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Moduli of Lagrangian immersions with formal
deformations

Hansol Hong and Siu-Cheong Lau

ABSTRACT. We introduce a joint project with Cheol-Hyun Cho on the construction
of quantum-corrected moduli of Lagrangian immersions. The construction has im-
portant applications to mirror symmetry for pair-of-pants decompositions, SYZ and
wall-crossing. The key ingredient is Floer-theoretical gluing between local moduli
spaces of Lagrangians with different topologies.

1. Introduction

Moduli theory for vector bundles has been very well established. The groundbreak-
ing discovery of Donaldson [Don85] and Uhlenbeck-Yau [UY86] built a deep connection
between stability and canonical metric.

Theorem 1.1 ([Don85, UY86]). A slope-semistable holomorphic vector bundle admits a
Hermitian Yang-Mills metric.

Stability conditions and GIT were essential to the construction. In general terms,
Bridgeland [Bri07] developed a general mathematical theory of stability conditions for
triangulated categories based on Douglas’ work [Dou02] on II-stability on D-branes in
string theory. Foundational techniques have been developed in [Bri08, Tod09, BMT14] to
construct stability conditions for derived categories of coherent sheaves. One remarkable
feature of the theory is that, if we vary our choice of a stability condition, then the
moduli spaces of stable objects undergo birational changes [Bri02], and they are related
by Fourier-Mukai transforms.

We are working to develop a moduli theory for Lagrangians. According to homo-
logical mirror symmetry [Kon95|, coherent sheaves on a complex manifold are mirror to
Lagrangian submanifolds in its mirror symplectic manifold. Thus there should be a mirror
moduli theory for Lagrangian submanifolds.

The following lists some ingredients that are new to the moduli theory for coherent
sheaves.

(1) Complexification. The classical moduli spaces are affine manifolds with singu-
larities [Hit97, McL98]. To get better compactifications, we need to complexify
the moduli spaces by considering flat connections or other boundary deforma-
tions on the Lagrangians. Technically we need to work over the Novikov ring
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[FOO009, FOOO10]

Ay = {Z a; T4 | A; > 0 increase to + 0o, a; € (C} ,
i=0
[ee]

Ay = {ZaiTA” A; > 0 increase to + oo, a; € (C} ,
i=0

A = {Z a; T | A; increase to + 00, a; € (C} ,

i=0

A = C @A

They are equipped with the valuation function

val : ZaiTA" — Ap and val(0) = +o0.
i=0

The moduli are rigid analytic spaces.

(2) Quantum corrections. The canonical complex structures need to be corrected
using Lagrangian Floer theory [FOOO009]. For moduli of SYZ fibers, the com-
binatorial structure of quantum corrections was deeply studied by Kontsevich-
Soibelman [KS06] and Gross-Siebert [GS11].

(3) Landau-Ginzburg models. After compactification, the moduli are usually
singular algebraic varieties. They can be described as critical loci of holomorphic
functions which are known as Landau-Ginzburg models. Orlov [Orl09] found the
theory of matrix factorizations for Landau-Ginzburg models. More generally we
may encounter noncommutative Landau-Ginzburg models [Boc16, CHL].

(4) Singular Lagrangians. Geometrically singular Lagrangians (or even isotropic
skeletons) can appear as limits of smooth Lagrangians. They are still not yet
very well understood. Kontsevich [Kon] proposed to study them using cosheaves
of categories. Nadler [Nadl7] is developing a study of arboreal singularities to
classify them. We need to understand what objects these singular Lagrangians
correspond to in the Fukaya category.

A particularly important class of examples is the moduli of fibers in a Lagrangian
torus fibration. Strominger-Yau-Zaslow [SYZ96] conjectured that torus duality produces
mirror geometries. Family Floer theory is the key ingredient to derive homological mirror
symmetry in the SYZ setting. The theory was proposed by Fukaya [Fuk02] to study
mirror symmetry by using Floer cohomologies of fibers of a Lagrangian torus fibration.

Tu [Tuld] took this approach to construct mirror spaces away from singular fibers.
Abouzaid [Abol7] constructed family Floer functors for torus bundles and showed that
the functor is fully faithful. The famous Fukaya trick plays an important role, which
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relates Floer theories of different fibers by isotopies of A..-algebras. However singular
Lagrangian fibers place a major difficulty to understand SYZ and family Floer theory.

Lagrangian immersions are the best singular Lagrangians in the sense that they still
have a well-defined Floer theory by Akaho-Joyce [AJ10]. In [CHL17, CHKL17, CHL], we
constructed mirror geometries as the local moduli of Lagrangian immersions and derived
homological mirror symmetry.

In the study of SYZ, the immersed two-sphere in (a) of Figure 1 is particularly interest-
ing, since it (or the product with a torus) is the main source of wall-crossing phenomena.

Furthermore, it is hoped that any object in the derived Fukaya category can be given
as a Lagrangian immersion; in particular any singular Lagrangian is isomorphic (as an
object in the Fukaya category) to an immersion, so that we do not need to tackle singular
Lagrangians other than immersions at alll For instance, Lagrangian immersions in the
pair-of-pants were used by Seidel [Seill] and Sheridan [Shell, Shel5] to prove homological
mirror symmetry for Fermat-type hypersurfaces (see (b) of Figure 1 for such an immersion
in dimension 1).

immersed S? immersed S*!

(b)

FIGURE 1. Immersed spheres

In this expository article, we introduce ongoing joint works with Cheol-Hyun Cho and
with Yoosik Kim, in which we use Floer-theoretical gluing methods to construct moduli
of Lagrangian immersions which are not necessarily tori. Detailed proofs will be given in
a joint paper with Cho and that with Kim.

There are many occasions that non-tori play an important role, for instance in pair-
of-pants decompositions or geometries related to knots. An interesting feature is that
topologies of Lagrangians can jump within the same moduli space. We cannot use the
Fukaya trick because the Lagrangians are no longer diffeomorphic to each other.

There is a technical advantage of having Lagrangian immersions in our moduli. Namely,
immersed sectors provide bigger formal deformation spaces than flat connections. The
deformation parameters associated to immersed sectors lie in Ay (or Ag in good cases),
while flat connections are only C*-valued. (Lagrangian Floer theory does not allow
deformations by A*-connections since it would destroy the energy filtration. We will
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consider them as ‘pseudo-deformations’.) Intuitively A consists of infinitely many layers
of C* in different energy levels. Thus the formal deformation space of an immersion
typically covers a local family of Lagrangians (which can even be singular).

The main idea is to consider pseudo-isomorphisms between Lagrangian immersions in
the moduli and obtain gluing information from cocycle conditions on pseudo-isomorphisms.
This is explained in Section 3. We introduce two applications, namely mirror construction
by pair-of-pants decompositions, and generic wall-crossing in SYZ.

We will present the main ideas and leave the details to separate papers. To begin with,
let’s revisit the most basic example P!, which already contains some essential ideas used
in our later developments. Fukaya-Oh-Ohta-Ono [FOOO010, FOOO11, FOOO016] studied
in depth the Lagrangian Floer theory of toric manifolds and proved closed-string mirror
symimetry.

Example: the two-sphere

Consider P! equipped with the spherical area form (as a symplectic form) and the
meromorphic top-form dz/z. It has an S'-symmetry. The S'-moment map P! — [0, 1]
gives a special Lagrangian fibration.

The classical moduli space of special Lagrangian fibers [McL98, Hit97] is given by (0,1).
The induced affine structure on (0, 1) is trivial. The classical moduli does not capture
symplectic topologies of Lagrangians, for instance the non-displaceability of fibers.

We can complexify the moduli space by decorating the special Lagrangian fibers with
flat U(1)-connections. We have the set

{(fiber, flat U(1)-connection)} = (0,1) x S'.

This is the well-known mirror space [HV, CL10].
Instead of taking the set of special Lagrangian fibers decorated by flat U (1)-connections,
we can take

stable Lagrangian in fiber class, flat Af-connection non-zero) Quasi-isom. 1
0

A ‘stable Lagrangian in fiber class’ is a Lagrangian which is quasi-isomorphic to a spe-
cial Lagrangian fiber. Here we consider quasi-isomorphisms in the Fukaya category, see
Section 3.1. Moreover we enlarge the deformation space for each Lagrangian by taking
A =C*@A,. (Flat C* connections was introduced by [Cho08] to find non-displaceable
Lagrangians.)

The above is simply (0, 1) x A; as a set. Different fibers do not intersect with each other
and hence there is no morphism between them. This is not good enough for understanding
the rigid-analytic structure of the moduli.

Consider the further enlargement

{(stable Lagrangian in fiber class, flat A*-connection)}/(non-zero) Pseudo-isom. (2)

Note that we cannot allow flat A*-connections in the Fukaya category, since it would
destroy the energy filtration and Novikov convergence of the category. Lagrangians
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equipped with flat A*-connections are not really objects in the Fukaya category. How-
ever it is important to consider them for the rigid analytic structure of the moduli space.
We call these to be ‘pseudo-deformations’. We define ‘pseudo-isomorphisms’ between
them formally the same as quasi-isomorphisms, namely morphisms (linear combinations
of transverse intersection points over A satisfying the cocycle condition) that have inverses
up to homotopy. (See Definition 3.2 and 3.3.)

By allowing pseudo-deformations and pseudo-isomorphisms, there are relations be-
tween different fibers. For instance consider the fibers L; and Lo as in Figure 2. Take a
rotation of Ly (which is a Hamiltonian perturbation) and get L. Since L is isomorphic
to Ly, it is stable.

FIGURE 2. Stable Lagrangians in P!.

| intersects Lo at two intersection points («, 3). There are two strips bounded by L
and L,. Note that these two strips have different areas. For a flat connection V; on L],
we have

mY*(a) = T(T* — 1)5

where c¢ is a constant and A > 0 is the area of the cylinder bounded between L and Ls.

TA —t # 0 if t is only allowed to be AJ-valued. Thus there is no morphism between
(L}, V;) and Lo. This is as expected since Lo (equipped with any decoration) is a trivial
object in the Fukaya category, while L] is not. (L}, V) and Lo are different elements in
Equation (1).

We can set t = T4 if we allow it to be AX-valued! Then (o, 3) provides a pseudo-
isomorphism between (L}, V;) and Ly. Thus (L}, V;) (for t = T4 € AX) and Ly are the
same element in Equation (2).

We see that any fibers are pseudo-isomorphic to (L1, V;) for some t € A* (even though
they are not intersecting with each other). The expression (2) equals to A* which has a
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rigid analytic structure. Expression (1) is a subset of Expression (2) and hence equipped
with the induced topology. Indeed it is Ag<val<1 which equals to (0,1) x A as a set.
Expression (1) is not yet the moduli. We have a superpotential W coming from the
mo-term of each element in (1). In this case W = t + T4st~! where the two terms
correspond to the left and the right discs bounded by a fiber (and Ag is the area of
the sphere). The moduli is the Landau-Ginzburg model (Ag_, .-, W), whose critical
locus consists of two points corresponding to two flat connections on the equator which

is non-displaceable. This was deeply studied in [FOOO10].

2. Deformation space of a Lagrangian immersion

We review basic Lagrangian Floer theory, in particular the formal deformation of La-
grangian submanifolds following [FOOO09]. We focus on two specific types of formal
deformation, one by flat line bundles over Lagrangian tori and the other by immersed
generators for Lagrangian immersions. We will also briefly explain immersed Lagrangian
Floer theory by Akaho-Joyce [AJ10].

2.1. Review on Lagrangian Floer theory: formal deformation

Let (X,w) be a symplectic manifold (possibly noncompact). Consider a compact
Lagrangian L in X.

By [FOOO09], we have a gapped filtered Ac-algebra (CF(L,L),{my}r>0) possibly
with a nontrivial curvature mg. For a degree odd (or degree one when L is graded)
element b, one can deform this A,.-structure as follows.

i1 Tht1
b b —— ——
my, (xlv"'axk) = E mk+l(b7"‘,b7$1,b,"',b,l’k,b,"',b). (3)
11, k41
i1t i1 =1

It is easy to see that {m%} defines an A.-algebra [FOO0O09).
We are interested in b which satisfies the following condition so that (L, b) defines an
object of the Fukaya category.

Definition 2.1. b is called a Maurer-Cartan element if
mb =mo(e’) = mo(1) + Y _ my(b,--- ,b) = 0.
k=1

In this case (L, b) is said to be unobstructed.
It is called weak Maurer-Cartan if the right hand side is a (Novikov) constant multiple
of 1;, := PDI[L], in which case (L, b) is said to be weakly unobstructed.

We denote the space of such b’s by MC(L) for Maurer-Cartan elements, and by
MCpear: (L) for weak Maurer-Cartan elements. Note that deformations by different el-
ements in MC(L) could lead to isomorphic objects. We shall identify them in the con-
struction of moduli spaces. Isomorphisms are discussed in Section 3.
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MC(L) can be interpreted as a (formal) deformation space of L. For instance, in the
case of toric manifolds, MC.eqr (L) agrees with the first cohomology of L which encodes
geometric deformation of L (see [FOOO10]).

In case there is no danger of confusion, we will sometimes call MC(L) (or MCyear(L))
deformation space or moduli space, omitting the adjective “formal” in front of them.

2.2. Deformation by C* flat line bundles on L

Instead of using elements in CF (L, L), one can vary the holonomy of a flat line bundle
over a Lagrangian L to deform L (as an object of Fukaya category). More precisely, if
we equip L with a line bundle E with a C*-flat connection V, the A.,-operations on
CF(L, L) are deformed as follows:

I(CL,V)(xl,.,. ) = Z (holasV) my g(x1, - - ,wk)T“(B)
Bems (M, L)

m

where my g is the contribution from holomorphic disks in class § to the original
my-operator on CF(L, L). By considering all possible holonomies, we obtain a (formal)
moduli of objects in Fuk(M) isomorphic to ((Cx)dim]R HI(L;R% which is nothing but the
space of all C* flat line bundles on L modulo equivalence. One can slightly enlarge this
space by considering A*-line bundle, but the holonomy is still required to have valuation
zero (i.e. it should start with nontrivial complex number without 7) so we only have a
slice of (AX)Tm= A (ZR),

In what follows, we will mainly consider Lagrangian tori equipped with a C*-flat line
bundle. Furthermore, we will always choose a special representative of C*-line bundles
whose connection behaves like a delta function. More precisely, for L = R™/Z", we fix
(oriented) hyper-tori H; = ¢; + R{e;) for ¢; € R/Z so that the parallel transport over
a path ~ is given by multiplying zli whenever v runs across H; where the sign in the
exponent is determined by the parity of the intersection v N H;. (See [CHL14] for more
details.)

2.3. Immersed Floer theory

For an immersed Lagrangian L, we consider the boundary deformation induced by
self-intersections. First, let us review Floer theory on L developed by [AJ10]. We assume
that L has transversal intersection only. Let ¢ : L — M be such a Lagrangian immersion.
The Floer complex CF(L, L) is generated by cochains on

Lx, L={(w,y) € Lx L|ufx) =1y}

Notice that each self-intersection point of ¢ gives two distinct generators, which are points
in the off-diagonal component of L x, L. They have the following geometric meaning
in Floer theory. Let A and B be two local branches of L meeting at a self-intersection
point X of «. Then the corresponding generators, say X and X, of CF(L, L) describe
the jumps of the boundary of a holomorphic disk from A to B or from B to A, when we
travel along the boundary in positive orientation.
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If X7 -+, X; denote odd-degree (degree one for L graded) generators from self-intersec-
tion points, we use the linear combination b := Y x; X; to formally deform the Lagrangian
L as in (3) where x;’s are a priori free variables. Namely z;’s are taken from the free
algebra generated by themselves. Here, we fix the convention for A..-operations involving
free variables by setting

mk(xilXil"" ’xlkXZk) = Ty, "'xilmk(Xim"' >Xik)>

i.e. we pull out the coefficients from the back.

Unlike C*-flat connections, not every such linear combination defines a legitimate
deformation, as the Maurer-Cartan equation ., my(b,--- ,b) may impose nontrivial re-
lations among free variables x;’s. Therefore the corresponding deformation space is the
Spec of the algebra generated by z;’s modulo relations from the MC-equation. Note
that this algebra is in general noncommutative, though commutative variables x; solve
MC-equation in most of examples we will consider in this article.

2.4. An example: pair-of-pants

Consider the Lagrangian immersion L from S! constructed by Seidel [Seill] in a pair-
of-pants. See Figure 3. There are three transverse immersed points, giving the immersed
generators X,Y,Z in odd degree and X,Y,Z in even degree. The Floer complex is
F(L,L) =Span{1,X,Y,Z X,Y,Z,pt} as a vector space.

FIGURE 3. Seidel Lagrangian in a pair-of-pants

The following lemma is essential to make sense of the deformation theory (over C).

Lemma 2.1 ([CHL17)). The formal odd-degree deformations b = xX + yY + 27 are
weakly unobstructed for x,y,z € C. i.e. MCyear(L) = C3.

Proof. Consider m§ =, _my(b,...,b) which has even degree. We need to argue that
the coefficients of X,Y,Z are zero. Note that constant polygons do not contribute to
these coefficients: for a constant polygon with an input corner to be X (and its output
corner is one of X,Y, Z, pt), it must have at least one input corner to be X in order to
return to the same Lagrangian branch when we travel along its boundary once. But X
does not appear in b and hence is not allowed to be an input.

16



Moduli of Lagrangians

The two triangles XY Z bounded by L contribute to the Z-output of mq(X,Y) and
ma (Y, X), and other similar terms obtained by permuting X,Y, Z. By dimension reason
only their disc classes contribute to m{. From above there is no constant polygon com-
ponent and so we have exactly one of these triangle components for each contribution.
The areas of these two triangles bounded by L are the same. Following Seidel [Seill], we
take a non-trivial spin structure on L. Then the contributions of the two triangles cancel
with each other. O

We have m§ = W - 11, where W = zyz and 1, is the unit (namely the fundamental
class). In conclusion the moduli space is given by the Landau-Ginzburg model (C3, zyz).
In Section 4 we consider a pair-of-pants decomposition and glue these local spaces together
to form a global moduli.

Remark 2.1. The pair-of-pants can be compactified to an orbifold }P’}l’b’c. In [CHL17,
CHKL17] we used the Seidel Lagrangian L to construct and compute the mirror, and
derived homological mirror symmetry. In an ongoing work with Amorim we are proving
closed-string mirror symmetry along this line. In [LZ15] it was shown that the mirror

superpotential W of elliptic orbifolds (% + % + % = 1) has interesting modular properties.
3. Gluing of formal deformation spaces

We will glue formal moduli spaces of Lagrangians making use of explicit isomorphisms
in the Fukaya category. We first recall the notion of isomorphisms in an A..-category,
and explain how it can be used in our geometric setting in which we have two Lagrangians
whose formal deformations are isomorphic over a certain subset of formal moduli spaces.
At the end of the section, we describe a homotopy model for the B-side category for the
glued formal moduli space following [BBB13].

3.1. Isomorphisms between objects of the Fukaya category

First, we introduce the notion of isomorphisms between two objects in an A,.-category.

Definition 3.1. Let L and L' be two objects in an A.-category C. o € Home (L, L') is
called a quasi-isomorphism if m;(a) = 0 and there exists 8 € Hom¢ (L', L) such that

mao(a, B) =1 +ma(y) and ma(B,a) =1 +mq (')

for some v and 4'. If my(y) = mi(y’) =0, then o (and f) is called a strict-isomorphism
(or simply an isomorphism).

One can easily check that quasi-isomorphisms define an equivalence relation on the set
of objects in C. In particular, the composition of two quasi-isomorphisms (i.e. ma2 of the
two) is also a quasi-isomorphism.

We next examine the gluing of formal moduli spaces for two different (possibly im-
mersed) Lagrangians L and L’ in a symplectic manifold M. For b € U € MC(L) and
b € U C MC(L'), suppose that there is a diffeomorphism f : U — U’ and a quasi-
isomorphism

a: (L,b) — (L, f(b))
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between objects in Fuk(M). In general o may depend on b as well, but here we assume
that « is a fixed element in the vector space @, crnrA{x) for simplicity.
When L and L’ are weakly unobstructed with nontrivial potentials

W Mcweak(L) — Aa W/ : Mcweak(L/) - A7

we further require that W’(f(b)) = W(b) in order to glue two resulting Landau-Ginzburg
models (MCyear(L), W) and (MCyear(L'), W’). In fact, this condition is necessary to
have a quasi-isomorphsm « : (L,b) — (L, f(b)) since the Floer differential ml{’b, on
CF((L,b), (L', b)) for &' = f(b) squares to be zero only under such an assumption, since

(m2)" = W) - W),

3.2. Pseudo-deformations and Pseudo-isomorphisms

To understand the relation between two nearby Lagrangians in the same moduli space,
we have to consider pseudo-deformations and pseudo-isomorphisms. They are not valid
in the Fukaya category. However they provide a way to talk about Lagrangians close to
L (but not isomorphic to L) by formal pseudo-deformations on L. Using this notion a
neighborhood of L in the moduli can be identified as an open subset of A™ and is endowed
with a rigid analytic structure.

Definition 3.2. A pseudo-deformation b of a Lagrangian immersion L is either a flat
A*-connection on L, or a linear combination of degree-one immersed generators of L over
the Novikov field A, which satisfies that mZ""’b converge in Novikov sense for all £ > 0.

Intuitively the Novikov convergence above means that the formal deformation is small
enough so that we can talk about its image under the exponential map. Note that the
above condition concerns L itself only but not any other Lagrangians. In the filtered
Fukaya category we only allow formal deformations by flat A -connections or linear com-
binations of degree-one immersed generators with coefficients in A5 (or A>¢ in better
situations) which ensures Novikov convergence of the whole Fukaya category.

Definition 3.3. Let b,b’ be weakly unobstructed pseudo-deformations on L, L’ respec-
tively. o« € Hom(L,L’) is called a pseudo-isomorphism from (L,b) to (L’,b") if the
Ao-operations mzo""’b’“ for all k£ > 0 (defined in the same way as in the case of for-
mal deformations) converge in Novikov sense where b; can be either b or ¥/, m?’b/ (@) =0
and there exists 8 € Hom(L', L) (with m?/’b(ﬁ) = 0) such that

my" (0 f) = 1p +my(v) and my " (8,0) = 1o +my " (v)
for some ~ and ~'.
(L,b) and (L',¥’) are said to be pseudo-isomorphic to each other if there is a chain of
pseudo-isomorphisms a3 : (L,b) — (L1,b1), as : (L1,b1) — (La2,b2), ...,
(6778 (Lk—l,bk—l) — (L/,b/).
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Conceptually the Novikov convergence above means L, L’ are close enough to each
other in the moduli so that we can compare their pseudo-deformations.

Remark 3.1. As in the example of P! in the Introduction, two pseudo-isomorphisms
may not compose to a pseudo-isomorphism since the my, operations involving the three
Lagrangians with pseudo-deformations may not converge. Thus we need a chain of pseudo-
isomorphisms in the above definition.

3.3. Comnstruction of A, -functor

Given two formal moduli spaces and their gluing data as in the previous section,
we have a B-model category that encodes complex information of glued moduli whose
construction goes as follows. Let D; and Dy be two dg-categories and suppose there are
dg-functors

(bi :D; — E i= 1,2
that land on another dg-category £. Given these data, we have the following new
dg-category which is models the gluing of D; and D5 over £.

Definition 3.4. The homotopy fiber product D; x¢ D5 is a dg-category whose objects
are tuples of the form

(D1,D2, ¢1(D1) > ¢2(D2))
where o is required to descend to an isomorphism on the cohomology level. A morphism
between two objects is given as a tuple
Hom%lstz((DlvD27U)’(D/1>D/2a0'/)) 4
= Homy, (Dy, D}) @ Homi,, (Dy, Db) & Homy ' (¢1(D D; )
= Homp, (D1, D) & Homyp, (D2, D) & Homg ~ (¢1(D1), ¢2(D3)).
A morphism (p1, po, 7) in (4) is closed under the differential if and only if both pq and
o are closed morphisms and 7 is a homotopy between o’ o ¢1(u1) and ¢o(us) o 0.

¢1(D1) ——= ¢2(D2)

¢1(#1)\L \ l¢2(u2)

¢1(D1) — $2(D3)

We will not spell out the dg-structure on D; Xg Dy in further details. See [BBB13] for
the precise definition.

In our geometric situation, D; is the category of coherent sheaves on MC(L;) for
two fixed Lagrangians L; ¢« = 1,2, or the matrix factorization category MF(W;) when
we deal with weak Maurer-Cartan elements and the resulting Landau-Ginzburg model
(MCyear(IL;), W;). For an isomorphism

f U C MC(Ll) — Uy C MC(LQ)
(or between subsets of MCeak(L;)), which underlies a quasi-isomorphism
a: (L1,b1) = (Lo, f(b1)), (5)
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& is either (dg-enhanced) D’Coh(U;) or MF(U;, Wy, ) depending on the situation. The
functors ¢; : D; — £ are naturally induced by the restriction maps in this case.

Theorem 3.1. We have a natural Ay -functor
Fuk(M) — Dl Xe D2
where D; and € are given as in the explanation above.

Let us fix an inverse 8 € CF(ILg, L) of the quasi-isomorphism « given in equation (5).
The functor sends a Lagrangian L € Fuk(M) to a tuple

(CF((L1,b1), L), CF((L2, b2), L), 0 : CF((L, b1), L) = f*CF((La, f(b1)), L))

where b; and by vary over the corresponding formal deformation spaces for the first two
components, and over U and U’ in the third component. Note that both CF((L1,b;), L)
and f*CF((Lq, f(b1)),L)) are bundles over U;. o3 is a map (homotopy equivalence in
Aso-language) defined by
—_——
pE ]Ll NL— Z :l:mi+j+2(bl7 e 7b/vﬁvb7 e 7b7p)'
i,j>0

Precise sign rules and the construction of higher components of the functor (as well as
the proof of the theorem) will appear in a separate paper. Throughout the article, we will
only study the (formal) moduli spaces of Lagrangians themselves, and will not discuss
these functors further.

We remark that one can also consider gluing of more than two charts using the cate-
gorical model for such a situation as in, for e.g., [Weil6].

4. Application I: mirror construction for pair-of-pants decomposi-
tions

In this section we will use the gluing method given above to construct a moduli space
of Lagrangian immersions in a pair-of-pants decompsition. It was briefly introduced in
[Laua] and [Laub]. Here we make a more precise formulation. We shall focus only on
punctured Riemann surfaces which already capture the essential ingredients. We will
complete the detail in higher dimensions in future work.

Homological mirror symmetry was proved for punctured Riemann surfaces due to
the works of Abouzaid-Auroux-Efimov-Katzarkov-Orlov [AAET13], Bocklandt [Bocl6],
Pascaleff-Sibilla [PS16], Lee [Lee] and Lekili-Polishchuk [LP18]. In this article we put
our focus on the construction of the mirror as a moduli space of Lagrangian immersions.
Detailed proofs and the study of HMS will be given in a joint work with Cheol-Hyun Cho.

For simplicity let’s consider the four-punctured sphere as shown below. The construc-
tion for more general pair-of-pants decompositions follows from the same method. (We
will clarify a delicate point for general pair-of-pants decompositions in Section 4.4). Let’s
work over C at this stage, although later on we shall see that in general it is necessary to
work over the Novikov ring Ag (see Section 4.3).
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N

FIGURE 4. A pair-of-pants decomposition of the four-punctured sphere
and immersed Lagrangians.

Recall from Section 2.4 that the deformation spaces of a Seidel Lagrangian is given by
(C3,W). We need to glue the deformation spaces (C3, W) of the two Seidel Lagrangians
S1 and SQ.

To change from S; to Ss, there are two main processes: (partial) smoothing of S; (or
S3) to a double circle C, and gauge change of flat connections on C. (See Figure 4.) The
gluing we need is

(C3, W) MR (0 02y (C.T)) BN NS (o o 02 P (CT)) SR (08 prSay

(The notation T and T" are explained below.)

4.1. Choices of gauge change

First we consider gauge change which is more standard. There is a vanishing sphere
in the smoothing C' corresponding to the immersed point X; of Sj. In this dimension it
is simply the union of two points.

Put a flat C* connection on C, which is acting by ¢t € C* when passing through the
two points (in a chosen direction shown in Figure 4). The union of the two points with the
prescribed normal orientation is called a gauge cycle, and it is denoted by T'. Similarly
C' can be obtained by smoothing Ss. Denote the corresponding gauge cycle by T".

The gauge cycles T and T" are different. Changing the gauge cycles corresponds to
gauge change of flat connections. Let’s take a homotopy from T to T’ by moving the
gauge cycles along the Lagrangian immersion C' (without jumping across branches). In
the process the gauge cycles pass through immersed points Y, or Zj.

When a gauge cycle moves across an immersed point (say Yy) of C, we can prove that
the Floer theories before and after the move are isomorphic under a non-trivial change of
coordinates.

Lemma 4.1. Suppose a component in the gauge cycle T' passes through the immersed
point Yy (and denote the new gauge cycle by T). Denote the objects before and after

the move by (C,V'T) and (C,V'T) where VT and VT are flat connections with the
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corresponding gauge. Then the objects (C, VT yoYy + 2020) and (C, V‘?T,QOYO + Z202)
are isomorphic via t =t, o = tyo and Zy = 2.

Note that there are infinitely many different homotopies between T" and T”. For in-
stance we can move one of the gauge points through the immersed point Y, and the other
through Z. Then the gluing is ¢’ = t~1, y, = tyo and z{, = tzo. (We have ¢’ = ¢t~! instead
of t = t, due to the difference of normal orientations of 7" and T".)

In general

t' =11 yh =t and z) = t’z
for fixed a,b € Z with a + b = 2. Thus different choices result in different models for
the moduli. Nevertheless the critical loci of the superpotentials are isomorphic and the
Landau-Ginzburg models are equivalent.

4.2. Smoothing

Now comnsider the gluing between the deformation spaces of S; and C. They are
given by (z1,91,21) € C3 and (,0,20) € C* x C? respectively. (We only use C-valued
deformations for the moment.)

The superpotentials are x1y1z1 and tygzg for C' and S7 respectively. Intuitively to
match them, we should put x1 = t,y = yo, 2 = z9. Below we justify this by Floer theory.
In this example, the gluing map is very simple and we can obtain it by guess; the following
gives a more systematic way to find the gluing map.

We claim that (S, z1X14+y1Y14+217Z1) and (C, tT+yoYo+202Z0) are ‘pseudo’-isomorphic
to each other under a suitable gluing map analogous to above. Note that S; and C' are
not intersecting with each other at all, and so they can never be isomorphic! We will
come back to this point in Section 4.3.

The trick is to deform S; to ST which intersects C' at eight points a;, b;, ¢;, d; fori = 1,2
as in the figure. We use cocycle conditions to deduce the gluing between ST and C.

Consider a; + by in CF((C, VT yoYy + 2020), (S¥, 11 X1 + y1Y1 + 21Z1)) and ¢z + do
in CE((S¥, 21 X1 +y1Y1 + 21721), (C, VT yoYy + 202p)). Consider cocycle conditions on
a1 + b1 and ¢y + do. First we check that the cocycle conditions are satisfied. Then we
show that (a; + b1, ca + dz) gives isomorphisms between the two objects.

Proposition 4.2. For a suitable choice of ST, we have

C, V7T oY Zo),(S8%,x1 X Y Z
m(l( ) WoYo+20Z0),(ST, 21 X1+y1Y1+21 1))(a1+bl) -0

and

(Sf@1X1+y1Y1+ZlZl),(C,V”T,onmLZoZo))(

mg C2+d2):O

if and only if x1 =t,y1 = Yo, 21 = Z0-
Each transverse Lagrangian intersection point corresponds two complementary Floer
generators. Note that in the expressions in Proposition 4.2, for each intersection point at

most one of the two complementary generators is taken to be input. In such a situation
constant polygons cannot contribute for the same reason given in the proof of Lemma 2.1.
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FIGURE 5. The deformed Seidel Lagrangian ST and the double-circle C.

The holomorphic polygons in Figure 6 contributes to the expressions in Proposition 4.2.
The relations x = t,y1 = yo, 21 = 20 make sure their contributions cancel with each other.
Any polygon that contributes must have the same Maslov index as these polygons. From
the figure we can classify all such holomorphic polygons. In particular immersed polygons
do not contribute since their Maslov indices are too high.!

Similarly we can verify the following.

Proposition 4.3. Under the same choice of ST as in Prop. 4.2, ma(a1+by, ca+da) = 1gs
and ma(ca +dz,a1 +b1) = 1o if x1 = t,y1 = Yo, 21 = 20-

In the same way we have the gluing map between (C,V'™",36%] + #Z)) and
(SgaxQXQ + y2}/2 + ZQZQ).

1For orbifolded Riemann surfaces like IP}I b.e [9eill, CHL17], immersed polygons can contribute since
the Maslov index receives fractional contributions from the interior orbifold marked points. Here we only
consider punctured Riemann surfaces and such polygons do not contribute.
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FIGURE 6. Holomorphic strips used in Proposition 4.2.

In conclusion, we have
(C3, W) MR (o o 02y (C.T)) BNE Ange (o 02 Jp(CLT)) SN (08 8oy

where the first map is 1 = t,y; = yo, 21 = 20, the second map is t’ = t~1, y} =t and
zh = tY2p, the third map is xo = ', yo = v}, 20 = 20

The maps automatically preserve the superpotentials W = z;y;2;, W(ET) = tyg2
and W(&T) = /! 2! The resulting moduli space is

(O(—a) ® O(—b),W) with a + b =2

which is the Landau-Ginzburg mirror of the four-punctured sphere.

4.3. A paradox

We have shown in the previous section that (S7,21X7 + y1Y1 4+ 21Z1) is isomorphic
to (C, VT yoYy + 202p) by setting #1 = t,y1 = yo,21 = 20. On the other hand, it is
not difficult to see that S; is isomorphic to ST, see Figure 7 (where (o, 3) serves as an
isomorphism.)

Thus (S1,21X1 +41Y1 + 2121) is isomorphic to (C, VT, yYy + 20Zp). But S; and C
never intersect and hence there is no morphism between them, a contradiction!

To resolve this, we need to take a closer look at areas of holomorphic discs, the relation
between S; and ST, and the relation between S{ and C'. Following Fukaya-Oh-Ohta-Ono,
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FIGURE 7. The immersions Sy, ST, and C. A; denote the areas bounded
by ST and C, and B, denote the areas bounded by S; and S7. The figure
is topological and does not represent the exact areas.

we use the Novikov ring

o0
Ay = {ZaiTAi ca; € C,0< Ag < Ay <... increasing to oo}
i=0
to filter deformations into different energy levels. Analogously one has the Novikov field
A (where Ag > 0 is not required) and Ay (where Ay > 0 is required).

First let’s go back to the relation between (S¥,z1X1) and (C, VIT). (For simplicity we
take y1 = 21 = yo = 20 = 0.) The following is a more precise version of Proposition 4.2.

Proposition 4.4. For a general choice of ST, (a1 + by, ca +ds) provides an isomorphism
between (C, V') and (SF,71X1) if and only if

t = TA1+.~~+A5*A7:B1 (6)
where A; denote the areas bounded by ST and C shown in Figure 7.

In Proposition 4.2 we take Ay + ...+ A5 = A7.
Before we have restricted z; € C for simplicity. Indeed we can take x; € Ay, which
makes the deformation space of S much bigger.
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For the Lagrangian C, since V' is a flat connection, we can only allow t € Aya—g =
C* @ A4 in order to have the Fukaya category well-defined. Thus there is an overlapping
region for Equation (6) if and only if

A+ ...+ A5 < Ay

Thus for arbitrary ST the isomorphism may not exist. (For instance it does not exist
for Sy.) The following proposition gives a summary of the area criterion.

Proposition 4.5. There exists x € Ao and t € Aya—o such that (ST, x1X1) is isomorphic
to (C,V'T) if and only if Ay + ...+ As < A,

Now consider the relation between S; and S7. We have the following.

Proposition 4.6. («, 3) provides an isomorphism between (ST,x1X1) and (S1, 24 X7) if
and only if

T, = TB7+BG+B5_(BS+BQ+Bl)x/1 (7)

where B; denote the areas bounded by ST and S1 shown in Figure 7.

Let’s go back to the situation of Proposition 4.2 where ST is chosen such that
A1 +...+ A5 = A7 and hence 1 = t. Note that By > A7 and By + By + B3y < A3 + As.
Hence By + Bg + Bs — (Bs + Bz + By) > 0. Then Equation (7) forces val(xz1) > 0. Thus
(S¥,21X7) is isomorphic to some (S1,2}X]) only if val(z1) > 0. On the other hand,
(S¥,21X) is isomorphic to some (C, V!T) only if val(z1) = 0.

The two regions val(z1) = 0 and val(z1) > 0 are disjoint. As a result, there is no over-
lapping region where (S, 2} X]) = (S¥,21X1) 2 (C, V!T) simultaneously. This resolves
the paradox.

4.4. Moduli over the Novikov field

For the four-punctured sphere with two pair-of-pants in the decomposition, we can
choose ST and S5 as above in the two pair-of-pants such that the gluing 1 = ¢ and
9 = t’ does not involve the Novikov parameter T'.

However suppose there is one more pair-of-pants in the decomposition. Then there are
two ‘necks’ containing the exact double-circles C; and Cs. In the pair-of-pants adjacent to
both necks, we have a Seidel Lagrangian S which satisfies (S¥, 21 X;) = (C1, V'T) under
x1 =t € Ayal—0, and another Seidel Lagrangian S} which satisfies (S, vy1Y{) = (Ca, thTl)
under y; =t € Avai—o.

Unavoidably the gluing between deformation spaces of S7 and S7 involves the Novikov
parameter as in Proposition 4.6. Thus we obtain a moduli space over the Novikov field
A. Figure 8 gives a schematic picture of the moduli space.

4.5. Changing stability and flop

Let’s briefly discuss stability conditions. Given a punctured Riemann surface, we
can take different choices of pair-of-pants decompositions. They correspond to different
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5
-9

F1cURE 8. The moduli space over A.

choices of quadratic differentials. Then we have different sets of stable Lagrangians; the
corresponding moduli spaces are related by birational changes.

In this article we only consider geometric stability (rather than categorical stability)
which is defined by a quadratic top-form (namely a section of (A" T*)®?). We define a
special Lagrangian (of phase zero) as a smooth map ¢ : L™ — M>" whose differential
is injective everywhere except at zeros of the quadratic top-form, with (*w = 0 and
t*Ref2 = 0. By a domain-dependent Hamiltonian isotopy the map ¢ is made to avoid the
zeros of the quadratic top-form such that its differential is everywhere injective, and it
only self-intersects at transverse points. Then any Lagrangian which is quasi-isomorphic
to such ¢ is said to be stable.

Take the four-punctured sphere as an example. Figure 9 depicts two different pair-
of-pants decompositions and the corresponding stable Lagrangians. The corresponding
moduli spaces are related by a flop.

We can even merge two simple zeros into a double zero of the quadratic differential.
The corresponding flow trajectories and stable Lagrangians are depicted on the right of
Figure 9. We have a union of two circles playing the role of the Seidel Lagrangian. It was
studied in our previous work [CHL]. The resulting moduli space is the non-commutative
resolution of the conifold corresponding to a quiver (together with a superpotential).

In [FHLY] we studied “flop” on a Lagrangian fibration for T*S?, which results in the
Atiyah flop on the mirror resolved conifold. If we take the union of two certain S%’s in
T*S? as a reference Lagrangian, then we produced the non-commutative resolution of the
conifold. It is a three-dimensional analog of the above example.

Stability conditions for punctured Riemann surfaces were studied by Haiden-Katzarkov-
Kontsevich [HKK]. We wish to understand the relation with the work of [HKK] later.

5. Aplication II: immersed two-sphere and wall-crossing

The two-dimensional immersed sphere given in (a) of Figure 1 leads to wall-crossing
phenomena for SYZ Lagrangian fibrations. Fukaya studied this immersion and the relation
with the Gross-Siebert program in his talks.
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quadratic differentials

Lagrangians

formal moduli spaces %E)@

FIGURE 9. Different choices of quadratic differentials leads to different
moduli related by flops.

Here we use the gluing method introduced before to understand the relations between
the local deformations of a Chekanov torus, the immersed sphere, and a Clifford torus.
The gluing between Chekanov and Clifford tori was computed in Seidel’s lecture notes
[Sei, Prop. 11.8] and is a special case of Pascaleff-Tonkonog [PT]. Thus we will focus on
the gluing between the tori and the immersed sphere. More technical detail will be given
in a joint work with Yoosik Kim.

One important thing is, we need to deform the Chekanov and Clifford fibers to make
all three intersecting with each other appropriately. Otherwise the fibers (of a Lagrangian
fibration) do not intersect with each other and there is no morphism between them.

The immersed sphere has exactly one transverse immersed point, which gives two
degree-one generators U and V. U and V can be understood as jumpings from one
branch to the other, see the arrows in Figure 10. We work with Morse model and pearl
trajectories to compute the morphisms between the immersed sphere and the tori.

5.1. A local model

Consider the Hamiltonian S'-action on C? defined by (a,b) + (e?a,e=*b). The
moment map for this S'-action is given by (a,b) — |a|?> — |b|?. The symplectic reduction
map is f : C2 — C given by f(a,b) = ab.

We have the Lagrangian fibration (|ab — €|, |al? — [b]?) on C? — {ab = €} for a fixed
e > 0. It is special with respect to the holomorphic volume form 2 = da“bA_‘ib. The fibers
are denoted as T, for » > 0 and A € R. SYZ and the wall-crossing phenomenon for
this example was studied by Auroux [Aur07], which serves as the basis of SYZ for more

general cases [Aur09, CLL12, AAK16].
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There is exactly one singular fiber L. = T, o, which is the two-dimensional immersed
sphere given in (a) of Figure 1. We will focus on this local model in this section. The most
generic wall-crossing in higher dimensions can be understood by considering the product
of this Lagrangian fibration with the trivial torus bundle (C*)* — R*.

5.2. Deformation spaces

Let Ly, Ly C C? — {ab = €} be the Lagrangian tori which are the intersections of
{la|]?> = |b|?} and the f-preimages of the circles in Figure 10. They are Lagrangian isotopic
to a Chekanov fiber T;., x—o and a Clifford fiber T}, x—o respectively where r; < e < ra.

We deform L; (for i = 1,2) formally by flat A; = C* ® Ay connections. (We can
allow flat A connections since it does not harm the convergence of my-operations. Their
inverses live in the same space C* @ A, and hence no negative power of T appears
in mg-operations.) The connections are parametrized by (x,y) and (2’,y) for Ly, Lo
respectively.

We fix the gauge by choosing gauge hyper-tori as depicted in Figure 10. The parallel
transport is given by multiplying y (for a path in L) or 3’ (for a path in Ls) when a
path goes across the corresponding hyper-torus. For the fiber direction holonomy (z or
x’), the associated hyper-tori are given in Figure 12 for z. (See [CHL14] for more details
for gauge hypertori.)

Ly

F1GURE 10. Base paths for L;,Ls and L

Now consider the formal deformations b = uU + vV for the immersed sphere L, where
U,V are the degree-one immersed generators. (See [CHL17] or [CHL] for more details
for formal deformation spaces of Lagrangian immersions). w,v € Ay ensures Novikov
convergence, namely there are only finitely many terms under every energy level. First
we observe that we can allow (u,v) € Ag x Ay UA4 X Ag. Tt is because L only bounds
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constant holomorphic polygons whose corners must be in alternating pattern U,V .. ..
Observe that uv still lies in A4 even if we allow one of u,v in Ag. Thus we have the
following.

Lemma 5.1. For (u,v) € (Ao x AL )U(Ay x Ag), the As operations for {L*YV+?V L Lo}
converge.

Next, we observe that L is unobstructed, namely
m§ = mo(1) +mi(b) + ma(b,b) + -+ (8)

vanishes. m} has degree 2 which must be proportional to the point class. Since there
is no non-constant polygon bounded by L, it is merely contributed by constant poly-

gons supported at the self intersection point of I whose corners are U, V,... U,V or
V,U,...,V,U. The constant polygons with corners U, V..., U,V cancel with that with
V,U,...,V,U and so m8 = 0. More detail about the cancellation will be given in a joint

work with Yoosik Kim.
Lemma 5.2. The formal deformation b = uU + vV of L is unobstructed.
For instance, the constant bigons contribute
me(uU, vV) = vulpt], ma(vV,ul) = —uv[pt],

and hence they cancel with each other in (8).

5.3. Gluing deformation spaces

By analyzing cocycle conditions contributed from holomorphic strips bounded between
two of (Ly, V), (L, V¥ ') and (L,ul + vV), we have the following.

Proposition 5.3. There are isomorphisms among (Ly,V%Y), (Ly,V®¥) and
(L, uU + vV) given as follows.
o (Ly,V®Y) = (L,uU + vV) if and only if
r=uw—-1, yl=u

where u,y € AJ, veE Ay, € -1+ A,.
o (Lo, V') 2 (L, ul + oV) if and only if

Z=w-1, 3y =v

where v,y € AJ, ue Ay, 2’ € =14+ A,
o (Ly, V™) 2 (Ly, VZ'¥') if and only if

z=a, y=ylz+l)
where y,y' € AJ, z,2’ € k+ Ay for ke C* —{-1}.
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Now we glue the three deformation spaces accordingly. Namely we take the disjoint
union of (Ag X Ay)U (A4 x Ag) (with coordinates (u,v)) and two copies of A x Aj (with
coordinates (z,y) and (2',y’) respectively), and take the quotient according to the above
relations.

To better understand the topology, we should consider pseudo-deformations and pseudo-
isomorphisms. Namely, we take the disjoint union of A x A D (Ag x A4) U (A4 X Ag)
and two copies of A* x A* D Al x AJ, and take the quotient according to the same
relations. The above moduli space is a subset of this. The advantage of extending by
pseudo-deformations is that the gluing regions become open: they are A* x A* (in coor-
dinates (z,y) or (z',y’)) between L; and L, and (A* — {—1}) x A™ between L, and L.
We have the quotient topology on the bigger space which restricts to give a topology on
the moduli space.

The gluing is illustrated in Figure 11. The upper component of the degenerate cone
{uv = 0} is a (partial) compactification of {# = —1} = C* by adding the point
{r = =1,y = 0}, and similar for the lower component. The resulting moduli space
is

{(u,v) € Ao x Ap:uv €1+ Ay}

uy/ — Ow
Uy
U =
cuv=1
y Lcy:On
(@',y) 4
x/ X’.:—
x() U2

FiGURE 11. Gluing of two charts

In the following we sketch the proof of Proposition 5.3 by counting holomorphic strips
that contribute to cocycle conditions.
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5.4. Cocycle conditions and isomorphisms

The relation between IL; and Lo has been studied in Seidel’s lecture notes [Sei] and
also used by the work of Pascaleff-Tonkonog [PT]. Here we focus on the relation between
L and L; (and that between L and Ls is similar).

L; and L intersect along two disjoint circles. See Figure 12. We perturb L; by a
Hamiltonian so that they intersect transversely at four points, which are denoted by

L,,L L;,L pLy, L pL,,L
(&%) y A M1 ) 72 .

The subscripts denote degrees of the morphisms.
We compute d = myY " of the unique degree-zero generator aﬂ(jl '~ in the Floer complex
CF((Ly,V®¥),(L,b = uU + vV)) by counting pearl trajectories. There are two strips
from ag*"™ to ;" whose projections under f are the shaded regions in (a) of Figure 12.

We have chosen IL; such that the two strips have the same symplectic area A. We have
(d(ag ™), Y1y = T2 (1 — uy) . (9)

The strip on the right side gives T2, while the strip on the left side gives T®uy because
it passes through the immersed point of L. and the y-hypertorus.

(a) (b)

FIGURE 12. Pearl trajectories contributing to d(alt)

For <d(oz]10“1 Ty, aﬂfl’ﬂ“>, we also have a pair of strips in f~!(a!*"") contributing to it. One
of the strips gives £1, and the other gives +x since it passes through the z-hypertorus.
Additionally we have pearl trajectories consisting of a strip, Morse flow lines in (the
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normalization of) L, and constant polygons with corners U,V,...,U, V. The pearl tra-
jectories form power series in uv. Hence

<d(a]]51’]]“), aﬂfl’ﬂ“> = zh(uv) + g(uv)
where g, h are power series with leading term +1. In summary
d(ag"™) = T (1 = uy) By + (zh(uv) + g(uv))ai .

The cocycle condition gives

x+ H(uww) =0
el (10)
where H = g/h. One can check that the degree zero morphism in CF(LL,L;) (which is the
one dual to Bg‘ 1’L) is also d-closed if and only if the same condition is satisfied. Moreover,

Ly L . . . .
oy’ gives an isomorphism under the condition 10.

H(uv) can be derived from the relations between L, Lq, L.
Lemma 5.4. We have H(uv) = 1 —uwv and hence x = uv — 1.

Proof. We have chains of isomorphisms

Lqi,L L,Lgy
Qg

Ly () = (Loul +0V) 2 (Lo, (2',y))).
The composition of these two isomorphisms is given by

e, o) =T o
where A’ is the symplectic area of the triangle projecting down to the shaded region in
Figure 10. This implies that ozHO”’H‘? is also an isomorphism. Therefore, coordinate changes
among three objects must be compatible (over the triple intersection). Using

/

=z, y=ylx+1)

we get
/!

1—H(uv):x+1:y—:—:uv.
)
O

In conclusion, the moduli space of smooth Lagrangian tori has a puncture u = v = 0.
We can glue in the deformation space of the immersed sphere to partially compactify and
fill in this puncture. It also applies to generic singular fibers of a Lagrangian fibration in
higher dimensions by taking a direct product with a torus factor.

In general situations, the deformation space of a singular Lagrangian is noncommu-
tative, and our gluing technique will produce a noncommutative space. It is already
manifested in the one-dimensional example in Figure 9. This is very interesting and we
will further investigate it in future work.
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