays span Ng. Then (7.14) is a short exact sequence. But the image of M in CDivy(X)
is exactly the group of Ty-stable principal divisors. Thus by [57, Propositions 2.4 and
2.1], we see that the natural homomorphism that associates a T-equivariant line bundle
Ly, to each integral X-linear support function h is an isomorphism. (I

We want to point out another usefulness of the integral Y-linear support functions.

Definition 7.16. An integral X-linear support function h : |X| — Q is called strictly
convez if for every cone o € X, the corresponding piece of h, that is, hl, = m, : Ng — Q,
where m, € M, satisfies the following property:

me(v) = h(v) for every v € Ny.

Not all complete toric varieties are projective (although the converse is always true).
It is known that a complete toric variety X (X') is projective if and only if X possesses a
strictly convex X-linear support function. In fact, this fact is closely related to the exis-
tence of an ample line bundle on X (X'). The relevant notion here is the notion of a lattice
polytope in Mg, which, by definition, is a polytope®! whose vertices are contained in M.

7.3. Polytopes and the projective toric varieties

Let P be a (not necessarily lattice) polytope in Mg such that n := dim P = dim My.
Then each facet of P is n—1 dimensional, hence, each facet F' of P is uniquely determined
by the hyperplane that contains F'. Let us denote the hyperplane corresponding to the
facet F' by Hp. Then Hp splits Mg into two disjoint path connected halves. We will
denote the half-space containing P by H;E By translating Hp to the origin, we obtain
a codimension one subspace of Mgp. Consequently, we get a linear functional on Ng that
annihilates this translated copy of Hp in Mg. Equivalently, we keep Hp in its original
position and take a vector u € Ng such that some translate of v annihilates Hr. Any
such u is uniquely defined up to a scalar multiple, so, we fix one of them and denote it
by up. In this notation, the hyperplane corresponding to F' is given by

Hp:={ve My: (vup) = —ar},
where ap is a fixed scalar that measures the distance of the translation of ug to the origin.
This up is sometimes called the inward-pointing normal vector for Hp. The polytope P
now has a handy description:
P= ﬂ Hf = ﬂ {fve Mg: {v,upy > —ar}
F: facet of P F': facet of P
={veMg: (v,up) = —ap for every facet F' < P}.

215 polytope in Mg is a compact convex subset that is obtained by intersecting finitely many hyper-
planes in Mg.

118



Algebraic groups in action

Next, we will describe the fan that is canonically associated to a full dimensional lattice
polytope.

Let P — Mg be a polytope such that dim P = dim Mgy. Let @) be a face of P. Let
0g < Ng be the cone generated by the vectors up, where F' is a facet that contains @,

0g = {up € Ny : F is a facet containing Q). (7.17)

In particular, if @ is a facet, then o¢ is a ray in Ng. It is not difficult to see that og is a
strictly convex polyhedral cone.

Definition 7.18. Let P be a full dimensional lattice polytope in Mg. Then as () varies
over all faces of P, the cones og defined in (7.17) form a fan,

Yp:={og: Q is a face of P}.
The fan Xp is called the normal fan of P.

It is not difficult to show that the normal fans are complete fans. Therefore, the toric
variety defined by a normal fan X'p, where P is a full dimensional lattice polytope in Ng,
is a normal projective variety. We should also point out the obvious fact that, for every
full dimensional lattice polytope P, the normal fan of any dilation aP (a € ZT) of P and
the normal fan of any translation m + P (m € M) of P are isomorphic.

7.4. Reminders about divisors

The purpose of this section is to re-introduce, for pedagogical reasons, many geo-
metrical objects that we have been using. Earlier we defined most of these objects but
sometimes they were defined by only via a reference to them. We hope that this subsection
will be helpful to the reader for tying some of the loose ends.

Let X be a variety (or a scheme). A Weil divisor of X is a finite formal sum of the
form D = > a;V;, where a; € Z and V’s are irreducible subvarieties of codimension one
in X. Clearly, the Weil divisors is an abelian group with respect to formal addition. A
Weil divisor is called effective if the coefficients are nonnegative integers.

A Cartier divisor, which is also called a locally principal Weil divisor, is a Weil divisor
D that is defined by the following data: First of all, there is covering X = |J,.; Ua,
where U,’s are some affine open subsets of X, On each U,, there is a nonzero rational
function f, called the local equation of D on U,; these rational functions are put together
by the requirements that the ratios f,/fs are nowhere zero regular functions on U, N Usg.
Furthermore, we ask that the restriction®” of D to each U, (a € I) is given by the divisor
of fa, that is D|y, = div(fa)|u, -

Let us briefly expand on this point. Recall that if Z is a prime divisor of a normal
variety X, then the local ring Ox 7 is a DVR and the valuation of this local ring is given
by the order of vanishing function, that is, ordz(h/g) := ordz(h) — ordz(g) for every

22The restriction of a Weil divisor D = > a;D; to an open subset U € X is the Weil divisor of U
defined by DlU = ZalU @ Dl
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nonzero element h/g € Ox z. For every nonzero rational function f on X, we have a
corresponding Weil divisor, called the principal Weil divisor of f, defined by

div(f) := > ordg(f)Z.
codim(Z,X)=1
It is easy to see that the principal Weil divisors is a subgroup of the group of Weil divisors.
Indeed, the additivity of the order of vanishing function implies that

div(fg) = div(f) + div(g).
Two Weil divisors D and D’ are said to be linearly equivalent if there exists a principal
divisor div(f) such that

D — D' = div(§).

Definition 7.19. Let X be an n-dimensional variety. The class group of X, denoted by
A, —1(X), is the group of Weil divisors modulo the linear equivalence. In other words, if
Div(X) (resp. PDiv(X)) denotes the group of all Weil divisors (resp. the group of all
principal Weil divisors) on X, then

A,_1(X) := Div(X)/PDiv(X).

We use the notation A,,_1(X) instead of C1(X) since the former notation suggests a deeper
connection to the Chow groups; the class group of X is the (n — 1)-th Chow groupof X.

A related group is determined by the Cartier divisors. First, let us note that every
principal Weil divisor is a Cartier divisor.

Definition 7.20. The Picard group of X is the group of Cartier divisors modulo the
subgroup of principal (Cartier) divisors. In other words, the class group of Cartier divisors
is the Picard group of the variety.

An equivalent description of the Picard group is obtained by associating to each Cartier
divisor a line bundle. More precisely, on a variety X, every Cartier divisor D determines
a line bundle*® O(D) on X. Conversely, for each line bundle on X, there is a unique
Cartier divisor up to linear equivalence on X. Under this bijection, two Cartier divisors
D, and Dy are linearly equivalent if and only if the corresponding line bundles O(D;) and
O(D3) are isomorphic [36, Proposition 6.13]. This isomorphism is obtained as follows.
Let D = {(Uq, fa)}acr be the local data of D. Then we interpret the inverse of the local
equation of D on U,, that is f, !, as the generating section on U,, of a line bundle on X.
Thus the Picard group of X is given by the group of isomorphism classes of line bundles
on X with multiplication given by the tensor product.

If for every point p on a variety X, the local ring Ox ;, is a UFD, then X is said to
be a factorial variety. In this case, every Weil divisor is a Cartier divisor, hence, we have
Ap_1(X) = Pic(X). There is an interesting characterization of the unique factorization

23A line bundle on a variety is a locally free sheaf of rank 1.
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domains via Chow groups: Let A be a noetherian integral domain. Then X := Spec(A)
is normal and A,_1(X) = 0 if and only if A is a UFD. A proof of this fact can be
found in [36, Ch II, Proposition 6.2]. An important example for our purposes is the n-
dimensional torus T'. Since the coordinate ring of 7' is k[mlﬂ, ...,x+1], which is a UFD,
Pic(T) = 0. It turns out that the Picard group of every normal affine toric variety is
trivial, but this is less obvious compared to the fact that Pic(7') = 0. We will explain this

in next subsections.
7.5. The localization sequence for the class groups

Let X be a variety, let Z be a closed subset of X, and let U denote X\Z. Recall that
by intersecting the irreducible divisors of X with U, we get a natural map

p : Div(X) — Div(U)
D—DnU

It is easy to see that p is a surjective homomorphism. Moreover, it maps the divisor
of a rational function (f) to (f|y). In other words, p descends to a homomorphism
p:Ap1(X) - A,—1(U). To compute the kernel of 5, we decompose Z as a union
Zyv---uZ,uZ' where Z;’s are prime divisors of X contained in Z, and Z' := Z\U]_, Z,.
Clearly, we have codimZ’ > 2. Thus, the classes of Z;’s are mapped to 0 in A,,_1(U). In
other words, ker p is generated by the subset {[Z1],...,[Z;]} in A,—1(X).

Lemma 7.21. Let X be a normal variety, let Z be a closed subset of X, and let U denote
X\Z. Then there erists an exact sequence

i=1

where Z1, ..., 2. s are the prime divisors of X that are contained in Z.
7.6. Divisors on toric varieties

Let T be an algebraic torus, and let X be a toric variety with respect to 7. We
do not assume that X is complete, however, we will assume that the fan X that de-
fines X is full dimensional. (This assumption is needed for having enough number of
divisors to generate the kernel of a homomorphism below.) Let U denote the open T-
orbit in X. Then X\U, which we denote by Z, is T stable, therefore, it is a union of
finitely many T-divisors, denoted by D1, ..., D,. Thus, we have the short exact sequence
7" — Ap_1(X) > Ap—1(U) — 0 as in Lemma 7.21. But since U = T and T is a facto-
rial variety, A,,—1(U) = 0. In other words, the exact sequence in (7.22) is a short exact
sequence of the form

0> R—E@PZD; > Ap_1(X) — 0. (7.23)

i=1
It follows from the definition of A, _1(X) that R consists of the classes of the divisors
of rational functions that are supported on uD;. Hence, if divf € R, then f does not
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have any zeros or poles on U; this means that f is a nowhere vanishing regular map on
T. But the ring of regular functions on T is precisely the group algebra of M, that is,
kE[M]. In other words, R = M.

Next, we will compute the principal divisors of the regular functions of the form x™
(m e M). Hereafter, we are going to fix and use the following notation.

Notation 7.24. The set of all rays of the fan X will be denoted by X(1). If p is a ray in
X(1), then u, will denote the lattice vector of minimal length in p n N. Finally, D, will
denote the T stable divisor corresponding to p.

Lemma 7.25. If m is an element of M, then the divisor of the character x™ € k[M] is
given by

div (X") = Y] (m,u,)D,.
peX(1)

Proof. Since x™ is nowhere vanishing regular function on X it is supported on the union
of the (T stable) prime divisors U,ex1)D,. The order of vanishing of x™ on D, is
computed by the valuation of the local ring of D, in X. The rest of the proof follows
from a local computation. O

Remark 7.26. Let f = > a,x™ be an element from k[M]. Then by Lemma 7.25,
div(f) = 2 e (1) @i{m, up)D,.

Next, we will focus on Cartier divisors on toric varieties.

Notation 7.27. By CDivy(X) we will denote the group of T-stable Cartier divisors on
X. The elements of CDivy(X) will be called the T-Cartier divisors.

We will show that CDivy(X) is a subgroup of @ ¢ 51y ZD,.

Theorem 7.28. Let X be a normal toric variety defined by the fan Y. Then the diagram
in (7.1) is commutative.

0 —— M —— Dexn) LDy — Ap-1(X) — 0

J J

0 M CDivp(X) —— Pic(X) — 0

FI1cURE 7.1. The relationship between the class group and the Picard
group of a toric variety.
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Proof. The exactness of the first row is already proved in (7.23). It remains to show that
the bottom row is exact, and that the vertical arrows are inclusions. We begin with the
injectivity of the middle map. The proof here is split into two parts: 1) X is an affine
toric variety. 2) X is a general toric variety. We proceed with 1). Let o be the cone
that defines the affine toric variety X = U,. Without loss of generality we assume that
o is full dimensional. Let I denote the sheaf of total quotient ring of Ox. Let D be a
Cartier divisor from CDivy(X), and let Ox (D) denote the corresponding sheaf. Then
I := H%(X,0x(D)) is a fractional ideal in H°(X,K). Since D is T stable, the vector
space [ is graded by M; we can decompose [ into a sum of eigenspaces. Since D is Cartier,
the sheaf of fractional ideals Ox (D) is principal at the distinguished point of U,, so, I/mI
is one dimensional. Here m is the maximal ideal m = k- x". Let m be an element of M
such that the image of x" in I/mI is nonzero. Then, by the Nakayama’s lemma, we have
I = kx™. Therefore, I, hence, D is determined by the character x™. More precisely, we
proved that D = div(x™) for X = U,.  2) We now proceed with a general toric variety.
Since X is obtained by gluing together the affine toric varieties U,, where o € X', we need
to understand the corresponding local picture. The tricky part of this analysis is that o
does not need to be a full dimensional cone in Ng. The following simple trick takes us
to the right setup: Let N, denote the subgroup of N that is generated by ¢’ := ¢ " N
in N. Let N(o) denote the quotient group N/N,, and let M (o) denote the dual lattice,
which can be computed as o+ N M. Let T'n(s) denote the torus corresponding to N(o).
Then we have the decomposition,

Uy = Ugr x TN(O’))

where we view Uy as an affine toric variety of 7" := T /T (). Since the rays of the cones
o and ¢’ are (combinatorially) the same, the groups of Weil divisors on U, and U, are
isomorphic. Furthermore, for every m and m’ from M, we have

div(x™) = div(y™) < m—m' € ot A M = M(0). (7.29)

It follows that the T-Cartier divisors on U, are determined by the elements of the lattice
M/M(c). In summary, on a general normal toric variety X = X(X), each T-Cartier
divisor is determined by an element @,exmos € @, o5 M/M(c). Of course, there are
some compatibility restrictions between the summands in @,exm,. More precisely, we
insist that m, restricts onto m, under the canonical map M /M (o) — M/M (7). After
agreeing on this compatibility requirement, we can now focus solely on the maximal cones
of X¥. Then a T-Cartier divisor on a general normal toric variety X (X) can be expressed
as a sum of the T-stable Weil divisors. In turn, this observation makes it apparent that
there is an injective group homomorphism CDivy(X) < @ s 1) ZD,. This takes care
of the injectivity of the middle map in (7.1).

The right most vertical arrow in Figure 7.1 is obtained by assigning a Cartier divisor
to its Weil divisor. Since X is normal, this assignment is well defined and injective.
Furthermore, the map we obtained by this way is natural in the sense that it makes the
right most square in Figure 7.1 commutative. Therefore, by using the exactness of the
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first row we get the short exactness in the bottom row. This finishes the proof of our
assertion. 0

Corollary 7.30. If X is an affine toric variety, then Pic(X) = 0.

Proof. We identify X with U,, where ¢ is a full dimensional cone in N ®z Q. The first
part of the proof of Theorem 7.28 shows that on every affine open toric variety U,, the
T-Cartier divisors are uniquely determined by the characters of T'. In other words, for an

affine toric variety, the first map in the bottom row of Figure 7.1 is injective. It follows
that Pic(X) = 0. O

Remark 7.31. The conclusion of Corollary 7.30 holds true more generally for the affine
spherical varieties whose unique closed orbit is factorial.

In light of (the proof of) Theorem 7.28, we see several different characterizations of the
T-Cartier divisors on a toric variety X = X (X). Let D be a T-stable Weil divisor of the
form D =}, pex(1) a,D,. Then the following assertions are equivalent:

(1) D is a T-Cartier divisor.
(2) D is principal on every affine open U,, where o € X.

(3) For every cone o in X, there exists m, € M such that (m,,u,) = —a, for every
pe X(1).
(4) For every maximal cone o in X, there exists m, € M such that (mq,u,) = —a,.

Furthermore, if one of these equivalent conditions hold for D, and {m,},cx is the data
determined as in part 3., then we see that
(1) for every o € X, the image of m, in M/M (o), where M () = o ~ M, is uniquely
determined by D.
(2) If 7 is a face of o, then m, = m, mod M(7).

7.7. Additional remarks about distinguished coverings of toric varieties

We learned in the previous sections that every toric variety X (X) has a distinguished
open affine covering by affine toric subvarieties, that is, X(X) = |J, .5 Uy, where U, =
Spec[o¥ n M]. We saw also that the combinatorial structure (the face lattice) of o
explains exactly how U,’s as well as their Tx-orbits fit together. We observed that the
T'n-orbit of the distinguished point e, € U, is the unique closed orbit of U,. These facts
are the pillars of the whole theory of toric varieties.

We already mentioned in a remark a related fact for the actions of a connected affine
group action on a normal variety.

Theorem 7.32. (Sumihiro’s Embedding Theorem, [81]) Let G be a connected affine group
and let X be a G-variety. Let X be a G-orbit in X. If X is normal, then there exists
a G-stable open subset U < X such that Y < U. Furthermore, Y is G-equivariantly
isomorphic to a G-stable subvariety of P(V) for some rational G-module V.

For a modern proof of the Sumihiro’s Embedding Theorem, we recommend [46, The-
orem 1.1].
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Definition 7.33. Let X be a G-variety such that dg(X) = 0. If X has a unique closed
G-orbit, then X is called a simple embedding.

Sumihiro’s Theorem amplifies the importance of understanding the geometry of the
G-stable subvarieties of rational G-modules. In particular, we see from this viewpoint
that the affine spherical embeddings play a special role for the whole theory of spherical
embeddings. At this junction, we want to emphasize the close relationship between the
affine toric varieties and the affine spherical varieties. Recall that the weight cone of a
spherical variety X is the full dimensional rational polyhedral cone spanned by O(X )t
in O(X)q.

Theorem 7.34. Let G be a connected reductive group, and let B = UT be a Borel sub-
group. If X is an irreducible affine G-variety, then the following conditions are equivalent:

(1) X is a spherical G-variety.

(2) The G-module k[X] is multiplicity-free, and the weight monoid O(X)*t is satu-

rated.

(3) The affine T-variety X //U := Spec(k[X]Y) is an affine toric variety.
Furthermore, in this case, the finite inclusion poset of G-orbit closures in X is isomorphic
to the face lattice of the weight cone of X.

A proof of this theorem can be found in Brion’s Luminy lecture notes on algebraic group
actions (see Theorem 2.14 therein). We want to point out a subtlety in the last assertion
of Theorem 7.34. It says that the inclusion poset of G-orbit closures in X is isomorphic to
the face lattice of the weight cone. Here, the weight cone lives in the character lattice of
T, which we denoted by M in our discussion of the toric varieties. But in our construction
of the toric varieties, we began with a strictly convex rational polyhedral cone o in N.
Nevertheless this is just a nuisance since there is an order reversing bijection between the
faces of the cones o and ov. Another consequence of this observation is that the dual of
the weight cone of X is strictly convex, hence, the associated toric variety has a unique
closed orbit of T', where T' = T-orbit. Here, N stands for the dual of O(T) Therefore,
Theorem 7.34 implies the following useful fact.

Corollary 7.35. Fvery affine spherical variety is a simple embedding.
The converse of this observation holds for toric varieties.

Corollary 7.36. Let X be a toric variety with open orbit T. Then X 1is simple as a
T-variety if and only if X is affine.

Proof. Tt suffices to show “=" direction. Let X be the fan of X. For every o € X = X (X),
the unique closed T-orbit of the affine subvariety U, is given by T - e,, where e, is the
distinguished point of U,. Now let ¢ be a maximal cone in Y. Then T - e, is a closed
orbit in X. Since X is simple, T ¢, is the unique closed orbit. Then every T-orbit closure
T-e. (t € X) contains T - e,. Equivalently, for every 7 € X' we have 7 < ¢. This means
that every element of X is a subset of the face lattice of 0. Hence, there exists a unique
affine open toric variety U, in X. O
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At this point it is a natural question to ask about the description of the cone of T-
invariant valuations of a toric variety. We will answer this question at the end of the next
section. We want to finish this section by some pointers to the literature.

Recall that for a toric variety X (X) there is a close relationship between its Picard
group and the n — 1-th Chow group A, _1(X) as we saw in Theorem 7.28. Recall also
the relationships SF(X, N) = CDivy(X) = Picr(X (X)), where X (X) is a complete toric
variety. There is a natural and important generalization of the group SF(X, N). The
ring of integral piecewise polynomial functions on X' is defined by

PP*(X,N)={f:supp(X) > Q: f|, € Sym(M,) for each o € X},

where Sym(M,) is the ring of integral polynomial functions on the cone o, and supp(X)
is the support of X' in Ng. Clearly, SF(X, N) is a subgroup PP*(X, N). It is shown by
Brion [17] (for simplicial fans) and Payne [59] (for a general fan) that the T-equivariant
Chow ring with rational coefficients is isomorphic to PP*(X, N).

There are interesting generalizations of these results in the setting of spherical varieties.
For example, the Picard groups of spherical varieties have been computed by Brion in [15].
Brion also computed the equivariant Chow groups of projective nonsingular spherical
varieties in [17].

8. Colored Fans

In previous sections we reviewed the T-stable divisors on a normal toric variety. We
learned from the top row of diagram in Figure 7.1 that the linear equivalence class of
a Weil divisor on a normal toric variety is given by a T-stable Weil divisor modulo a
T-stable principal divisor, the latter being the divisor of a character of T. There is a
related, more general statement for normal varieties that admit solvable group actions. If
a connected solvable group B acts on a normal variety X, then any Weil divisor on X is
rationally equivalent to a B-stable Weil divisor, see [82, Proposition 17.1]. In this section,
more specifically, we will consider the theory of the B-stable divisors on the spherical
varieties.

Throughout this section, we will denote by G a connected reductive group. We fix a
Borel subgroup B = UT in G. Finally, we fix a spherical subgroup H € G. Let X be a
spherical embedding of G/H. This means that X is normal and the stabilizer in G of a
point = from the open G-orbit of X is the subgroup H. We set

D(X) := {the set of B-stable prime divisors of X},
and

F(X) := {the set of B-stable but not G-stable prime divisors of X} € D(X).

Remark 8.1. Let Z be a B-stable prime divisor in X. Since there are only finitely many
B-orbits, and since the closure of every B-orbit is irreducible, we see that Z is the closure
of a B-orbit. Let us denote the open B-orbit of Z by Z;. Clearly, if Zj is not contained in
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G/H, then it is contained in one of the G-stable components of the complement X —G/H.
It is also obvious that such a G-stable connected component is a G-stable prime divisor
of X. By comparing their dimensions, we see that Z; is the open B-orbit of that G-stable
prime divisor of X. In other words, Z is a G-stable prime divisor. This argument shows
that, if X is a spherical variety, then F(X) is nothing but the set of Zariski closures in
X of the codimension one B-orbits of the open G-orbit, G/H < X.

Definition 8.2. The elements of F(X) are called the colors of X. Tt is easy to verify that
F(X)={DeD(X): DnG/H # J}.

If Y is a G-orbit in X, then we set
Dy(X):={DeD(X): Y <D} (8.3)
and
Fy(X) :=Dy(X) n F(X). (8.4)

Definition 8.5. A normal G-equivariant embedding X of G/H is called a toroidal embed-
ding if there is no B-stable prime divisor of G/H whose closure in X contains a G-orbit.
Equivalently, for every G-orbit Y € X, we have Fy (X) = &.

Example 8.6. Let X be a toric variety with an open orbit isomorphic to the torus Ty,
where N is a lattice of rank of n. Then X is a spherical embedding of Ty. Notice that the
open orbit of X cannot contain any T-stable divisor since T acts on itself transitively.
In other words, we have F(X) = . Thus, according to Definition 8.5 every toric variety
is a toroidal embedding of its open orbit.

The notion of a “regular G-variety” is introduced by Bifet, De Concini, and Procesi
in [5] as a generalization of the smooth toric varieties.

Definition 8.7. Let G be a connected affine variety and let X be a smooth, irreducible
G-variety such that dg(X) = 0. Let Xy denote the open G-orbit. Under these assump-
tions the variety X is called regular if the following conditions are satisfied:
(1) The boundary of Xy, that is 0X := X\Xp, is a union of smooth prime divisors
with normal crossings.
(2) Every G-orbit closure in X is the transversal intersection of the boundary divisors.
(3) For every = € X, the normal space T, X /T, (G - x) contains a dense orbit of
Stabg (z).

These conditions that are used for defining the regular G-varieties are satisfied by
every smooth toric variety. It turns out that every complete regular variety is spherical.
Conversely, every homogeneous spherical variety admits a completion that is regular. The
following result is due to Bien and Brion [4].

Theorem 8.8. Let X be a smooth and complete G-variety. Then X is a toroidal embed-
ding if and only if X is a reqular G-variety.
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Remark 8.9. As we will see later, regular G-varieties having unique closed G-orbit are
rather wonderful varieties.

It is natural to wonder how toroidal embeddings can be distinguished from each other
in combinatorial terms since they are very close to being a toric variety. In the next
several subsections we will summarize how such a classification is achieved.

8.1. Colored cones
We begin with setting our conventions which will be in force throughout this subsection.

Asusual, G denotes a connected reductive group, H denotes a closed spherical subgroup
of G. And B denotes a Borel subgroup; T denotes a maximal torus of B. We will use X
to denote a spherical G-variety with open orbit G/H. We will refer to it as a spherical
embedding of G/H. A B-stable divisor of G/H is called a color of G/H**. The set of
colors of X is denoted by F(X). The colors of X that contain a G-orbit Y are denoted
by Fy (X)

Since X is normal, every prime divisor D ¢ G/H defines a DVR whose valuation is
given by the order-of-vanishing valuation ordp : k(G/H) = k(X) — Q u {oo}. Recall
that we introduced earlier the map p : {all valuations on X} — HO(X) and denoted its
restriction to G-valuations by e. Here we will consider the restriction of g to the set of
valuations of the form ordp. But we do not want to double-use the notation e. In fact,
we want to emphasize the difference between the valuations of the prime G-stable divisors
and the valuations of colors. So, we will use a different notation for the restriction of o
on the set of the latter kind of valuations. We set

f: F(X) — HO(G/H) = HO(X)
D+ fp,

where fp : O(G/H) — Q is the homomorphism gerq,,, that is,
£p(x(f)) = £p(xs) = ordp(f)  (f € k(G/H)™).

Remember that e : V(X) — HO(G/H) is injective. This property is in general not true
for £ : F(X) - HO(G/H).

Definition 8.10. Let X be a simple embedding of G/H, let Y denote the closed orbit of
X. The strictly convex colored cone of X, denoted 6/ (X), is the pair (C(X), Fy (X)),

where C(X) is the (strictly convex) polyhedral cone in HO(G/H) defined by
C(X):=<£(D),e(vg): De Fy(X), E isa G-stable prime divisor of X).

24\ ore generally, for a G-variety X, a color is a B-stable but not G-stable divisor in X. If X is a
homogeneous space of the form G/H, then X has no G-stable divisors.
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We now reformulate this definition without giving reference to any simple embedding X.
A strictly convex colored cone of G/H is a pair (C,F), where F < D such that

CC1. C is generated by £(F) and a finite number of elements from V(G/H);

CC2. the relative interior of C intersects V(G/H);

CC3. 0 is not an element of £(F).
It is easy to verify that the strictly convex colored cone of a simple embedding G/H — X
satisfies the conditions CC1, CC2, and CC3.

The following result was first proved by Luna and Vust in [52, Proposition 8.10].

Theorem 8.11. (Classification of simple spherical embeddings [43, Theorem 3.1].) The
assignment

X v Cop(X)

is a bijection between the set of all simple embeddings of G/H (up to G-isomorphisms)
and the set of all strictly convex colored cones of G/H.

Let (C,F) be a strictly convex colored cone of G/H. The faces of (C,F) are defined
in a natural way as follows: A strictly convex colored cone (C’, F’) (for some spherical
homogeneous space G/K) is called a face of (C,F) if the cone C’ is a face of C and
F' =F n£71(C’). The faces of a strictly convex colored cone corresponds to the G-orbit
of the simple embedding.

Proposition 8.12. ([43, Lemma 4.2]) Let X be a simple embedding of G/H, and let
Y < X denote the unique closed G-orbit. Let (C(X),Fy (X)) denote the corresponding
strictly convex colored cone. Then there is an inclusion order reversing bijection between
the set of faces of (C(X), Fy (X)) and the set of simple embeddings obtained by taking the
closures of the G-orbits in X.

We refer the reader to Knop’s article for the proof of the above proposition.

Lemma 8.13. (Brion-Pauer’s Standard Embedding Theorem [20, §3.1]) For every spher-
ical homogeneous space G/H, there exists a complete simple embedding of G/H without
colors.

Proof. Let 7 : G — G/H denote the canonical projection. Let fo € k[G]B*H) be a
regular function such that f, vanishes on any divisor 7=1(D) where D € D(G/H). Let
V < k[G] be the simple G-submodule generated by fo. By choosing a basis for V', and by
using the fact that fy is a B x H-semiinvariant function we obtain a G-equivariant map

Y G/H — P(VV)?. Let X’ denote 1(G/H). Since we can view fy as a linear functional

25Let, f1,..., fm be a basis for V. Then we define ¢ : G — V'V, g — (filg™Y), ..., fm(g™1)). Clearly,
this map is a morphism. We claim that the image of G does not contain 0. Otherwise, there exists go € G
such that fi(gal) = 0 for every ¢ € {1,...,m}. This means that f’(gal) = 0 for every f’ € VV. Then
for every g € G the equality (gog) - f’(ggl) = 0 holds. This implies that g- f/ = 0 for every g € G, hence,
f’ = 0. Now since the image of ¢’ does not contain 0 and since f is B x H-semiinvariant, 1)’ descends to

a G-equivariant map ¢ : G/H — P(V'V).
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on V'V, we can consider the set of zeros L := {fy = 0} in P(VV). It is easy to see, by
using the fact that V is generated by fo, that L does not contain any G-orbits. Clearly,
we have ¢(D) € L for every D € D(G/H). Therefore, X does not have any “color” that
contains a G-orbit. Now let X” be any complete embedding of G/H and consider the
diagonal embedding of G/H in X’ x X”. Then the normalization of the closure of the
image of G/H is a colorless complete simple embedding of G/H. (]

8.2. Colored fans

Sumihiro’s Embedding Theorem indicates that a spherical variety can be built from
certain simple embeddings that it contains. This is formalized combinatorially by the
notion of a “colored fan”. Before we introduce colored fans, we will describe the ‘simple
pieces’ of a spherical variety. Let X be an equivariant embedding of the spherical homo-
geneous space G/H. For each G-orbit Y € X we have a special open subset defined by

Xy.p =X\ U D.
DeD\Dx (Y)

In other words, Xy, g is the complement of the B-stable divisor whose irreducible compo-
nents are the prime divisors that do not contain Y. It turns out that Xy g is the minimal
B-stable affine open subset of X such that Y n Xy 5 # . We now set

XY,G = G . XY,B~

Then Xy, is a G-stable open subset of X. It is not difficult to verify that the open
subvariety Xy ¢ <> X is a simple embedding G/H. Furthermore, the unique closed orbit
of Xy, is Y, and the intersection Y n Xy, g is a single B-orbit. The proofs of these facts,
which are due to Luna and Vust can be found in [43, Theorem 2.1]. Since the union
Uy corbit Xv,¢ is equal to X, we found an open covering of X by a finite number of
simple embeddings. This is a precise generalization of the fact that for every fan X', the
toric variety X (X) is covered by the open toric subvarieties U,, where o runs over all
cones of the fan X.

Definition 8.14. Let G/H be a spherical homogeneous space. A finite set # of strictly
convex colored cones of G/H is called a strictly convex colored fan of G/H if the following
conditions hold:

CF1. If (C',D’) is a face of a strictly convex colored cone from .#, then (C',D’) € #.
CF2. The relative interiors of the cones in .% do not intersect.

We are now ready to define the strictly convex colored fan of a spherical variety X whose
open G-orbit is G/H. Let Y be a G-orbit in X. Since Xy, is a simple embedding,
it comes with a strictly convex colored cone, (C(Xy,q), Fxy.(Y)). The strictly convex
colored fan of X, denoted F g, g (X), is the set

Fau(X) = {(C(Xy,q), Fxy(Y)) : Y is a G-orbit}.
It is easy to check that .F¢,y(X) satisfies the two conditions CF1 and CF2.
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The classification theorem of simple embeddings has a natural extension in terms of
colored fans.

Theorem 8.15. (Classification of spherical embeddings, [43, Theorem 3.3]) Let G/H be
a spherical homogeneous space. The assignment

X > T (X)
is a bijection between the set of all spherical embeddings of G/H (up to G-isomorphisms)
and the set of all strictly convex colored fans of G/H.

One of the many merits of the Knop’s “expository” article [43] is its clarification of the
functorial properties of the classification. In particular, Knop characterizes the proper
morphisms of spherical varieties in terms of the strictly convex colored fans.

Definition 8.16. Let X be a spherical embedding of G/H. The support of the strictly
convex colored fan of X is defined by
supp(F (X)) := U C(Xy,c) nV(G/H).
(C(Xy,¢),Fy(X))eF(X)
Theorem 8.17. ([43, Theorem 4.2]) Let ¢ : X — X' be a dominant G-morphism between
a G/H- and a G/H'-embedding. Then ¢ is proper if and only if the support of the strictly

convez colored fan of X is equal to ¢y (supp(F(X'))). In particular, X is a complete
spherical variety if and only if the support of F(X) is equal to V(G/H).

Here is another useful statement from Knop’s exposition.

Theorem 8.18. ([43, Theorem 6.7]) Let X be a spherical embedding of G/H. Then X
is affine if and only if the following two conditions hold:

(1) X is a simple embedding.
(2) There exists a weight x € O(X) < O(B) such that
(a) x(e(V(X))) <0,
(b) x(C(X)) =0, and
(¢) x(F(X)\Fy (X)) > 0.
Corollary 8.19. Let X be a spherical embedding of G/H. Then the following statements
hold:
(1) If F(X) = D(X), then X is affine.
(2) G/H is affine if and only if V(G/H) and £(F(G/H)) are separated by a hyper-
lane.
(3) ]C)?/H is quasi-affine if and only if £(F(G/H)) does not contain 0, and it generates
a strictly convex rational polyhedral cone.

8.3. Valuation cone revisited
Let k[G]™) denote the set of right H-semiinvariants in k[G], that is,
E[G]H) = {f e k[G] : f(zh) = x(h)f(x) for some x € O(H) and for every z € G, h e H}.
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It is easy to check that G acts (on the left) on k[G]), hence it is a rational G-submodule
of k[G]. Let fi,..., fs be alist of elements from k[G]). Let M; denote the G-submodule
of k[G]") generated by f; (i € {1,...,s}). Finally let M; - -- M, denote the G-submodule
of k[G] generated by the products g; ---gs, where g; € M; for i € {1,...,s}. Notice
that every element g; - -- g5 € My -+ - M, has the same H-weight as the element f;--- fs.
Therefore, for every f € Mj---M;, the element f;---fs/f is an H-invariant rational
function in k(G). Equivalently, we have f;--- fs/f € k(G)? = k(G/H). Now since f is
from M - - - M, it is of the form Hle Zjeli gj- [i, where I;’s are some finite sets of indices.
Thus if ¥ is any G-invariant valuation on k(G), then we have o(f) = o(f1) + - + o(fi)-
This inequality holds also for v € V(G/H) since it extends to a G-invariant valuation on

G. It follows that (3)7_, v(fi)) — v(f) = 0, or that v (fl'"fs) < 0. This observation is

f
very helpful for analyzing the B-semiinvariants of G/H. Let us assume that fi,..., fs

are B-semiinvariants in k[G]) with respect to the left B-action on k[G]. Likewise, let
f be a (left) B-semiinvariant in M --- M. Let x¢,,..., Xt Xs denote the corresponding
weights. Then the rational function h := L2 ff is a B-semiinvariant in () k(G/H)?°. The
B-weight of h is given by

Xh = Xp + X~ XS (8.20)
Since v(h) < 0, we see that

0 (h) = (v, xn) < 0.

Let us denote the set of all weights of the form xj as in (8.20) by A. The sublattice
generated by A in O(G/H ) plays the role of the root lattice of a semisimple group. We
denote the minimal generating set of primitive vectors of the lattice generated by A in
O(G/H) by Sa/m, or, simply by § if there is danger for confusion. This is the set of
spherical roots of G/H.

We are now ready to describe the linear conditions that define the valuation cone.
Theorem 8.21. Let G/H be a spherical homogeneous space. Then the set of G-valuations

on G/H, that is V(G/H), is the dual cone of the cone generated by —S in O(G/H)qg. In
other words, we have

V(G/H) = {ve HO(G/H) : (v,—a) =0 for every o € S}. (8.22)
Furthermore, V(G/H) is a rational polyhedral cone.
Proof. We will explain the idea behind the proof; the details can be found in [18, Section 4]
or [43, Section 5]. The inclusion “c” follows from the previous paragraph. For “2”, let v
be a vector from the right hand side of (8.22). The main idea is to identify an “elementary

embedding” X’ of G/H whose strictly convex colored cone is of the form (Q*v', &) and
such that v € Q*v'. It then follows that v is also a G-valuation of G/H. This proves the

26Even though B acts on the left, by abuse of notation, the group of B-semiinvariants (B)k:(G’/H) is
usually denoted by k(G/H)(E).
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equality in (8.22) as well as its rationality. It remains to show that V(G/H) is a finitely
generated convex cone. A quick proof of this fact follows from another result of Brion
and Pauer (Lemma 8.13): every spherical variety G/H has a simple complete toroidal
embedding X. Then the strictly convex colored cone ¢, (X) has the property that the
supports of its faces give a subdivision of V(G/H). (This will be explained in more detail
in Proposition 8.25.) In particular, we see that 1) V(G/H) is covered by finitely many
strictly convex colored cones, hence, it is finitely generated. 2) V(G/H) is convex since
its elements are contained in the cone of G¢, (X). O

Remark 8.23. Recall the definition of the anti-dominant Weyl chamber G(G) of (G, B, T):
Let {a1,...,a;} be the set of simple roots Sg g, determined by (G, B,T). Then C(G)
is the cone spanned by the elements of {—ay,...,—a;"} in O(T) ®z Q. We can write it
as in

C(G) := {f e HO(T) : {f,a) <0 for every a € Sg.p1}. (8.24)

Since O(G/H) is a sublattice of O(B), dually, we have the surjection HO(B) — HO(G/B).
The anti-dominant Weyl chamber of G/H, denoted by C(G/H), is the image of C(G) in
HO(G/B). Theorem 8.21 implies that the anti-dominant Weyl chamber of G/H is con-
tained in V(G/H). In turn, this fact implies that the linear span of V(G/H) is equal to
HO(G/H). In other words, V(G/H) is a full dimensional cone in HO(G/H).

8.4. The linear part of the valuation cone

Recall that a spherical embedding X of G/H is a toroidal embedding if and only if its
strictly convex colored fan is of the form

F(X)={(C(Xv,g),): Y is a G-orbit}.
In other words, for any G-orbit Y < X, the simple embedding Xy ¢ has no colors.

Proposition 8.25. Let G/H be a spherical homogeneous space. Then every complete
toroidal embedding of G/H is obtained from a subdivision of V(G/H) into strictly convex
rational polyhedral cones. Furthermore, a simple toroidal embedding of G/H exists if and
only if V(G/H) is a strictly convex rational polyhedral cone.

Proof. Let X be a simple toroidal embedding of G/H and let Y be the closed orbit in
X. By Proposition 8.12, we know that the G-orbit closures containing Y correspond to
the faces of the cone C(X). Since Fy (X) = ¢, the cone C(X) is generated by a finitely
many elements from V(G/H), hence, the following inclusion holds:

C(X) < V(G/H). (8.26)

Thus, for any toroidal embedding G/H — X, the inclusion Uy oo, C(Xv,a) € V(G/H)
holds. Recall that, by Theorem 8.17, X is complete if and only if the support of the strictly
convex colored fan of X is equal to the valuation cone. It follows that if X is a complete
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toroidal embedding of G/H, then we have the equality,

) ¢(Xve) =Vv(G/H). (8.27)

Y: G-orbit

Therefore, every complete toroidal embedding is given by a subdivision of V(G/H) into
strictly convex rational polyhedral cones.

For our second assertion, we observe once again by (8.27) that a simple toroidal em-
bedding X is complete if and only if V(G/H) = C(X) holds. In other words, a simple
complete toroidal embedding of X exists if and only if V(G/H) is a strictly convex rational
polyhedral cone. O

There are several useful consequences of Proposition 8.25. First of all, it implies that if
V(G/H) is a strictly convex rational polyhedral cone, then there exists a unique maximally
dominating complete simple toroidal embedding of G/H; it is the one with the strictly
convex colored cone (C(X),) = (V(X), ). Assuming that it exists, let us call this
complete simple toroidal embedding the standard embedding of G/H. All other complete
toroidal simple embeddings are obtained from the standard embedding by subdividing
V(X). Now it is natural to wonder the following questions: 1) Is there a practical method
for deciding when V(G/H) is strictly convex? 2) What are the geometric properties of
the standard embedding of G/H? The first question has a nice answer in terms of the
normalizer of H. The second question has a broad answer.

Recall the useful description of V(G/H) from Theorem 8.21:
V(G/H) = {ve HO(G/H) : v = — Z a;a for some a; € QT
;€S

where S is the set of simple roots of the little root system of G/H. The following important
theorem of Brion and Pauer [20] immediately answers the first question in characteristic 0.

Theorem 8.28. ([18, Theorem 4.3]) Let Ng(H) denote the normalizer of H in G. Let
(8) denote the lattice generated by S in HO(G/H). Then the following statements hold:

(1) The quotient Ng(H)/H is isomorphic to (O(G/H)/{(S)) @z k*. Consequently,
N¢(H)/H is a diagonalizable algebraic group, and its dimension is equal to the
dimension of the linear part of V(G/H).

(2) There is a short exact sequence

0 — linear(V(G/H)) — O(G/H) — O(G/Ng(H)) — 0,

where linear(V(G/H)) is the linear part of V(G/H) in O(G/H).
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Let us list some immediate consequences of Theorem 8.28.

e V(G/H) is strictly convex if and only if Ng(H)/H is a finite group.

o If O(G/Ng(H)) = 0, then linear(V(G/H)) = O(G/H). This happens, for exam-
ple, when G = B =T, and H = {0}. It follows that the cone of T-valuation on
any spherical embedding of T' (a toric variety) is the whole space HO(T).

o If No(H) = H, then linear(V(G/H)) = 0. This happens, for example, when
H = Ng(G?), where 6 : G — G is an involutory automorphism of G.

9. The Classification of Spherical Homogeneous Spaces and Won-
derful Varieties

Notice that we only discussed the classification of the spherical embeddings of a fixed
spherical homogeneous space G/H. However, we did not mention a single theorem about
how one can classify all spherical homogeneous spaces. In this section we will briefly
mention how this classification is achieved. We begin with introducing a very special
spherical variety whose roots go back to the work of Demazure. The definition here
is due to Luna. It is a natural generalization of the “De Concini-Procesi wonderful
compactification” of a symmetric space.

Definition 9.1. Let X be an irreducible G-variety. We call X a wonderful variety of
rank r if

(1) X is smooth and complete;

(2) X has an open G-orbit, denoted X, such that X\ X is a union of r smooth
G-stable prime divisors X7, ..., X, that intersect transversally’” and such that
X1 n - n X, is nonempty. In other words, the boundary, that is, 0X := X\Xo,
is a normal crossings divisor.?®

(3) For two points z,y € X, the G-orbits G -  and G - y coincide if and only if
{i: zeX;}={j: ye X;}.

Conditions (2) and (3) show that X has a unique closed orbit that is given by X3 n---n
X,.. Clearly, any G-orbit O such that O # X is contained in the boundary. Therefore,
once again by (2) and (3) the closure of O is equal to N;erX;, where I is the maximal
subset of {1,...,r} such that O c X, for every i € I. It follows that the inclusion poset
of G-orbit closures in X is isomorphic to the boolean lattice on {1,...,r}.

It is shown by Luna in [49] that every wonderful variety is spherical. After knowing
this fact, it is not difficult to show that X is a toroidal embedding, [61, Proposition 3.3.1].
Therefore, the open orbit Xy has no B-stable prime divisors that contain X7 n--- n X,..

27Loosely speaking, two subvarieties Y and Z in X are said to intersect transversally if for every
z €Y n Z, the tangent subspace Tx (Y n Z) is equal to T, Y N T Z in T X.

28An effective Cartier divisor D is said to be a strict normal crossings divisor if for every p € D
the local ring O, x is regular and there exists a regular system of parameters z1,...,z4 for m, and
s€{1,...,d} such that D is defined by the rational function [[;_; z; in Ox p.
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We mentioned before that V(X)* < O(X)q is a simplicial cone spanned by the spher-
ical roots S = O(X). In the case of a wonderful variety of rank 7, since V(X) is strictly
convex, we have V(X)¥ = O(X)g. It follows that the rank of the weight lattice O(X) is
7. In other words, S is a basis for O(X).

Let us call a spherical subgroup H © G sober if Ng(H)/H is finite (or, equivalently, by
Theorem 8.28, V(G/H) is strictly convex). Since wonderful varieties are smooth simple
toroidal embeddings, the stabilizer of a point in general position in a wonderful variety
is a sober subgroup. A sober group is said to be very sober if the finite group Ng(H)/H
acts effectively on the set of B-stable divisors of G/H.

Theorem 9.2. Let H be a sober spherical subgroup of G, and let X denote G/H. Then
we have

(1) If H is very sober, then the standard embedding of X is a wonderful variety.

(2) If H= Ng(H) (hence H is very sober), then the wonderful embedding of X is the
Zariski closure of the orbit Ad(G) - b in Gr(k,g), where k := dimb, and g (resp.
b) is the Lie algebra of G (resp. of H).

The first assertion of Theorem 9.2 was originally discovered by Luna. In fact, Luna
showed in type A that (1) is an if and only if statement. However, in general, the converse
is not correct; see [82, Remark 30.6] for a counterexample. The general proof of (1) is
given by Knop in [45]. The second part of Theorem 9.2, which was a conjecture of Brion,
is proved in the special cases by Luna [51] (in type A), Bravi and Pezzini [12] (in types A
and D), and by Bravi [9] (in E types). The general case is due to [48].

Let G/H be a spherical homogeneous space. As before, let F(G/H) denote the set
of all colors of G/H. The normalizer Ng(H) acts on G/H via n - gH = gn~'H, where
n € Ng(H) and gH € G/H. Clearly, the restriction of this action to H is trivial. It
is also evident that the action Ng(H) : G/H descends to an action on the set of (B-
stable) divisors of G/H. The very sober hull of H in G, denoted H, is the kernel of
the action Ng(H) : F(G/H). Note that H contains the connected component of the
identity element of Ng(H). It follows from [11, Lemma 2.4.2] that the very sober hull
H is a very sober spherical subgroup of G. Therefore, thanks to Theorem 9.2, for every
spherical subgroup H < G, the wonderful embedding of G/H exists. Now the strategy for
classifying all spherical homogeneous spaces becomes apparent: First classify all spherical
subgroups H with a fixed very sober hull H. Then classify all wonderful varieties. This
strategy was proposed by Luna, who completed the first step in [50]. For the second step
Luna conjectured that the wonderful G-varieties can be classified by certain combinatorial
objects that he called the “spherical systems”. This part of the classification has recently
been completed by the joint efforts of many mathematicians in a series of papers [50, 12,
9, 10, 27, 13].

136



Algebraic groups in action

10. Some Interesting Examples

As usual, we denote by G a connected reductive group; B = UT denotes a Borel
subgroup of G.

10.1. Horospherical varieties

A closed subgroup H < G is called a horospherical subgroup if a maximal unipotent
subgroup of G is contained in H. Examples of horospherical subgroups include all par-
abolic subgroups. By using the Bruhat-Chevalley decomposition it is easy to see that a
horospherical subgroup is indeed a spherical subgroup. Naturally, a homogeneous space
G/H is called a horospherical homogeneous space if H is a horospherical subgroup. By
definition, a horospherical homogeneous space is the one that admits a surjective G-
equivariant map from G/U. It is also characterized by the property that the evaluation
map (6.29) is surjective [43, Corollary 6.2].

A G-variety X is called a horospherical variety if the stabilizer in G of any point z € X
is a horospherical subgroup. Let us assume, for the purpose of giving an example, that
X is a quasi-affine G-variety. For a dominant weight A € O(T)*, let k[X ]ECB) denote, as
before, the V(\)-isotypic component of k[X] as a G-module. It is well-known that [64]
X is a horospherical G-variety if and only if k:[X]gCB) . k[X]g\B) c k[X]gﬁ))\ for every
x,Ae O(T)*.

Horospherical spaces are very useful for the theory of deformations of algebraic group
actions [82, Section 7.3]. We will encounter an important example of a ‘horospherical
contraction’ in the subsection below about the reductive monoids.

10.2. Strongly solvable spherical subgroups

A closed subgroup of G is called strongly solvable if it is contained in a Borel subgroup
of G. An explicit classification (up to conjugacy) of strongly solvable spherical subgroups
of connected reductive groups is due to Avdeev [3, 2]. The explicit parameterization of
the B-orbits in a strongly solvable spherical homogeneous space G/H is due to Gandini
and Pezzini [32]. In this article, the authors determine the action of W on the set of Borel
orbits in G/H as well. One of the most important examples of spherical subgroups is the
unipotent radical U := R, (B) of B. Clearly, U is a strongly solvable spherical subgroup
of G. Let U’ denote the derived subgroup of U. Then we have U’ = HRE A U, It

is known that TU’ is a strongly solvable spherical subgroup. It is conjectured by Knop
that the spherical variety G/TU’ has the largest number of B-orbits among all spherical
homogeneous spaces G/H. A theorem of Gandini and Pezzini partially resolves this
conjecture: as H varies in all strongly solvable spherical subgroups, the largest number
of B-orbits in G/H is attained for H = TU’ [32, Theorem 6.14].
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10.3. Reductive monoids

Clearly, every group is a monoid, that is, a set that is endowed with an associative
multiplication and a unit. Every monoid is a semigroup, that is, a set that is endowed with
an associative multiplication. An algebraic semigroup is an algebraic variety S endowed
with an associative multiplication S x S — S which is a morphism. If there is a unit
element in an algebraic semigroup, then it is called an algebraic monoid. These objects
have been becoming increasingly important in various parts of algebraic group theory.
We already mentioned in the introduction that they appear naturally in the study of
homogeneous bundles on abelian varieties. But certain algebraic monoids are even closer
to the underlying affine algebraic group structure. This is the way of an “asymptotic
semigroup”. Let Gg be a connected semisimple group, which acts on itself on the right by
multiplication. Let Tj be a maximal torus of Gy. For a dominant weight A € 6(T0)+, let
k[Goly denote the V(A)-isotypic component of k[Gy] as a Go-module. Let f (resp. g) be
an element from k[Go], (resp. from k[Gp]x) for some dominant weight x (A). Then their
product fg in k[Go] can be written as fg = ZVE(--)(TO)+ pu(f,g), where p,(f,g9) € k[Go],-
By truncating it at the highest weight xy + A\, we obtain a new multiplication,

frg:=p.(fr9) (v=x+A).

It is easy to check that this new multiplication is compatible with addition of functions,
so, we get a new ring structure, denoted gr k[Go], on the coordinate ring of Gy. It turns
out that, as shown by Vinberg in [84], the affine variety

As(Gp) := Spec(gr k[Go])

is normal and irreducible. Moreover, it has the structure of an algebraic semigroup. What
is amazing about this algebraic semigroup is that, any algebraic action Gy : X can be
deformed to an algebraic action of Gg U As(Gp) on X U As(X), where As(X) is the
contraction of X, [64]. Furthermore, we can view As(Gp) as the boundary M\G of a
certain reductive group G in an algebraic monoid M with unit group G, [70, §6.3].

A reductive monoid is an algebraic monoid M whose group of invertible elements
G := G(M) is a reductive group. It turns out that the theory is irreducible reductive
monoids is directly related to the theory of spherical embeddings of its unit group. Indeed,
by a deep result of Putcha and Renner it is known that every normal reductive monoid is
a spherical G x G-equivariant embedding of G. For more in this fascinating subject, we
recommend the two monographs [65, 70]. The classification of reductive monoids is due to
Renner [66] (in the semisimple case), Vinberg [85] (in characteristic 0), and Rittatore [74]
(in the most general situation). In the same paper, Rittatore showed that every reductive
monoid with unit group G is an affine, spherical, G x G-equivariant embedding of G [74,
Theorem 2]. Conversely, if G is a connected reductive group, then every simple G x G-
equivariant embedding of G is a reductive monoid [74, Theorem 3|. Note that every affine
toric variety X whose open orbit is isomorphic to a torus T is at the same time a T' x T-
variety. Indeed, since T is commutative, (T x T')/diag(T) is isomorphic, as an algebraic
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group, to T. It follows that every T-orbit in X is a 7" x T-orbit in a natural way. In
particular, we see that every affine toric variety is a reductive monoids.

Also, the equivariant completions of semisimple groups are directly related to the
quotients of certain reductive monoids. Let Gy be a semisimple group. Let X be a
projective variety such that Gg x Gy acts algebraically on X with an open orbit that is
isomorphic to Gy. Loosely following the terminology from [68], we call X a semisimple
variety for Gq if there exists a Gy x Gp-equivariant embedding of G into X . Notice that
in this case Gg can be assumed to be centerless.

Theorem 10.1. ([68, Corollary 3.4]) Let X be a semisimple variety for a semisimple
adjoint group Go. Then there exists a normal reductive monoid M with zero such that
(1) (G,G) = Gy, where G is the unit group of M,
(2) dim Z(G) =1,
(3) X = (M\{0})/k*.

Here, k* is the image of a reqular 1-psg of a maximal torus of G.

Of course, the above theorem shows that the wonderful completion of Gy can be ob-
tained from a reductive monoid. In fact, this monoid captures all essential information
about the wonderful completion of Gy [69]. It is quite remarkable that the asymptotic
semigroup is natural part of this development [75].

In the rest of this example, we will explain Rittatore’s classification of the normal re-
ductive monoids whose unit group G is a connected reductive group. Since we already
know that the the affine toric varieties are classified by the strictly convex rational polyhe-
dral cones, we will proceed with the assumption that the semisimple rank of G is positive.
This means that the commutator subgroup of G is nontrivial, hence, G is not a torus. In
fact, we already know that a connected reductive group G is isomorphic to (Go x Z)/Z,
where Z is a central torus of G, Zy < Z is a finite subgroup, and Gy is the commutator
subgroup, Go = (G, G). Therefore, the coordinate ring of G is given by

K[G] = k[(Go x Z)/Z0] = (K[Go] @k k[Z])%.

We fix a maximal torus Ty and a Borel subgroup By in Gg such that T, < By. Let
aq, ..., op denote the simple roots determined by By, and let wq, ..., w; denote the cor-
responding fundamental weights. Then T' = T Z is a maximal torus of G. The character

group of T is given by O(T) = (O(Ty) x O(Z))%0, which is a sublattice of finite index in
O(Ty) x O(Z). It follows that

HO(T) ~ HO(Tp) x HO(Z). (10.2)
Thanks to (10.2), we have a splitting of the cone of invariant valuations also:
V(G) = V(Go) x V(Z) = V(Goy) x HO(Z).

There is a convenient characterization of the elements of V(G) by one parameter sub-
groups. Let A\ : G,,, — T be a 1-psg (induced from the G x G-action on G). It induces a
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grading on k[G]:
k[G] = D k[G]n, where k[G], = {f € k[G]:t-f=1t"Ff for every t € G,,}.

nez

Let vy be the valuation whose restriction to k[G](®*5") is defined by v(f) = (\,xs)
where x; € O(B x B™) is the weight of f. On k[G] = @®,,.; k[G]n, v is calculated by
vA(f) = min{n : f, # 0}. We mentioned before that every element v € V(G) gives an
elementary embedding whose strictly convex colored cone is given by (Q%v, &). Since
this cone has only two faces, such an embedding has only two orbits; one of them is the
open orbit and the other is closed. The following observation of Rittatore shows that the
convergent 1-psgs of T give invariant valuations on G.

Lemma 10.3. Let v be an element from V(G), and let X be an elementary embedding
associated with v. Let Y < X be the closed orbit of X. Let X\ : G, = T be a 1-psg. If
lim;_,0 A(t) exists in X and belongs to the open B x B~ -orbit of Y, then vy is equivalent
towv.

The colors of G as a G x G-variety are easy to calculate from the Bruhat-Chevalley de-
composition of G. Recall that Gy denotes the semisimple part of G. We set
By ;= Bn Gy and Ty := T n Gy. Then the Weyl group of (G,T) is equal to the
Weyl group of (Go,Ty). The colors of G are the divisors of the form Bs,B~, where
« is a simple root for the triplet (G, By, To). Here, s, is the Coxeter generator of W
corresponding to a. If the semisimple rank of G is 1, then G has a unique B x B~ -stable
divisor, which is given by Bs,, where « is the unique root of (Go, Tp).

Proposition 10.4. The valuation cone V(G) is equal to C(G) = ((Go) x HO(Z).
Furthermore, the valuation associated with the divisor Bs,B~ is given by (a¥,0) €
HO(T,) x HO(Z).

This proposition is closely related to a result of Vust [89] and Knop [43], who proved
that the cone G-valuations of a symmetric space is the anti-dominant chamber of the
“restricted root system” of the symmetric space. We will review the notion of a restricted
root system in our next example.

Proof of Proposition 10./. We will sketch the idea of the proof of Rittatore [74, Propo-
sition 9] which might be viewed as an adaptation of the proof [89, Proposition 2| to the
monoid setting. The second assertion is actually a consequence of the first one since the
anti-dominant chamber of the restricted root system is generated by the coroots. We
proceed with the proof of the first assertion. We already know that V(G) contains the
anti-dominant chamber, so it suffices to show the containment in the other direction. Let
v be a G-invariant valuation. Then there exists an elementary embedding Xz ¢, and a
1-psg A whose limit exists in Xz . Recall that any valuation of a spherical variety is
uniquely determined by its values on the semiinvariant rational functions. It follows that
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our 1-psg A defines a valuation, denoted vy, by the formula,

u(f) =Ny (fek(@) P*ED).

Here, (,) is the non-degenerate duality pairing between the group of 1-psg’s of T and
O(T). Then by Lemma 10.3, the valuation vy is equal to v. The rest of the proof follows
from checking that vy is a G-valuation. (]

By Proposition 10.4 we see that, for any normal reductive monoid M with the unit
group G, the set of colors F(M) = {Bs,B~ : «is a simple root of (G, By, Tp)} is in
bijection with the set of simple coroots. From this we conclude that the evaluation-of-
valuation map on the colors, that is £ : F(M) — HO(M), is an injective map. By abuse
of notation, we identify F(M) with its image,

F(M) = {(a¥,0) e HO(Ty) x HO(Z) : « is a simple root of (G, B,T)}.

In summary, Rittatore proved the following result:

Theorem 10.5. Let G be a connected reductive group. Then the normal reductive
monoids with 0 are in 1-1 correspondence with the strictly convex polyhedral cones in
HO(T) generated by all of the simple coroots and a finite set of elements from C(G).

In [67], Renner extended the Bruhat-Chevalley decomposition of reductive groups to
the setting of reductive monoids as follows. Let M be a reductive monoid. Let G, B, and
T denote respectively the unit group of M, a Borel subgroup of GG, and a maximal torus
of B. Let R denote the quotient Ng(T')/T, where Ng(T) is the Zariski closure in M
of the normalizer of T in G. Then the Bruhat-Chevalley-Renner decomposition of M is
given by M = u,erBrB. where the closure is taken in M. The indexing set R is a finite
monoid, called the Renner monoid of M. The Weyl group of G is the group of invertible
elements of R. The Bruhat-Chevalley-Renner order on R is defined by

r<s < BrBc BsB (r,s € R),

Notice that the above descriptions of the cone of invariant valuations as well as colors are
built on the B x B~ -stable divisors not B x B-stable divisors. This is a nuisance since
we can transform every B X B-orbit into a B x B~ -orbit as follows. Let wy denote the
longest element of W. Then the opposite Borel subgroup is given by B~ = woBwg. In
particular for every r € R, we have BrB = BrwowoBwowy = BrwyoB~wy. Note that
R,wy = R, and Mwy = M. Since the multiplication by wqy preserves the inclusions of
orbit closures, the Bruhat-Chevalley-Renner order can be used for analyzing the inclusion
order on the closures of the B x B~ -orbits as well.

The monoid of n x n matrices: Among all reductive monoids, the monoid of n x n
matrices, denoted Mat,,, has a special place. The reason is that every reductive monoid
with 0 has a closed embedding into Mat,, for some n € Z*. We will finish our example
by explaining the place of Mat,, in the classification schematics but first we want to
introduce some useful combinatorial ingredients.

141



CAN

The unit group of Mat,, is the general linear group GL,,. We fix the following notation:
B,, denotes the Borel subgroup of upper triangular matrices, and T, denotes the maximal
torus of diagonal matrices in B,,. We will denote by B, the Borel subgroup opposite
to B,,. Recall that the Weyl group GL,, is the symmetric group S,,. We represent the
elements of S,, by the n xn permutation matrices; they are the nxn, 0/1 matrices with ex-
actly one 1 in each row and each column. Likewise, the Renner monoid of Mat,,, denoted
R,,, consists of n x n, 0/1 matrices with at most one 1 in each row and each column. The
inclusion order on the B,, x B,,-orbit closures, that is the Bruhat-Chevalley-Renner order
on R, is described in [23]. To demonstrate how one can use this partial order on R,, for
the purposes of identifying the colored equipment of Mat,, as a GL,, x GL,-equivariant
embedding of GL,, we will focus on the smallest nontrivial example, that is, Mats.

The Renner monoid of Mats is given by

{0 S S A

The elements of Ry are the natural representatives of the closures of the By x Ba-orbits
in Maty. The Hasse diagram of the inclusion order (the Bruhat-Chevalley-Renner order)
on these orbit closures are depicted in Figure 10.1.

U 1
00

FiGure 10.1. Bruhat-Chevalley-Renner order on Rs.
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Every line in that figure corresponds to a unique inclusion of the form BosBs &
ByrBs, where r,s € Ry such that dimBsrBy = dim BosBs + 1. It follows that we
have two B x Bs-stable divisors in Mats; they are given by the closures of the orbits

0; := By [(1) (1)] B, and O, := By [(1) 8] By. Let D; (i € {1,2}) denote the Zariski

closure O; (i € {1,2}). Then D! (i € {1,2}) is a By x Ba-stable divisor. It is easy to check
that D} is GLy x GLy-stable. However, D} is not GLy x GLa-stable.

Recall that the colored equipments were introduced by using the B, x B, -orbits.
Since the By x B -orbit closures are obtained from the By x Bg-orbits by replacing r
by rwp and then shifting the orbit by wp, we see that in Maty there are two By x B; -
stable divisors; one of them is GLy x GLs-stable but the other is not. Let us denote the
GL; x GLy-stable divisor by Dy and the other one by D;. Clearly, we have Dy = D} but
D, # Dj. Note that D; is the unique color of Mats. In summary, the orbit structure of
Mat, is as follows: there are exactly three GLy x GLs-orbits; their closures are linearly
ordered. The open GLy x GLs-orbit, that is GLg, is equal to BoB; 11 BowoB; ', where
wy = [(1) (1)] The codimension one GLg x GLy-orbit contains four By x B -orbits. The

0-matrix is the unique closed By x B; -orbit.

Next, we will describe the valuation cone of Mats. Let Z denote the center of GLo.
Let B denote the Borel subgroup of SLy defined by B := By n SLy. Finally, let TY
denote the maximal diagonal torus of SLy. In light of Proposition 10.4, we know that
the cone of GLy x GLg-valuations on k(GL2) is given by

V(GLy) = V(SLy) x HO(Z) c HO(T}) x HO(Z).

Let o denote the unique simple root of the triplet (SLo,BY, T%). The antidominant
Weyl chamber of SLs is the one dimensional strongly convex polyhedral cone spanned
by the vector —a¥. Therefore, the valuation cone V(GLy) is given by the half space
Q*(—aY,0) + Q(0,1) in HO(T}) x HO(Z) =~ Q2.

FIGURE 10.2. The cone of invariant valuations of SLs.

We go back to the divisors in Mat,. We notice that D is a principal divisor defined
by the polynomial equation det z = 0 for x € Maty. This is the unique GL2 x GLsy-stable
divisor in Mat,. Note that the determinant function is not only a regular function on
GL; but also the unique positive generator of the character group of the center of GLs.
We will compute e(vp,) in HO(GL;) ~ HO(T,).
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Recall that we have a short exact sequence
1 — k* — k(Maty)B2xB2) _, O(T,) — 0.

A straightforward computation shows that the group of By x Bj -semiinvariants of
Mat; are generated by 1,z 9,det [21 z;z], where z; ; (1 < 4,7 < 2) is the (4, j)-th
coordinate function on Mats. Theref;)re, the vector e(vp,) is determined by how wvp,
11 T1,2
21 T22
is a unit in the localization k[Mats]get x), We see that vp,(z22) = 0. At the same
time, it is obvious that vp,(det X) = 1. We now look at the splitting ¢ : HO(T,) —
HO(T)) x HO(Z) = Q2 more carefully. On one hand, HO(Z) is generated by the dual
of central character, det X. On the other hand, HO(TY) is generated by the dual of the
character, xl,lx;é € O(T’Q) Clearly, this character is equal to 3353 det X. Therefore, in

evaluates on the semiinvariants z2» and det X, where X := ] Since 22

terms of the lattice generators of HO(T5), the map ¢ is determined by (z22)" — (=2,1)
and (det X)¥ — (0,1). Since UDZ(SC;,% det X) = vp,(det X) = 1, we now see that e(vp,)
corresponds to the vector (—2,2) € HO(T}) x HO(Z). We are now ready to describe the
colored cone of Mats:
C(Maty) = Q"e(vp,) + Q" £(vp,)
=Q%(-2,2) + Q" (a",0).

In Figure 10.3 we depicted the valuation cone and the colored cone of Mats.

———————————————————————————————————————————————————————

HO(T)

(~a¥,0) HO(2) (a¥,0) HO®)

FIGURE 10.3. The valuation cone (on the left) and the strictly convex
colored cone (on the right).
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The calculation we performed for Mat, easily extends to all Mat,, for n € Z*. The
strictly convex colored cone of Mat,, is given by

(C(Mat,,), F(Mat,)) = (Q+{(a1v ;0), 5 (g _1,0), v}, {Brsa,Br ;L:_ll)»

where v is a vector that is contained in the relative interior of V(Mat,,).

10.4. Symmetric spaces

Recall that a symmetric space is a homogeneous space of the form G/K, where K is
the fixed subgroup of automorphism 6 : G — G such that 62 = id. The classification of
automorphisms of order on algebraic groups has a long history. For Gy defined over C,
this problem is equivalent to classifying the real forms of simple complex Lie algebras and
it was solved by E. Cartan. Subsequently, Araki [1] simplified this classification for simple
algebraic groups defined over C, and Helminck [37] extended Araki’s result over arbitrary
algebraically closed fields of characteristic # 2. In [79], Springer describes an alternative
and simple approach of this classification in a way that is suitable for investigating the
equivariant embeddings of symmetric spaces.

We note that our previous example can be thought of as a symmetric space. Indeed,
the algebraic group G is isomorphic to the homogeneous space (G x G)/diag(G), where
diag(G) is the diagonal embedding of G into G x G. The subgroup diag(G) is precisely
the group of f-fixed elements, where 6 is the involution defined by 6(z,y) = (y,z) for
every (x,y) € G x G. From this viewpoint, the classification of normal reductive monoids
is part of the classification of the affine spherical embeddings of symmetric spaces.

Hereafter, for simplicity, here we will focus on the symmetric spaces of a connected
complex semisimple algebraic group G. In fact, passing to a simply connected cover does
not change the symmetric space. Therefore, we will assume that G is a connected, simply
connected, complex semisimple algebraic group.

Let B be a Borel subgroup of G. Then there exists a maximal torus T" in B such that
0(T) = T. Indeed, we may take T" as a maximal torus of the intersection Bn60(B). We set
To:={teT: 0(t)=tyand T} := {te T : 0(t) =t'}. Then the map m: Ty x Ty — T,
(a,b) — ab is an isogeny. The subtorus 77 is called a -split torus. We now fix a maximal
g-split torus S < G. Then any maximal torus that contains S is §-stable [88, §1]. We fix
one such a maximal torus 7. Then the quotient S := S/S n G? for G/G? is what is the
maximal torus T for G. Observe that S N GY = {s€ S : s? = e}. Every element of finite
order is semisimple, hence, a central element in characteristic 0. Since G is semisimple,
we see that S is a finite quotient of S. The character lattice of the torus S is given by

O(S) ={x—0(x): xeO()}.
We set

R:={8-0(8)eO(S): BeRamn) (10.6)
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It turns out that R is a root system, which is naturally associated with the pair
(G/G?,S/S n G?). We will explain this in more detail.

Since S is a quotient of S, the character group of S is a sublattice of the character
group of S. In other words, we have O(S) < O(S). Let res : O(T) — O(S) denote the
homomorphism that is defined by restricting the characters of T" onto S. Let Ry denote
the roots of (G,T) that are fixed by the induced involution f : R — R. Let R; := R\Rq.
The image res(R;) < O(S) turns out to be a not necessarily a reduced root system; this
is shown by Richardson in [71, §4].

Definition 10.7. The root system res(Ry) is called the restricted root system of G/K
relative to (7, .9).

We will see below that res(R1) = R. Let S denote the set of simple roots that is defined
by RT, and let S; denote the intersection S n R;. Finally, the set S := res(8;) is a set
of simple roots for the restricted root system R = res(R;). The elements of S are called
the restricted simple roots. Furthermore, it turns out that [71, §4] the Weyl group of R,
denoted Wy, is given by

Wo = Ng(S)/Za(S),
where N¢(S) denotes the normalizer of S in G, and Zg(S) is the centralizer of S in G.
This Weyl group is called the little Weyl group of the symmetric space G/K. It naturally

acts on HO(G/K). We will show below that the valuation cone V(G/K) is the domain
of transitivity for the action of Wj.

Let us explicitly identify the restricted simple roots in terms of the simple roots of
(G, B,T), where B is a 6-stable Borel subgroup. To this end, let us set

So :={f1,..., Bk} and Sy :={a,...,q5}.
We will denote the corresponding fundamental dominant weights of R by the sets
{¢1,.-.,C} and {wi,...,w;}.
Note that QN is an invglution on the set of indices {1,...,j}. Then, under the induced
involution 6, we have 0(w;) = —wg, forie {1,...,j}. Let | denote the number of orbits

of 6 on {1,...,7}. Then the restricted simple roots are given by
1 .
res(a;) = i(ai —6()) (ie{1,...,1}). (10.8)
Note that (10.8) proves the equality res(R;) = R. From now on, we will use the notation
@; to denote the restricted simple root res(a;) for i€ {1,...,1}.

For the sake of giving an ‘explicit’ example, let us describe the restricted root system
of the symmetric space (G x G)/diag(G). We set G := G x G. The involution on G is
given by 6 : (x,y) — (y,x), where (z,y) € G x G. The maximal torus T :=TxT c GxG
is O-stable. The maximal split torus is given by S := {(s,s71) : s € T}. The character
group of T is O(T) x O(T), and the character group of S is {(x, —x) : x € O(T)}. Let
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{a1,...,a;} be the set of simple roots of G with respect to (G, B,T). It is now easy to
check that the restricted simple roots of (G x G)/diag(G) are of the form
1
(a;,0) = (0, —a;) = 5(0@, —a;) (1ef{1,...,1}). (10.9)
We conclude from (10.9) that the restricted root system of (G x G)/diag(G) relative to
(T x T,diag(T")) and the ordinary root system of G relative to T' are isomorphic root
systems.

The anti-dominant Weyl chamber of (G, B,T) is the cone spanned by the negatives
of the simple coroots. Then in the notation of the previous paragraph, it is the cone
spanned by {—8y,..., =By, —ay,...,—a) } in HO(T) The anti-dominant Weyl cham-
ber of (G/G?,S/S nG?) is given by the image of this cone in HO(S). In [89] by Vust and
in [43] by Knop, it is shown that this image is equal to the cone spanned by the negatives
of the restricted simple coroots.

Proposition 10.10. Let S := {@7,...,q;} denote the set of restricted simple roots of the
symmetric space G/G?. Then the anti-dominant Weyl chamber of G/G? is given by

AG/G% = {f e HOS) : {f, @) <0 foralliec{1,...,1}}.

Proof. We will sketch the idea of the proof due to Knop [43]. Let us denote by Wy the
Weyl group of R. Then the dominant Weyl chamber as well as _'the anti-dominant Weyl
chamber of R are fundamental domains for the action of Wy on O(S). Now let us denote

by N(O(S)) the stabilizer in W of the sublattice O(S) = O(T), and let us denote by
W(O(S)) the group of automorphisms of O(S) induced by N(O(S)). Then we see that
Wo = W(O(S)). In [16], Brion shows that there is a subgroup Wean < W (O(S)) which
is generated by reflections and such that V(G/K) is a domain of transitivity for its ac-
tion. Let M denote the C-algebra of K-invariant polynomial functions on Lie(G)/Lie(K).
By [42, Korollar 7.2], we know that M is isomorphic to W, g-invariants in the coordinate
ring C[S]. But M is canonically isomorphic to the C-algebra of Wy-invariant polynomial
functions on Lie(S). It follows that C[S]"We/# ~ C[S]"e. This argument shows that
the groups Wg, g and Wy are isomorphic. In particular, their domain of transitivity are
equal. Therefore, V(G/K) is equal to the anti-dominant Weyl chamber of the restricted
root system R. O

Finally, we will mention another result of Vust which describes the evaluation-of-
valuation map on the colors of a symmetric space. A symmetric space G/K is said
to have a hermitian type factor if the center of the normalizer of K in G has positive
dimension.

Proposition 10.11. (89, Proposition 1]) Let S := {@7,...,a;} denote the set of re-
stricted simple roots of the symmetric space G/G?. Then under the map £ : F(G/K) —
HO(G/K) the colors are mapped onto the negatives of the simple coroots of R. If G/K

does not have a hermitian type factor, then £ is injective. Otherwise, the fibers of £ may
contain two colors.
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Finally, we want to mention that it is possible to construct some interesting affine
embeddings of symmetric spaces by using reductive monoids as in [22]. There are many
open questions in that direction.
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11. Problems and Solutions

11.1. The first exercise set and hints for their solutions

(1)

(2)

Let G,, denote the multiplicative group of nonzero complex numbers, C*.

(a) Show that G,, is a complex algebraic group.

(b) Show directly by using the definition of a complete variety that G is not a
complete variety.

The n-th complex unitary group, denoted by U, (C), is defined by
U,(C) ={geGL,(C): g =g"},

where the bar on a matrix g = (g;;) means that we are taking the complex-
conjugates of the entries of that matrix. (The “T” stands for the transpose.)
(a) Show that U;(C) is a real Lie group.
(b) Show that U;(C) is not a complex Lie group.
(c¢) Show that for every n € Z* the n-th complex unitary group is not a complex
Lie group but a compact real Lie group.
(d) Show that the complexification of U, (C) is GL, (C).

The n-th complex special unitary group, denoted by SU,,(C), is defined by
SU,(C) ={ge U,(C) : detg=1}.

(a) For n € Z%*, determine the anti-holomorphic involution 7 : SL,(C) —
SL,,(C) for which the fixed subgroup is SU,,(C), In other words, show that

SL,(C)" :={ge SL,(C) : 7(g9) = g} = SU,(C).

Conclude that the complexification of SU,,(C) is SL, (C).

(b) For n = 2, determine the equations of the six dimensional differentiable
manifold SLy(C) viewed as a submanifold of Mat,(C) =~ C*.

(c¢) Determine the cotangent bundle of SU3(C). Compare it with SLo(C).

Let A be denote the image in C? of the holomorphic map s — (e*,e%), s € C.
(a) Show that A is a one-dimensional complex Lie group.
(b) Show that A is not a complex algebraic variety.

Recall that an abelian variety is a complete algebraic group. Recall also that
the complexification of every compact real matrix Lie group has the structure of
a complex reductive algebraic group. Explain why we cannot readily apply this
method to conclude that every compact complex Lie group has the structure of
an abelian variety.
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Solutions/Hints:

150

(1)

(a) The set C\{0} is open in C. Its coordinate ring is obtained from the coordinate
ring C[z] of C by the localization at z = 0. In other words, G,, is a principal open
subset of C, therefore, it is an irreducible algebraic subvariety of C. To show that
G, is an algebraic group, consider the ring the quotient ring Clz,y]/(zy — 1),
where x and y are two algebraically independent variables over C. Check that R
is a finitely generated integral domain. Thus, the prime spectrum X := Spec(R)
is a reduced, integral, and separated scheme of finite type over C. In other words,
X is an affine variety. Note that the geometric points of X, that is the spectrum of
maximal ideals of R, can be identified with the set {(z,y) € C?: zy = 1}. We can
identify G,,, = {s€ C: s # 0} as an algebraic variety with {(z,y) € C*: zy = 1}
via the map ¢ : G,,, — {(z,y) € C*: zy = 1},  — (,y), where y € C is such
that xy = 1. (The map ¢ is an invertible polynomial map, where the inverse
map is given by the first projection.) Note that X has a natural algebraic group
structure, where the group operations on {(z,y) € C?: xy = 1} are given by

m: X xX—->X

((z,9), (@', y) = (z2', yy")

and

1: X > X

(z,y) = (y, ).
Clearly m and ¢ are polynomial maps on X. Since ¢ is an abstract group iso-
morphism and an invertible polynomial map, the algebraic group structure on X
gives the algebraic group structure on G,,. (b) Let X denote, as in the previous
part, the curve {(z,y) € C?>: 2y = 1} € C x C. Then X n (C* x C) is a closed

subset of C* x C. Show that the second projection 7 : C* x C — C maps X to a
non-closed subset of C.

(a) We leave this to the reader.

(b) The unit circle is not a complex manifold.

(¢) The determinant function det : Mat, (C) — C is a holomorphic map. As-
sume that U(n) is a complex manifold. Then we find det(U(n)) = U(1) is a
complex manifold, which is absurd. We leave checking that U(n) is a Lie group
to the reader. To see that U(n) is compact, use the standard metric Check that
det(U(n)) = U(1). By the previous part we obtain a contradiction. To show
that U(n) is compact, first, observe that the map g — +/g'g defines a norm
function on Mat, (C). Verify that U(n) is bounded under this norm. Use the
same norm function to conclude that U(n) is a closed subset as well. Finally use
the Heine-Borel Theorem.

(d) The map o : GL,(C) — GL,(C), o(g) := (g")~! is an anti-holomorphic
involutory automorphism of GL,, (C). The fixed point set of ¢ is exactly U, (C).
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3)

) Use the solution of part (d) of the previous problem.
) Left to the reader.
)

c¢) Left to the reader.

(a
(b
(
(4) (a) The map s — (e*, €%) is an injective holomorphic map; its image is a complex
manifold. It is easy to check that the image of this map is a group with respect
to entrywise multiplication.
(b) Verify that there is no polynomial function in two variables f(z,y) € C[z,y]
such that f(e®,e®) = 0 for every s € C.

(5) A compact complex Lie group of dimension > 1 does not admit a holomorphic
embedding into matrices. Therefore, we cannot readily apply the technique of
polynomial invariants to separate orbits to conclude that a compact complex Lie
group is an algebraic group. As we mentioned in the notes, a compact complex
Lie group has the structure of an algebraic variety if and only if it admits an
embedding into a projective space via its meromorphic functions.

11.2. The second exercise set and hints for the solutions

(1) Show that the dimension of a complex semisimple algebraic group is at least 3.

(2) Explain why a finite group is an algebraic group. Show that a finite group consists
of semisimple elements only.

(3) Calculate the group of algebraic characters of the following groups:
) The cyclic group of order n.

) The symmetric group S,,.

) The alternating subgroup A,, € S,,.

) The n-dimensional complex torus.

) The general linear group GLy(C).

)

(a
(b
(c
(d
(e
(f) The special linear group SLo(C).

[0 b ¢
(g) P= 0 d e|eGL3(C)
0 f g
ailr a2 a3 a4
0 a2 a3 axy
(h) @ = 0 a3 aszz as € GL(C)
0 0 0 aq4
1 b 0
(i) H = 0 1 0]eGL3(C)
0 0 g

(4) Which of the groups in the previous exercise are simple, semisimple, or reductive?
(5) Determine the Picard group of P".

(6) Determine the Picard group of the Grassmann variety of 2 planes in C*.
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Show that GL,(C) is not simply connected in the Hausdorff topology. Show
directly that GL,,(C) is not algebraically simply connected.

Let G be a complex semisimple algebraic group. Determine the equivariant Picard
group Picgxg(G), where G x G acts on G as follows:

(9;h) -z =gzh™"  (g,h,z€@).

Solutions/Hints:

152

(1)

The complex semisimple algebraic groups are parametrized by their root systems.
The number of simple roots in the root system of a complex semisimple algebraic
group is equal to the dimension of the maximal torus. The root system with the
smallest number of roots is Ay; the corresponding group is either SLy(C) (the
simply connected one) or PGL2(C) (the adjoint one). Both of these groups are
three dimensional.

For the first part show that a finite set of points is an algebraic set. For the second
part of the question, a semisimple element means a diagonalizable element. Let
m be the order of an element g € G in a finite group. Then the characteristic
polynomial is given by =™ — 1.

The image of an algebraic character is a subgroup of C*, hence, it is an abelian
group. If G is a finite group, then show that the image of an algebraic character
of G is contained in the unit circle in C*. In particular, the image of an algebraic
character is an abelian group.

(a) If G is a cyclic group, show that the group of algebraic characters of G is
isomorphic to G itself.

(b) (Hint for n = 5.) Let ¢ : S,, — C* be a homomorphism. The restriction
of ¢ to any (normal) subgroup H < S,, is a homomorphism of that subgroup.
Since A4,, is a normal subgroup, and since |4, is trivial by part (c), we see that
¢ factors through S,,/A, which is a cyclic group of order two. Conclude from
part (a) that S, (n > 5) has only two algebraic characters. Can you identify the
nontrivial homomorphism?

(¢) (Hint for n = 5.) The alternating group A,,, where n > 5, has no nontrivial
normal subgroups. This means any homomorphism from A,, is either an isomor-
phism or it is trivial. Since the image of an algebraic group homomorphism is
abelian, the only algebraic character of A,, (n = 5) is the trivial character.

(d) (Hint for n = 1. The general case is obtained from this case by direct prod-
ucts.) Let ¢ : C* — C* be an algebraic group homomorphism. Show that there
exists m € Z such that p(z) = 2™ for every z € C*. Therefore, ¢ is uniquely de-
termined by the integer m. Check that the assignment ¢ — m is an isomorphism
between the group of algebraic characters of C* and the additive group of integers.
(f) The special linear group SL2(C) is a semisimple group. We showed in the text
that such a group does not have any nontrivial characters.
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(e) Let Z denote the center of GL2(C). Observe that the center of SLy(C)
is an order two cyclic subgroup of Z. Convince yourself GL2(C) is isomor-
phic to (SLo(C) x Z)/Z¢, where Zg is the diagonal copy the center of SLy(C)
in SLy(C) x Z. By part (f) we know that SLo(C) has no nontrivial algebraic char-
acters. Therefore, an algebraic character of GLy(C) is completely determined by
its center, which is isomorphic to C*. It follows from part (d) that the group of
algebraic characters of GLy(C) is isomorphic to (Z, +).

(g) Since P contains the Borel subgroup of upper triangular matrices, it is a
parabolic subgroup. Therefore, it has a decomposition of the form LR, (P),
where L is a maximal reductive group, and R, (P) is its unipotent radical. Since
unipotent subgroups have no nontrivial algebraic characters, we see that the group
of algebraic characters of P is isomorphic to the group of algebraic characters of
L. In our case, L is of the form GL; (C) x GL2(C); the factors are diagonal square
matrices that we can fit into P. Recall that an algebraic group G can be written
as a semidirect product of By using the previous parts, we see that the group of
algebraic characters of P is isomorphic to Z2.

(h) Similarly to the previous part, in this part also, we observe that the group
of algebraic characters of @ is isomorphic to the group of algebraic characters of
GL;(C) x GL3(C) x GL;1(C), which is isomorphic to Z3.

(i) Show that H is isomorphic to the direct product G, x G,,. Therefore, its
group of algebraic characters is Z.

Left to the reader.

Projective spaces are Grassmannians. The solution of this exercise follows from
the solution of the next one.

The Grassmann variety of k-dimensional vector subspaces of C™ is isomorphic to
SL,,(C)/P, where P is the maximal parabolic subgroup,

P= {[61 ;] : Ae GL,(C), B e GL, _¢(C), det(A)det(B) = 1}_
Use Theorem 3.8 to show that the Picard group of SL,,(C)/P is isomorphic to the

group of algebraic characters of P. Show that this character group is isomorphic
to Z.

Assume GL,,(C) is simply connected. Then the homomorphism det : GL,,(C) —
G, lifts to a surjective homomorphism to the universal cover of G,, which is G,.
This would mean that GL,,(C) has a nontrivial normal unipotent subgroup which
is absurd.

Since G is isomorphic to (G x G)/diag(G), by Theorem 3.6 we see that
Picgxc(G) = O(G). Since G is semisimple, O(G) is trivial.
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11.3. The third exercise set and hints for the solutions

For the next four problems the following notation is fixed: let G denote SL3(C), let
B denote the Borel subgroup of upper triangular matrices in GG, and let T' denote the
maximal diagonal torus in B.

(1) Compute the weight lattice of (G, B,T).

(2) Compute the Weyl group W of (G,T).

(3) Let {w1, s} be the set of fundamental dominant weights of (G, B,T). Compute
the W-orbits of w; and wj + ws.

(4) Let W denote the vector space of 3 x 3 skew-symmetric matrices on which G acts
by the congruence action:
g-A=gAgT (ge G, AeW).
Show that W is an irreducible representation of G. Find the highest weight of W.

For the next three problems the following notation is fixed: let G denote SLo(C), let
B denote the Borel subgroup of upper triangular matrices in G, and let T denote the
maximal diagonal torus in B.

(5) Find the character group O(B) of B.
(6) Let V denote the two dimensional complex vector space of 2 x 1 column matrices

on which G acts by matrix multiplication. Compute the weight lattice of V' in
O(B).

(7) For each n € Z* find an irreducible rational representation V' of G such that
dimV = n. Show that in each dimension, there is exactly one irreducible repre-
sentations of G.

Solutions/Hints:

(1) Let (G, B,T) denote (SL3(C),B3(C), T5(C)), where B5(C) is the Borel subgroup
of upper triangular matrices in SL3(C) and T3(C) is the maximal diagonal torus
in Bg(C)

The root system R of (G, B, T) is the following set of algebraic characters:
{£an, 2ag, £(on + az)} © O(T) = 77,
where a1 and a» are the characters
Oél(diag(thtz,tg)) = tl/tz and Oél(diag(tl,tg,tg)) = tg/tg,
where diag(ty,to,t3) € T.

We will view R inside the euclidean space O(T) ®z Q, and we will use the
additive notation. The latter convention conforms with the standard practice
of constructing a root system by using the differentials of algebraic characters.
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Thus, if €1, €2, and €3 denote the standard coordinate functionals on Lie(T'), then
we can identify day; = €1 — €2 and das = €9 — £3. Although this transition is
not necessary, it makes the computations more visual; we can view R as a set of
vectors on the hyperplane 1 + 3 + €3 = 0 in O(T) ®z Q. In other words, R can
be identified with the following configuration of six vectors in the plane:

Qg = &2 —€3
Qp =¢&1 — &2

F1GURE 11.1. The root system of SLs.

Since SL3(C) is a simply connected algebraic group, its weight lattice is iden-
tical with the following (abstractly defined) sublattice of O(T") ®z Q:

(xe O ®zQ: (x,ay e Zforie{l,2}} =~ O(T). (11.1)

Here (, ) is the pairing defined by (o, 8) = 2(cv, 8)/(8, B) for every a, 8 € O(T) Ry
@, and (,) is an inner product that is invariant under all reflection operators
defined by the elements of R. (In fact, if we identify the plane in Figure 11.1 by
Q?, where o lies on the z-axis, then the usual dot product can be used in place of
(,)). The weight lattice (11.1) is generated by the fundamental dominant weights
wy and wsy which are defined by

2(’[Ei,04j) _ 1 le:],
(0, 05) 0 otherwise.
In particular, we have w; L «a; for 1 < ¢ # j < 2. This means that, the

fundamental dominant weight oy (resp. tws) is contained in the hyperplane Ho
(resp. in Hj), which is drawn by the dashed line in Figure 11.2 .

Since (w1, 1) = %(al,al) > 1, the angle between w; and «; is acute. This

implies that the angle between oy and «; is 7/6. Likewise, the angle between w,
and ap is m/6. It remains to calculate the length of @, (i € {1,2}). The equation
(w1,01) = %(oq,oq) is equivalent to |y ||aq ]| cos(m/6) = %|a1\2, or,

V3J@ | = Joul.
Of course, in A,, all roots have equal length. Therefore, we find
V3J@| = |oa| = |as| = V3|w@al.

We place these vectors in Figure 11.3.
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FicUrRE 11.3. The fundamental weights of SLs. The ratio of lengths

lov1| /|1 ] is /3.

FIGURE 11.4. The fundamental circle of SLs.
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At this point, we gathered sufficient information to draw the lattice spanned
by w; and ws in O(T) ®z Q. But we want to further analyze the elementary
geometry of these vectors in relation with the root vectors. So, we draw a circle
of radius || centered at the origin in Figure 11.4, and then we connect the roots
ay and as by a line segment.

(2) The answer is S3. The generators are the reflection operators with respect hyper-
planes H; and Hs that we draw in Figure 11.2.

(3) Answers:
(a) S3 - = {wl, —w2, %(—wl + WQ)}
(b) Ss - (w1 + WQ) = {"_‘O[l, +as, i(Otl + Otg)}.

(4) Assume towards a contradiction that W is not irreducible. Since it is a three
dimensional vector space, there exists a one dimensional subrepresentation of
W. Now show that SL3(C)-action on skew-symmetric 3 x 3 matrices does not
fix a line in W. This contradiction shows that W is an irreducible SL3(C)-
module. Alternatively, first show that W is isomorphic to the second exterior
power of C3, and the action on W is equivalent to the induced action of SL3(C) on
A?C3. Notice also that A*C3 is isomorphic (SLz(C)-equivariantly) to the dual
of the standard representation C3 of SL3(C). In other words, the contragradient
representation of SL3(C) on C? is given by A*(C?). Since the highest weight of
the former representation is wy, the highest weight of its dual is given by ws.

Let G denote SLo(C). Let B denote the Borel subgroup of upper triangular matrices
in G and let T denote the maximal diagonal torus in B.

(5) The group of algebraic characters of B is equal to the group of algebraic characters
of its maximal torus, which is T =~ G,,,. Therefore, O(B) = Z.

(6) The coordinate ring of C? is R := C[x,y]. It decomposes as @,,-, Rn, where R,
is the subspace that consists of homogeneous degree n polynomials in the variables
z and y. Check that R, is an irreducible representation of highest weight n and
dim R, = n + 1. Therefore, the weight lattice of C2 in O(B), which is generated
by all of the highest weights that appear in its coordinate ring, is equal to O(B)

(7) The solution of this problem follows from the solution of (2).
11.4. The fourth exercise set and hints for the solutions

(1) Consider the natural action of GL, on the n — 1 dimensional projective space
P! Let A : G,, — T be a 1-psg of the n-dimensional diagonal torus T < GL,,.
What can you say about the fixed points of the action of A\(G,,) on P"~1? If
n = 2, then how many \(G,,)-orbits are there in P'?

(2) Prove that P! is isomorphic to GLa/B, where B is the Borel subgroup of upper
triangular matrices in GLo.
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Prove that GL2/B =~ SLy/By, where By = B n SLs.

Let Ty be a maximal torus in Bg, where By < SLs is as in the previous example.
(a) Show that SLy/Ty is an affine variety.
(b) Show that SL2/Ty is a spherical variety.
Let By be as in the previous example.
(a) Compute the unipotent radical Uy of By, and show that SL2/Uj is a spher-
ical variety.
(b) Show that SL2/Uj is a quasi-affine variety.
(c) Explain why SLs/Ujy is not an affine variety.

Show that SL,,/U, where U is the unipotent radical of a Borel subgroup of SL,,
is a spherical variety.

Let T denote the maximal diagonal torus of SLs.
(a) Prove that SL3/ Ty is an affine variety.
(b) Prove that SL3/Ty is not a spherical variety.

Solutions/Hints:
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(1)

If X is a regular 1-psg, that is to say A is of the form A(t) = (¢*,...,t%), for
some integers aq,...,a, such that a; < as < --- < a,, then the fixed point set
of A(G,,,) has exactly n + 1-fixed points. Check that, for n = 2, a regular 1-psg
A : G,, — T has only two fixed points and an open orbit in P'.

. . .1
Let x denote the point of P! that is represented by the 2 x 1 matrix [0] . Compute
the stabilizer of z in GLs.

SL, is the semisimple part of GLy. The difference between these two groups is
the central torus of GLy. At the same time, the center of a reductive group G is
contained in every maximal torus 7" in GG. Therefore, the difference between the
Borel subgroups B ¢ GLs and By © SLs is that central torus. It follows that
the quotients GLy/B and SLy/Bg are equal.

Let Ty denote the maximal diagonal torus in the Borel subgroup Bg of upper

triangular matrices in SLo.

(a) We begin by noticing that dim SLy/Ty = 3 — 1 = 2. The coordinate ring
R of SLs is given by k[xz1, 22, 23,24]/(det X — 1), where X = [i; Z]
The right action of Ty on SLsy induces the action Ty : R that is given
by t-x; = tx; for i € {1,2} and t-x; = t~'x; for j € {3,4}, where we
view t as the diagonal matrix diag(t,z~!). Then the Ty-invariants of R is
a finitely generated k-algebra, denoted by RTo. The k-algebra generators
of RTo are given by z1x4 and xax3. Let Y denote the affine variety YV :=
Spec k[w124, vow3] = Spec(RT?). Clearly, we have dimY = 2. Now since
k[G/H] = k[G]*, RT° is the coordinate ring of SLy/Ty. At the same time,
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since dimY = 2 = dim SLy/Ty, we see that the spectrum of the ring of
invariants is exactly the quotient SLy/Ty.

(b) An affine G-variety X is spherical if and only if X /U is a toric variety [19,
Theorem 2.14] In our case, X = SLy/Ty. Since X/U is isomorphic to
SL,/By, and since P! =~ SL,/Bj is a toric variety for the action of Ty,
SLy/Ty is a spherical variety.

(5) We leave part (a) to the reader. For part (b), observe that SLy acts on C?\{0}.
The stabilizer of the point (1,0) is exactly U. Verify that SLy - (1,0) = C?\{0}.
Finally show that C2\{0} is not an affine variety but a quasi-affine variety.

(6) Hint: The Bruhat-Chevalley decomposition.

(7) The solution of the problem uses arguments that are similar to those used in the
solution of Problem 4.

12. Appendix: k-structures

Many of the concepts that we discussed in these lectures are sensitive to the choice
of the underlying field of definitions. In this section we will briefly review the concepts
that make it possible to transfer (mostly by restring or extending) geometric structures
defined over different fields. Our basic reference for this section is Springer’s book [80],
especially its Chapter 11.

For now, let k£ be an arbitrary field. Let K be a field extension of k. Let V' be a vector
space over K. Then V becomes a vector space over k as well. A subspace Vj of V is
called a k-form of V if there is a k-basis of 1 that is also a K-basis of V.?? For example,
a polynomial ring k[z1,...,z,], viewed as a k-vector space, is a k-form of K[z1,...,x,].

Now let Vg be a k-form of V| and let U be a K-vector subspace of V. Then U is said
to be defined over k with respect to Vy if it is spanned by some vectors from V{. In this
case, Uy := Vy n U becomes a k-form of U.

Example 12.1. Let My be a subset of k™ defined by a set of polynomials S from
k[z1,...,2,] as follows:

My:={aek™: f(a)=0 for every f e S}. (12.2)
Since S is also a subset of K[z1,...,2,], we can consider the set

M:={beK": f(b)=0 forevery f e S}.
Let Iy (resp. I) denote the ideal of all polynomials f e~k[:v1,...7xn] (resp. f e
K|z1,...,z,]) such that f(a) = 0 for every a € My (resp. f(b) = 0 for every b € M).
Clearly, Iy is a k-vector space, and I is a K-vector space. It is easy to verify that

I = K ®y Iy. In other words, Ij is a k-form of I. For this reason, M is said to be defined
over k. Also, My is called a k-form of M.

29Equivalently, the inclusion map Vj — V extends to an isomorphism Vp @ K — V.

159



CAN

Next, we will briefly discuss the role of the Galois group of the field extension K /k.
For simplicity, let us assume that K is a finite extension of k. Let us denote by Aut(K /k)
the group of all field automorphisms o : K — K such that o(z) = z for every z € k.
If the k-vector space dimension of K is equal to the order of Aut(K/k), then the field
extension K/k is called a Galois extension. In this case, Aut(K/k) is called the Galois
group of the extension, K/k. For example, the field C is a Galois extension of R with
Aut(C/R) = Z/27Z, where the nontrivial automorphism is given by the map z — z, z € C.

We proceed with the assumption that K/k is a Galois extension. Let T' denote
Aut(K/k). Let Vi be a k-vector space. We set V := K ®; Vy. Then there is a nat-
ural action of I' x V.-V, (g,a ® vg) — o(a ® vg), where

ola®ug) :=o(a) ® vy (a € K,vg eV, cel).

Example 12.3. We continue the previous example. Let K /k be a Galois extension with
Galois group I'. Then T operates on K[z1,...,z,] in an obvious manner by acting on the
coefficients of polynomials. Let S” < K[xz1,...,x,] be a set of polynomials. Then the al-
gebraicset M = {be K™: f(b) =0 for every f € S’} is defined over k if and only if the
ideal I generated by S” in K[x1,...,x,] is stable under the action of I'. Let Iy denote the
ideal Ink[z1,...,2,]. Then My ={ack™: f(a) =0 for every f € Iy} is a k-form of M.

Let ¢ : M — Y be an algebraic map between two algebraic sets M < K™ and Y < K™.
We say that ¢ is defined over k, or is a k-morphism if o*k[Y] < k[M]. Here, k[Y] (resp.
k[M]) is the algebra of k-valued functions on Y (resp. on M).

We now define the forms of an extension. Let K be a Galois extension of k such that
K < k, where k is an algebraic closure of k. Let My and M be as in Example 12.2. A
K-form of My is an algebraic set Y < K™ such that

(1) Y is defined over k,

(2) Y is isomorphic to M via a K-morphism.
It is natural to wonder how many such Y’s are there? Equivalently, is there a good
description of the set of k-isomorphism classes of K-forms of My? Let ¢(K /k, My) denote
this set.
Proposition 12.4. Let Autx (M) denote the group of K-algebra automorphisms of K[M].
Then T naturally acts on Auty (M). Furthermore, there is a bijection between ®(K /k, My)
and the group cohomology set, H* (T, Autgx (M)).

A proof of the previous proposition can be found in [80, Proposition 11.3.3].

Example 12.5. Let us determine how many complex forms of the affine real space R™
there are. Let I' denote Z/2Z, the Galois group of C/R. Clearly, a C-form of R"™ is
given by C™. Let A denote the coordinate ring of C™. It is naturally isomorphic to the
polynomial ring C[z1,...,z,]. The C-algebra automorphism group of A is the complex
general linear group GL,,(C). It is well-known that H!(T', GL,,(C)) = 1. Therefore, there
is only one complex form of R™; it is given by C™.
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