Proceedings of 15" Gokova
Geometry-Topology Conference
pp. 31-63

Resolution of singularities of analytic spaces

Jarostaw Wtodarczyk

ABSTRACT. Building upon work of Villamayor Bierstone-Milman and our recent paper
we give a proof of the canonical Hironaka principalization and desingularization of
analytic spaces. Though the inductive scheme of the proof is the same as in algebraic
case there is a number of technical differences between analytic and algebraic situation.

1. Introduction

In the present paper we give a short proof of the Hironaka theorem on resolution of
singularities of analytic spaces. The structure of the proof and its organization is very
similar with the one given in the paper [38].

The strategy of the proof we formulate here is essentially the same as the one found by
Hironaka and simplified by Bierstone-Milman and Villamayor ([8], [9], [10]), ([35], [36],
[37]). In particular we apply here one of Villamayor’s key simplifications, eliminating the
use of the Hilbert-Samuel function and the notion of normal flatness (see [13]).

The main idea of the algorithm is to control the resolution procedure by two simple
invariants: order of the weak transform of the ideal sheaf 7 and the dimension of the
ambient manifold M. The process of dropping the order starts from the isolating the
”worst singularity locus” -the set where the order is maximal ord,(Z) = p. This leads to
considerations of ideal sheaves with assigned order (Z, ).

Eliminating ”worst singularity locus” supp(Z, i) builds upon reduction of the dimen-
sion of the ambient variety. It was observed by Abhyankhar and successfully implemented
by Hironaka that supp(Z, 1) is contained in a certain smooth hypersurface M’ of M. The
concept of hypersurface of maximal contact can be expressed nicely by using Giraud
approach with derivations.

The blow-ups used for eliminating supp(Z, ) are performed only at centers which are
contained in supp(Z, p). This has two major consequences:

1. The outside of the locus supp(Z, 1) can be ignored in the process. Thus (Z, ) can
be considered as a ”part of the ideal sheaf of Z where the order is > 1”. Solving of (Z, )
is merely eliminating supp(Z, u).
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2. The total transform of ideal is divisible by u-power of exceptional divisor. Thus the
transformation of the ideal Z can be described by explicit formula:

o°(T, 1) = T(E)~"o*(T).

This makes a basis for the reduction to the hypersuface of maximal contact. Although
it is not possible to restrict Z directly to M’ C M we can find an ideal sheaf (Z', u’), called
7 coefficient ideal 7, which lives on M’, and which is related to (Z, 1) by the equality

supp(Z, p1) = supp(Z’, ')
Now the problem of eliminating "bad locus” supp(Z, 1) is reduced to the lower dimension
where we proceed by induction.

This approach has a major flaw. The procedure of restricting Z to the hypersurface
of maximal contact is not canonical and is defined locally. In fact for two different
hypersurfaces of maximal contact we get two different objects which are loosely related.
In order to resolve this issue Hironaka used the following approach: The local resolutions
can be encoded by a certain invariant. Each single operation used in the above mentioned
induction leaves its “trace” which is a single entry of the invariant. As a result the
invariant is a sequence of the numbers occuring in local resolutions. The invariant is
upper semicontinuous and defines a stratification of the ambient space. This invariant
drops after the blow-up of the maximal stratum. It determines the centers of the resolution
and allows one to patch up local desingularizations to a global one. What adds to the
complexity is that the invariant is defined within some rich inductive scheme encoding the
desingularization and assuring its canonicity (Bierstone-Milman’s towers of local blow-ups
with admissible centers and Villamayor’s general basic objects) (see also Encinas-Hauser
17).

Instead of considering the invariant as the key notion of the algorithm, in [38] we
proposed a different approach. It is based upon two simple observations.

(1) The resolution process defined as a sequence of suitable blow-ups of ambient
spaces can be applied simultaneously not only to the given singularities but rather
to a class of equivalent singularities obtained by simple arithmetical modifications.
This means that we can “tune” singularities before resolving them.

(2) In the equivalence class we can choose a convenient representative given by the
homogenized ideals introduced in the paper. The restrictions of homogenized
ideals to different hypersurfaces of maximal contact define locally analytically
isomorphic singularities. Moreover the local isomorphism of hypersurfaces of max-
imal contact is defined by a local analytic automorphism of the ambient space
preserving all the relevant resolutions.

”Homogenization” of the ideal makes the operation of restriction to hypersurface of max-
imal contact canonical- independent of any choices. In particular there is no necessity
of describing and comparing local algorithms. The inductive structure of the process is
reduced to the existence of a canonical functorial resolution in lower dimensions. This
approach puts much less emphasis on the invariant. In fact as was observed by Kollar by
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mere allowing reducible algebraic varieties (or analytic spaces) in the inductive scheme
one eliminates the ”long” invariant completely ([31]). What is left is a ”bare” two- step
induction.

In Step 2 of the proof, given an ideal (Z,u) we assign to it the worst singularity
order p'. Instead of dealing with (Z, u) directly we form an auxiliary ideal (companion
ideal) which is roughly (Z, ). Its resolution determines the drop of the maximal order of
the weak transform (nonmonomial part) of Z. By repeating this process sufficiently many
times the weak transform of (Z, u) disappear and (Z, 1) becomes principal monomial thus,
easy to solve directly. The procedure in Step 2 uses the fact that companion ideals and,
in general, all ideals (Z, '), where ' = max{ord,(Z) | + € M} are possible to solve
by reduction to the hypersurface of maximal contact. This is done in Step 1 of the
proof. That’s where the operation of tuning comes handy. The ”tuning” of ideals has
two aspects. First, homogenization gives us the canonicity of resolution and solves the
glueing problem. Second, we can view a coefficient ideal as a part of the tuning too. In
this approach coefficient ideal C(Z, u) lives on M and is equivalent to Z but its "restricts
well” not only to the hypersurface of maximal contact but to any smooth subvariety
Z C M, that is,

supp(C(Z), 1) N Z = supp(C(ZL),z, 1)

In the analytic situation, considered in the paper, in the algorithm of resolution of (Z, u)
the compactness condition is essential. In particular isolating ”the worst singularity” locus
is possible only under the assumption of compactness. Even if we start our considerations
from ideal sheaves on compact manifolds the operation of local restriction to hypersurface
of maximal contact leads to noncompact submanifolds. That is why in the analytic case it
is natural to consider not manilfolds or compact manifolds but rather germs of manifolds
at compact subsets. After establishing a few technical differences between analytic and
algebraic case we can carry the inductive algorithm essentially in the same way as in the
algebraic case. As a result we construct a resolution which is locally but not globally a
sequence of blow-ups at smooth centers.

The presented proof is elementary, constructive and self-contained.

The paper is organized as follows. In section 1 we formulate three main theorems: the
theorem of canonical principalization (Hironaka’s “Desingularization I1I"”), the theorem of
canonical embedded resolution (a slightly weaker version of Hironaka’s “Desingularization
I”) and the theorem of canonical resolution. In section 2 we introduce basic notions we are
going to use throughout the paper. In section 3 we formulate the theorem of canonical
resolution of marked ideals and show how it implies three main theorems (Hironaka’s
resolution principle). Section 4 gives important technical ingredients. In particular we
introduce here the notion of homogenized ideals. In section 5 we formulate the resolution
algorithm and prove the theorem of canonical resolution of marked ideals. In section 6
we make final conclusions from the proof.
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2. Formulation of the main theorems

All analytic spaces in this paper are defined over a ground field K = C or R. We give
a proof of the following Hironaka Theorems (see [26]):

Canonical resolution of singularities

Theorem 2.0.1. Let Y be an analytic space. There exists a canonical desingularization
of Y that is a manifold Y together with a proper bimeromorphic morphism resy : Y »Y
such that
(1) resy : Y =Y isan isomorphism over the nonsmgular part Yo of Y.
(2) The inverse image of the singular locus resy (Ysmg) 18 a simple normal crossing
divisor.
(3) resy is functorial with respect to local analytic isomorphisms. For any local
analytic isomorphism ¢ : Y’ — Y there is a natural lifting qg Y — Y which
s a local analytic isomorphism.

Locally finite embedded desingularization

Theorem 2.0.2. Let Y be an analytic subspace of an analytic mamfold M. There exists a
manifold M a simple normal crossing locally finite divisor E on M and a bimeromorphic
proper morphism

resy, s : M — M
such that the strict transform Y C M is smooth and have simple normal crossings with

the divisor E. The support of the divisor E is the the exceptional locus of resy ar. The
morphism resy,ar locally factors into a sequence of blow-ups at smooth centers. That is,

for any compact set Z C'Y there is an open subset U C M and U = res;}M(U) c M and
a sequence

Uy=UZ22 0,22 Uy e— ... —Uje— ...— U, =U ()

of blow-ups oy, : Ui—1 «— U; with smooth closed centers C;_1 C U;—1 such that
(1) The exceptional divisor Ey; of the induced morphism Ufj = oy10...00y; :U; — U
has only simple normal crossings and C; has simple normal crossings with E;.
(2) Let Yy; :=Y NU; be the strict transform of Y. All centers C; are disjoint from
the set Reg(Y) C'Y; of points where Y (notY;) is smooth (and are not necessarily
contained in Y;).
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(3) The strict transform Yy, = YN U, of Yy :=Y NU is smooth and has only simple
normal crossings with the exceptional divisor E,.

(4) The morphism resy ar : (M,Y) « (M,Y) defined by the embedded desingulariza-
tion commutes with local analytic isomorphisms, embeddings of ambient varieties.

(5) For any compact sets Z1 C Zs and corresponding open neighborhoods Uy C Us
the restriction of the factom’zation (*) of TeSy v - Uy — Uy to Uy determines
the factorization of reSy A\ U, — Uy.

(6) (Strengthening of Bravo-Villamayor [13])
U*(Iy) = I?IE’

where Ly is the sheaf of ideals of the subvariety Y C M and I is the sheaf of

ideals of a simple normal crossing divisor E which is a locally finite combination
of the irreducible components of the divisor Ey,.

Locally finite principalization of sheaves of ideals

Theorem 2.0.3. Let T be a sheaf of ideals on a analytic manifold M (not necessam’ly
compact). There exists a locally finite principalization ofI that is, a manifold M a
proper morphism pring : M — M, and a sheaf of ideals 7 on M such that

(1) For any compact set Z C M, there is an open nezghborhoods U D Z and
U= = pring (U) cM for which the restriction pran‘U U—U splits into a
finite sequence of blow-ups

U=U 22U, 82 Uy e— ... —Uje— ...« U, =U (¥
of blow-ups oy; : U;—1 < U; with smooth centers Ci,_l C U;_1 such that
(2) The exceptional divisor Ey; of the induced morphism c* =o10...00;:U; — U
has only simple normal crossings and C; has simple normal crossings with E;.

(3) The total transform pran‘U(I) = 0"*(Z) is the ideal of a simple normal crossing

divisor Ey which is a locally finite combination of the irreducible components of
the divisor Ey,.
(4) For any compact sets Z1 C Zs and corresponding _open nez’ghborhoods Uy, C Uy

the restriction of the factorization (*) of prin, 7|05 U2 — Us to U1 determines the

factorization of prm U, — Uy

The morphism prin : (M,I) — (M, ) commutes with local analytic isomorphisms, em-
beddings of ambient varieties.

Remarks. (1) By the exceptional divisor of the blow-up ¢ : M’ — M with a smooth
center C' we mean the inverse image E := 0~ 1(C) of the center C. By the excep-
tional divisor of the composite of blow-ups o; with smooth centers C;_; we mean
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the union of the strict transforms of the exceptional divisors of ¢;. This defini-
tion coincides with the standard definition of the exceptional set of points of the
bimeromorphic morphism in the case when codim(C;) > 2 (as in Theorem 2.0.2).
If codim(C;—1) = 1 the blow-up of C;_1 is an identical isomorphism and defines
a formal operation of converting a subvariety C;_; C M;_; into a component of
the exceptional divisor E; on M;. This formalism is convenient for the proofs.
In particular it indicates that C;_ identified via o; with a component of F; has
simple normal crossings with other components of F;.

(2) In the Theorem 2.0.2 we blow up centers of codimension > 2 and both definitions
coincide.

(3) Given a closed embedding of manifolds i : M < M’ the coherent sheaf of ideals
T on M defines a coherent subsheaf i, (Z) C i.(Opr) of Opp-module i, (Opy). Let
i* : Oppe — i, (Oypr) be the natural surjection of Oyy,-modules. The inverse image
T' = (i*)~1(i,(Z)) defines a coherent sheaf of ideals on M’. By abuse of notation
7’ will be denoted as i.(Z) - Opyr.

3. Preliminaries

3.1. Germs of analytic spaces at compact subsets

Definition 3.1.1. Let M be an analytic space and Z C M be a compact subset. By a
representative of germ My of M at Z we mean a pair (U, Z) where U C M is any open
subset of M containing Z. We say that for any two open subsets U, U’ of M containing
Z the representative of germs (U, Z), and (U’, Z) define the same germ M. We write
Mgz = (U, Z) and call U a neighborhood of a germ Myz. By a morphism f : Mz — M/, we
mean a morphism fy : U — U’ between some neighborhoods of Mz and M7, such that
f(Z) € Z'. The morphism f is proper, projective, (resp. is an open or closed inclusion)
if fu has this property for the corresponding neighborhoods U, U’.

We introduce the operation of union and intersection of germs : If U, U’ C M then
U, 2)yu (U, z":=UuU',zuz", U2Z2)NnU,2Z")=UnU,ZNnZ")
Then (U, Z) — (U, Z)U(U',Z") and (U, Z) N (U’,Z") — (U, Z) are open inclusions.
3.2. Resolution of marked ideals

We shall consider ideal sheaves and divisors on germs Mz. If U C M is a smooth open
subset containing Z then we call the germ My = (U, Z) smooth. A sheaf of ideal on My
is a sheaf 7 on some neighborhood U of M . For any sheaf of ideals Z on a smooth germ
My = (U, Z) and any point x € U we denote by

ord,(Z) := max{i | Z, C m’.}
the order of T at x. (Here m, denotes the maximal ideal of x.)

Definition 3.2.1. (Hironaka [26], [28], Bierstone-Milman [8], Villamayor [35]) A marked
ideal is a collection (Mz,Z,E,u), where My is a smooth germ, 7 is a sheaf of ideals
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on My, p is a nonnegative integer and F is a totally ordered collection of divisors on
My whose irreducible components are pairwise disjoint and all have multiplicity one.
Moreover the irreducible components of divisors in F have simultaneously simple normal
crossings.

Let (Mz,Z,E, 1) be a marked ideal such that the ideal sheaf 7 is defined on an open
neighborhood U of Myz. One can show that the set

supp,(Mz,Z,E, u) :={x € Z | ord,(Z) > u}
is compact. On the other hand the set

suppy (Mz,Z,E,pu) :={x € U | ord,(Z) > p}
defines a closed analytic subspace of U. (see Lemma 5.2.2).

Definition 3.2.2. (Hironaka [26], [28], Bierstone-Milman [8], Villamayor [35]) By the
support (originally singular locus) of (Mz,Z, E, ;1) we mean the germ of analytic space

Supp(MZaIaE7M) = (SuppU(MZaI7 E>M)7SUPPZ<MZ71 E7/’L))a

Remarks. (1) The ideals with assigned orders or functions with assigned multiplic-
ities and their supports are key objects in the proofs of Hironaka, Villamayor
and Bierstone-Milman. In particular Hironaka introduced the notion of idealistic
exponent.

(2) To simplify notation we often write marked ideals (Mz,Z, E, ) as couples (Z, u)
or even ideals 7.
(3) For any sheaf of ideals Z on Mz = (U, Z) we have

supp(Z,1) =V (Z) :={x €U | f(x) =0, foranyf €T}

Definition 3.2.3. Let Mz be a germ of an analytic manifold M. Let C' C U be a smooth
closed subspace of a neighborhood U C Z. Let oy : U’ — U denote the blow-up of a
smooth center C. Set Z' := o, (Z), My, := (U', Z'). The germ of oy is a bimeromorphic
morphism o : M}, — Mz which is called a blow-up of My at the center C C M.

Definition 3.2.4. (Hironaka [26], [28], Bierstone-Milman [8], Villamayor [35]) By a
resolution of (Mz,Z,E, ) we mean a sequence of blow-ups o; : M, z, — M;_1 7, ,
of disjoint unions of smooth centers C;_; C M;_1,

Moz, < My z, <= Mo z, <> ... M; 7, & ... <~ M, 7,
which defines a sequence of marked ideals (M; z,,Z;, E;, 1) where
(1) C; Csupp(Mi,z,, L;, Ei, ).
(2) C; has simple normal crossings with E;.
(3) Z; = I(D;) "o} (Z;—1), where Z(D;) is the ideal of the exceptional divisor D; of

;.
(4) E; = 05(E;—1) U{D;}, where of(E;_1) is the set of strict transforms of divisors
in Ei—1~
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(5) The order on o§(FE;_1) is defined by the order on E;_; while D; is the maximal
element of E;.
(6) supp(M, z,..Z,, E,,p) = 0.

Remark. Note that the resolution of (Myz,Z,FE,u) coincides with the resolution of
(Mz/,T,E, 1), where Z' := Z Nsupp(Z, ) so we can assume that

Z C supp(Z, ).

Definition 3.2.5. The sequence of morphisms which are either isomorphisms or blow-ups
satisfying conditions (1)-(5) is called a multiple test blow-up. The number of morphisms
in a multiple test blow-up will be called its length.

Definition 3.2.6. An extension of a sequence of blow-ups (M;z,)o<i<m Is a sequence

/ ; Ta iema / — / — — /
(szj)ogjgm' of blow-ups and isomorphisms M, = Mon,-o =...= Mjrl,erl —
! _ / ! _ _ A A _ .
M =..=M, , ..M , =..=M, wheel, =Mz,.

In particular we shall consider extensions of multiple test blow-ups.

Remarks. (1) The definition of extension arises naturally when we pass to open sub-
sets of the considered ambient manifold M.

(2) The notion of a multiple test blow-up is analogous to the notions of test or

admissible blow-ups considered by Hironaka, Bierstone-Milman and Villamayor.

3.3. Transforms of marked ideals and controlled transforms of functions

In the setting of the above definition we shall call
(Zis p) = 0§ (Zi—1, 1)

a transform of the marked ideal or controlled transform of (Z,u). It makes sense for a
single blow-up in a multiple test blow-up as well as for a multiple test blow-up. Let
o' :=0,0...00; : Mj — M be a composition of consecutive morphisms of a multiple
test blow-up. Then in the above setting

(Zis 1) = (0")°(Z, ).
We shall also denote the controlled transform (¢¢)¢(Z, u) by (Z, u); or [Z, ul;.
The controlled transform can also be defined for local sections f € Z(U). Let
o : M — M’ be a blow-up with a smooth center C' C supp(Z, ) defining a transfor-
mation of marked ideals 0¢(Z, 1) = (Z', u). Let f € Z(U) be a section of a sheaf of ideals.
Let U’ C 0= 1(U) be an open subset for which the sheaf of ideals of the exceptional divisor
is generated by a function y. The function

g=y "(foo)e (V)
is a controlled transform of f on U’ (defined up to an invertible function). As before we

extend it to any multiple test blow-up.
The following lemma shows that the notion of controlled transform is well defined.
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Lemma 3.3.1. Let C C supp(Z, i) be a smooth center of the blow-up o : M «— M' and
let D denote the exceptional divisor. Let Zc denote the sheaf of ideals defined by C'. Then

(1) T c I,

(2) 0*(7) C (Zp)".
Proof. (1) We can assume that the ambient manifold M is isomorphic to an open ball
in A", Let uq,...,u; be coordinates generating Zc. Suppose f € T\ ZF. Then we can
write f = )" cou®, where either |a| > p or |a| < p and ¢q € Zco. By assumption there is
o with |a| < p such that ¢y & Zeo. Take o with the smallest |«|. There is a point z € C
for which ¢, () # 0 and in the Taylor expansion of f at x there is a term ¢, (z)u®. Thus
ord,;(Z) < p. This contradicts the assumption C' C supp(Z, ).

(2) 0*(Z) C o*(Ze)* = (Zp)™. O

3.4. Functorial properties of multiple test blow-ups

We can define the fiber products for the germs of analytic spaces

(X,Zx) X(Y,Zy) (Y,Z) = (X XyY,ZX XZY E)

Proposition 3.4.1. Let M,z, be a multiple test blow-up of a marked ideal (Mz,Z,E, 1)
defining a sequence of marked ideals (M;z,,Z;, E;, ). Given a local analytic isomophism
¢ My, — Mg, the induced sequence M, = M' Xy, M; z, is a multiple test blow-up
of (M,,T',E', u) such that

(1) ¢ lifts to local analytic isomorphisms ¢iz, : M{, — M;z,.

(2) (M!,,) defines a sequence of marked ideals (M, , T, E!, 1) where T! = $¥(Z;), the
divisors in E! are the inverse images of the divisors in E; and the order on E} is
defined by the order on FE;.

(3) If (M;z,) is a resolution of (Mz,I,E,u) then (M/,,) is an extension of a reso-
lution of (M7, T',E', ). '

Proof Follows from definition. O

Definition 3.4.2. We say that the above multiple test blow-up (M/,,) is induced via ¢;
by M;z,. We shall denote (M/,,) and the corresponding marked ideals (M!,,,T',E', )
by ' '
¢"(Miz,) = Mz, ¢ (Miz,, L, Ei, p) i= (Mg, I}, Ej, p).
The above proposition and definition generalize to any sequence of blow-ups with
smooth centers.

Proposition 3.4.3. Let M;z, be a sequence blow-ups with smooth centers having simple
normal crossings with exceptional divisors.

(1) Given a surjective local analytic isomophism ¢ : M}, — Mz, the induced sequence

M{’Z; = My, Xp, Miz, is a sequence of blow-ups with smooth centers having
simple normal crossings with exceptional divisors. O
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(2) Given a local analytic isomophism ¢ : M), — My, the induced sequence
M{ 7 = b XMy Moz, is an extension of a sequence of blow-ups with smooth
centers having simple normal crossings with exceptional divisors.

3.5. Canonical resolution of marked ideals

Theorem 3.5.1. With any marked ideal (Mz,Z,E, 1) there is associated a resolution
(M;z,) called canonical such that

(1) For any surjective local analytic isomorphism ¢ : M}, — My the induced resolu-
tion ¢*(M,z,) is the canonical resolution of ¢*(Mz,Z,E, ).

(2) For any local analytic isomorphism ¢ : M7, — Mz the induced resolution ¢* (M, z,)
is an extension of the canonical resolution of ¢*(Myz,Z,E, ).

(3) If E = 0 then (M;) commutes with closed embeddings of the ambient mani-
folds Mz — My, , that is, the canonical resolution (M;z,) of (Mz,Z,0,u) with
centers C; defines the canonical resolution (M/,) of (My,,I',0,p), where
T =1,.(T) - Oppr, with the centers i(Cy). '

3.6. Canonical principalization of germs of ideals

Theorem 3.6.1. Let T be a sheaf of ideals on a germ Mz of an analytic manifold M.
There exists a principalization of I, that is, a projective morphism prin(Z) : Mz — Mz
a finite sequence

o1 o2 r
MZ:MO,ZQ(_M1Z1<_M2,Z2<_"'<_ 0,2 ST e S T,Zr:MZ

of blow-ups with smooth centers C;_1 C M;_1,z,_, such that

i—1
(1) The exceptional divisor E; of the induced morphism o* = o1 0...00; : Uy — U
has only simple normal crossings and C; has simple normal crossings with E;.

(2) The total transform prin‘*ﬁ(I) = 0"(Z) is the ideal of a simple normal crossing

divisor E which is a natural combination of the irreducible components of the
divisor E,..
The morphism prin : (M, f) — (M,Z) commutes with local analytic isomorphisms, em-
beddings of ambient manifolds.

3.7. Canonical embedded desingularization of germs of analytic spaces

Theorem 3.7.1. Let My be a germ of an analytic manifold and Yz be a germ of analytic
subspace of a germ My. There exists an embedded desingularization of Yz C My that is,
a finite sequence

g1 o2 o~
MZ:MO,Z()(‘MlZl“M2,Z2<‘~-~“ i,Zi<‘""‘ T7Z7‘:MZ

of blow-ups with smooth centers C;_1 C M;_1,z, , such that

(1) The exceptional divisor E; of the induced morphism o' = o10...00; : U; - U
has only simple normal crossings and C; has simple normal crossings with E;.
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(2) The strict transform 572 =Y, z, of Yz is smooth and has only simple normal
crossings with the exceptional divisor E,.

(3) The morphism (Mz,Yz) < (Mz,Y5) defined by the embedded desingularization
commutes with local analytic isomorphisms, embeddings of ambient manifolds.

3.8. Canonical desingularization of germs of analytic spaces

Theorem 3.8.1. Let Y be an analytic space and Z C Y be a compact subset. There
exists a canonical desingularization of Yz that is a germ of a manifold Y together with

a proper bimeromorphic morphism resy, : }72 — Yy such that
(1) Z =resy}(Z).
(2) resy, : }72 — Yy is an isomorphism over the nonsingular part Yys of Y.
3) The inverse image of the singular locus resy! (Yzsing) is a simple normal crossing
Yz g

divisor.
(4) resy, is functorial with respect to local analytic isomorphz}:mi For any local

analytic isomorphism ¢ : Yy, — Yz there is a natural lifting ¢ : Y' 5, — 372 which
18 a local analytic isomorphism.

4. Hironaka resolution principle

Our proof is based upon the following principle which can be traced back to Hironaka
and was used by Villamayor in his simplification of Hironaka’s algorithm:

Proposition 4.0.2. The following implications hold true:

Canonical resolution of germs of marked ideals (Mz,Z,FE, 1) (1)
4

Canonical principalization of germs of sheaves T on manifolds M  (2)
I

Canonical embedded desingularization of germs Y, C My (3)
4

Canonical desingularization of germs of analytic spaces (4)

Proof (1)=(2) Canonical principalization

Let ¢ : My j/[\; denote the morphism defined by the canonical resolution
My = Moy, «— My — My, «— ... « Mz, = My of (Myz,Z,0,1). The con-
trolled transform (Z,1) = (Zy,1) = 6°(Z, 1) has empty support. Consequently, V(Z) =
V(Zx) = 0, which implies fZ =TI = 01‘72' By definition for ¢ = 1,...,k, we have
(Z;,1) = 0¢(Zi—1) = Z(D;)"'o*(Z;—1), and thus

O';»F(Ii_l) = Ii . I(Dl)

41



WLODARCZYK

Note that if Z(D) = O(—D) is the sheaf of ideals of a simple normal crossing divisor D
on a smooth My and o : M/, — M is the blow-up with a smooth center C which has
only simple normal crossings with D then ¢*(Z(D)) = Z(c*(D)) is the sheaf of ideals of
the divisor with simple normal crossings. The components of the induced Cartier divisors
0*(D) are either the strict transforms of the components of D or the components of the

exceptional divisors. (The local equation y{* -...-y"* of D is transformed by the blow-up
(Y152 Yn) = (Y1, 9192, 5193, -+ s Y201, Yit1s - - - » Yn) intO the equation yt Fys2 . yon.)

This implies by induction on ¢ that
U:J;;l e U;UT(I()) = Iz . I(El)

where F; is an exceptional divisor with simple normal crossings constructed inductively
as

I(E;) = 0" (Z(Ei-1))Z(D;).
Finally the full transform o} (Z) = Iy - Z(Ey) = Oz - Z(Ex) = Z(Ey) is principal and
generated by the sheaf of ideals of a divisor whose components are the exceptional divisors.
The canonicity conditions for principalization follow from the canonicity of resolution of
marked ideals.

(2)=(3) Canonical embedded desingularization of germs of analytic spaces

Lemma 4.0.3. The canonical principalization of T on My defines an isomorphism over
Mz \V ().

Proof. Let p =0 € A™ denote the origin of the affine space A™. The canonical prin-
cipalization of the germ (A?p}, Oan) is an isomorphism over generic points in a neigh-
borhood of p and is equivariant with respect to Gl(n) action , thus it is an isomorphism.
The restriction of the canonical principalization (M Z,f) of (Mz,T) to an open subset
Uz, C Mz determines the canonical principalization of (UZU’IlUZU ). Let ]\72 — Mz be
the canonical principalization of (Mz, O, ) and x € Z '\ V(Z). Locally we find an open
subset Ugzy C Mz \ V(Z) isomorphic to (AY,,,Oar). The canonical principalization of
(Utz},Tv) = ((Ugay, Ov) = (A}, Oan) is an isomorphism. O

Let Y, C Mz be a germ of a closed analytic subspace Y C M. Let Mz = My, z, «—
My gz, «— My gz, — ... — Mz = ]\A/[; be the canonical principalization of germs sheaves
of ideals Zy. It defines a sequence of blow-ups Uy < U}, which is a principalization of Zy,
for a suitable open neighborhood Uy of Z.

Suppose all centers C;_1 of the blow-ups o; : U;_1 < U; are disjoint from the generic
points of strict transforms Y;_; of Yy = Y NUy. Then & is an isomorphism over the generic
points y of Yy and ¢*(Z), = ¢*(Z),. Moreover no exceptional divisor pass through y.
This contradicts the condition 0*(Z) = Z. Thus there is a smallest 4.cs with the property
that Cj,., contains the strict transform Y; _ and all centers C; for j < i, are disjoint
from the generic points of strict transforms Y;. Let y € Y; . be a generic point for
which U;, . — Up is an isomorphism. Find an open set U C Uy intersecting Y such that
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Ui,.. — Up is an isomorphism over U. Then Y; NU =Y NU and C; NU DY, NU
by the definition of ¥; .. On the other hand, by the previous lemma C;,, NU CY;  NU,
which gives C;  NU =Y, NU. Finally, Y;

res

lres
- res is an irreducible component of a smooth
(possibly reducible) center C;. This implies that Y; __ is smooth and has simple normal
crossings with the exceptional divisors. We define the canonical embedded resolution of
(Mz, Yz> to be

res

Y;

ires Zires )-

(Mz,Yz) = (Uoz, Yoz) < (Urz,,Y12,) < (U2z,,Y2z,) < ... — (Ui, 2,
It is independent of the choice of U. If (M},,Y}) — (Mz,Yz) is a local analytic iso-
mophism then the induced sequence of blow-ups (U, )o<i<k = (Uz:, Xar, Uiz, )o<i<k is
an extension of the canonical principalization (U} Z;_)ogjgk/ of (U} Red ;). Moreover
1. = U and (U)o<i<i,., is is an extension of the canonical resolution (U})o<;<j..

of (M7,,Y}). Commutativity with closed embeddings for embedded desingularizations
follows from the commutativity with closed embeddings for principalizations.

(3)=(4) Canonical desingularization of germs

Let Y be an analytic space. Every point of y € Y has a neighborhood V which is
locally isomorphic to a closed analytic subset of an open ball U C C". The coordinates
U1,...U, on Y define a minimal embedding Y D V' — U into an open subset U of C".
Let Z CV =Y NU be a compact set. Ehegv Y, can be identified with V. Consider the
canonical embedded desingularization (Uz,Yz) — (Uz, Yz). Then we define the canonical
desingularization of Yz to be )73 — Yz. Two minimal embeddings ¢; : Z C V; — U; D
Z1 = ¢1(Z) and ¢ 1 Z C Vo — Us D Zy = ¢o(Z) of two different open subsets Vi, Vs
containing Z are defined by two different sets of coordinates uy, ... u, and uf,...u!, differ
by an isomorphism

V=5 d1 : (Uiz,, (01(Vi)z,) = (Uzzy, (62(V2) 2,)

mapping coordinates x1,...,z, to zp,...,z,,. Note that both ¢1(V1)z, and ¢2(V1)z,

n

can be identified with Y. The isomorphism %, by canonicity, lifts to the isomorphisms
between embedded desingularizations v : (Uyz,,Y17) — (U2z,Y2z) and nonembedded
desingularizations }7; — }72; The latter shows that E — Yy is independent of the

choice of ambient manifold U. Observe that if Y, C Y}, is an open embedding then it
extends to an open embedding Uz C U, and it defines an open embeddings of desingu-

larizations E cYl,.

Let Yz denote the analytic germ of Y at Z. Consider an open cover of Z with the
open subsets V; C W; C U; of Y, such that V; ¢ W; and V; C U; are compact and U; is
isomorphic to an open balls as above. Set S; ==V}, Z; := W; N Z. .

The desingularization of Yg, = Us, determines the desingularization U/ of an open
neighborhood U] of Y, and thus the desingularization ‘Z —Viof V; C U
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For each i, j, the embedding Yz,~z, — Yz, lifts to embeddings of nonembedded desin-

gularizations of germs Yz.nz, — f’; Note that the open embedding V; N V; — V; is the
restriction of Yz,nz, — Yz,. It defines an embedding of desingularizations (V; NV} i) — Vi
Let V be a manifold obtained by gluing V; along V; N V;. The desingularization mor-

phism desy : V — V is bimeromorphic and proper. Let Z = des‘_/l(Z). Note that
Yz =Yz = U(Vi)z,. We define the canonical desingularization of Yz to be

YZ = ‘72 == UV;ZL
It follows from the definition that it commutes with local analytic isomorphisms. |

4.1. Canonical principalization of ideal sheaves on analytic spaces

Let 7 be an ideal sheaf on a manifold M. Consider an open cover {U, };er of M, such
that Z; := U, are compact. For every i let prin, : (Yz,,Zz,) — (Yz,,Zz,) be a canonical
principalization of Z on Yyz,. Let U = prini_l(Ui) — (Ui, Zy,) be its restriction. By
canonicity, prin; : prin; I(YZi N YZJ.) is isomorphic over Yz, N Yz, to ?Zm z;- Thus the
meromorphic map

ﬁij = prm;l(U, N Uj) ~ ﬁji = prlnjl(UZ n Uj)

is an isomorphism. We define M to be a manifold obtained by gluing U; along [7” Then
prin : M — M is a proper bimeromorphic morphism. Moreover for any compact Z C M,
(Mz,Z3) — (Mz,1z) is a canonical principalization of Z on the germ M.

4.2. Canonical embedded desingularization of analytic spaces

Let Y C M be an analytic subspace of a manifold. Consider an open cover {Ui}ier of
M, such that Z; := U; are compact. For every i let des; : (MZ 7YZ ) — (Mg,,Yz,) be
the canonical desingularization of Yz,. Let (U;,UY) := des; L (U;, Y NU;) — (U, Y NUy)
be its restriction. As before we define M to be a manifold obtained by gluing U along
(71]. A subspace Y C M is a manifold obtained by gluing Uyl along UY;;. Then
des : (M , Y) (M,Y) is a proper bimeromorphic morphism. Moreover for any compact

Z C M, (M Z}N/Z) — (Mz,Yz) is a canonical embedded desingularization of the germ
Y, C My.

4.3. Canonical desingularization of analytic spaces

Let Y be an analytic space. Consider an open cover {U;};cr of Y, such that Z; := U;
are compact. For every ¢ let des; : Yz, — Yz, be the canonical desingularization of the
germ Yy,. Let U; := des; '(U;) — U; be its restriction. As before we define Y to be a

manifold obtained by gluing U; along UZJ Then des: Y — Y is a proper bimeromorphic

morphism. Moreover for any compact Z C Y, Y — Yy is a canonical desingularization
of germ Y.
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5. Marked ideals

5.1. Equivalence relation for marked ideals
Let us introduce the following equivalence relation for marked ideals:

Definition 5.1.1. Let (Mz,Z, Ez,uz) and (Mz,J,E7,17) be two marked ideals on
the manifold Mz. Then (Mz,Z,Er,uz) ~ (Mz,J,E7,pu7) if
(1) Ez = E7 and the orders on Fz and on E 7 coincide.
(2) supp(Mz,Z, Bz, uz) = supp(Mz, T, Eg, 7).
(3) All the multiple test blow-ups Mz = My I Mz, 22— i Z; i
— vz, of (Mz,ZT,Ez,uz) are exactly the multiple test blow-ups of
(Mz,J,E7,ps) and moreover we have

Supp(MiZiaIiv Ei7 MI) = Supp(MiZia k7i7 Eiv /'LJ)
It is easy to show the lemma:

Lemma 5.1.2. For any k € N, (Z,p) =~ (Z*, ku).

Remark. The marked ideals considered in this paper satisfy a stronger equivalence
condition: For any local analytic isomorphisms ¢ : M), — Mgz, ¢*(Z,u) ~ ¢*(J, ).
This condition will follow and is not added in the definition.

5.2. Ideals of derivatives

Ideals of derivatives were first introduced and studied in the resolution context by
Giraud. Villamayor developed and applied this language to his basic objects.

Definition 5.2.1. (Giraud, Villamayor) Let Z be a coherent sheaf of ideals on a germ
of manifold Mz. By the first derivative (originally extension) Dy, (Z) of Z (or simply
D(Z)) we mean the coherent sheaf of ideals generated by all functions f € 7 with their
first derivatives. Then the i-th derivative D'(Z) is defined to be D(D~1(Z)). If (Z,p) is
a marked ideal and ¢ < p then we define

Di(Ia M) = ('Di(I),,u - 7’)

Recall that on a manifold M there is a locally free sheaf of differentials 7/ gener-
ated locally by dui,...,du, for a set of local coordinates u1,...,u,. The dual sheaf of
derivations Der g (Oy) is locally generated by the derivations 6%1-‘ Immediately from the
definition we observe that D(Z) is a coherent sheaf defined locally by generators f; of 7

and all their partial derivatives %. We see by induction that D¥(Z) is a coherent sheaf

lal ¢,
defined locally by the generators f; of Z and their derivatives 6(%5’ for all multiindices

a=(ag,...,a,), where |a| == a1 + ...+ ap, <.

Lemma 5.2.2. (Giraud, Villamayor) For any i < p— 1,
supp(Z, p1) = supp(D*(Z), pu — ).
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In particular supp(Z, i) = supp(DH*~Y(Z),1) = V(D*~1(2)) is a closed set (i =p—1).

Proof. It suffices to prove the lemma for ¢ = 1. If © € supp(Z, 1) then for any f € Z we
have ord,(f) > p. This implies ord,(Df) > pu — 1 for any derivative D and consequently
x € supp(D(Z),n — 1)). Now, let = € supp(D(Z),u — 1)). Then for any f € Z we have
ord,(f) > pn—1. Suppose ord,(f) = p—1 for some f €Z. Then f = Z|a|>;4 1 Cax® and
there is « such that & =y — 1 and co # 0. We find zZ- for which ord, ( ) ©w—2 and
thus ord, ( ) w—2and x & supp(D(Z), u — 1)) O

We write (Z,u) C (J,p) fZ C J.

Lemma 5.2.3. (Giraud, Villamayor) Let (Z,u) be a marked ideal and C C supp(Z, p)
be a smooth center and r < u. Let 0 : My «— M’Z be a blow-up at C'. Then

0°(Dh, (Z, 1)) € Diyy o (0°(Z, 1))

Proof. First assume that r = 1. Let uq,...,u, denote the local coordinates at z € C
such that C is a coordinate subspace Then the local coordinates at 2’ € o~1(x) are of
the form u} = i for ¢ < m and u; = u; for i > m, where u,, = u}, =y denotes the local
equation of the exceptlonal divisor.

The derivations a - of Oy,m extend to derivations of the rational field K'(Oz,ar). Note
also that

ouy 8y . . . ouy : . Ouy, 4.
Tu = ue 1 <m,1 <5< m B = oz U 7 <m; T =1
553 =0,7>m; gZi =i, 1=m.
This gives
821_:&8‘2,:%832, 1<i<m; aigzaii’ m<i<n,
%m:_% ulla?yl '+u;n 1aua 1 “;naq?'m)

We see that any derivation D of O, induces a derivation yo*(D) of Oy pr. Let E be
the exceptional divisor Z(F) be its ideal sheaf (locally generated by y). Thus the sheaf
of derivations Z(E)o*(Derg (Oypr)) is a subsheaf of Derg (Opy) locally generated by

d o
ya—y, an ya—u;,z > m.
In particular Z(E)o*(Dp(Z)) C Dy (0*(Z)). For any sheaf of ideals J on M’ denote by
I(E)o*(Dy)(T) C Dap (J) the ideal generated by J and the derivatives D’(f), where
feJand D' € Z(E)o*(Derg (Oypr)). Note that for a neighborhood U’ 3 2’ and any
FeJU) and D’ € yo*(Derg (Ounr)), y divides D'(y) and

D'(yf) =yD'(f)+D'(y)f € yo"(Pu)(T)+yT =yo" (Du)(T).
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Consequently, yo*(Dar)(yT) C yyo*(Dar)(J) and more generally yo*(Das)(y*T) C
yHyo* (Dar )(T). Then
yo*(Pm(1)) € yo"(Du)(0*(T)) = yo*(Dm)(y"o"(1))
€ y'yo"(Dum)(0°(2)) S y"Dur(0°(1)).
Then
o°(Dm(T)) = y~"*o"(Du(T)) € Dar (0°(2)).
Assume now that r is arbitrary. Then C' C supp(Z, u) = supp(Di,(Z,p)) for i < r and

by induction on r,
o°(DyT) = 0°(Du(Dy; (1)) € P (0°Dyy () S Dy (0°(2)).

O
As a corollary from Lemma 5.2.3 we prove the following

Lemma 5.2.4. A multiple test blow-up (M;)o<i<k of (Z, 1) is a multiple test blow-up of
DI(T,p) for 0 < j < p and _ _
[D(Z, Wk € D (I, ).

Proof. Induction on k. For k = 0 evident. Let op41 : My «— Mpy1 denote the
blow-up with a center Cj, C supp(Zy, u) = supp(D?(Zy, 1)) € supp([D?(Z, i1)]x). Then
by induction [DV(Z, p)]kt1 = 054 [DV(Z, )]k € 051 (DI (I, ). Lemma 5.2.3 gives
o1 (D! (Zie, 1)) € D?ojiyy (Ties ) = DV (g1, ). O

5.3. Hypersurfaces of maximal contact

The concept of the hypersurfaces of mazimal contact is one of the key points of this
proof. It was originated by Hironaka, Abhyankhar and Giraud and developed in the
papers of Bierstone-Milman and Villamayor.

In our terminology we are looking for a smooth hypersurface containing the supports
of marked ideals and whose strict transforms under multiple test blow-ups contain the
supports of the induced marked ideals. Existence of such hypersurfaces allows a reduction
of the resolution problem to codimension 1.

First we introduce marked ideals which locally admit hypersurfaces of maximal contact.

Definition 5.3.1. (Villamayor [35]) We say that (Mz,Z, E, ) be a marked ideal of
mazimal order (originally simple basic object) if there exists an open neighborhood U
of Mz = (U, Z) such that 7 is defined on U D Z and max{ord,(Z) | z € U} < p or
equivalently D*(Z) = Oy, .

Lemma 5.3.2. (Villamayor [35]) Let (Z,u) be a marked ideal of maximal order and
C C supp(Z, p) be a smooth center. Let o : Mz «— M, be a blow-up at C C supp(Z, u).
Then o¢(Z, 1) is of mazimal order.

Proof. If (Z, 1) is a marked ideal of maximal order then D*(Z) = Oys,. Then by Lemma
5.2.3, DH(0°(Z, 1)) D 0¢(D*(Z),0) = Oy, O

Lemma 5.3.3. (Villamayor [35]) If (Z,u) is a marked ideal of maximal order and
0 <i < p then DY(Z,p) is of mazimal order.

47



WLODARCZYK

Proof. DH=i(D¥(Z, 1)) = D(Z, p) = O, O
In particular (D*~1(Z),1) is a marked ideal of maximal order.

Lemma 5.3.4. (Giraud) Let (Z,u) be a marked ideal of mazimal order and let
o: My «— MY, be a blow-up at a smooth center C C supp(Z, ). Let u € D*~HZ, p)(U)
be a function of multiplicity one on U, that is, for any x € V(u), ord,(u) = 1. In particu-
lar supp(Z, ) NU C V(u). Let U' C o= (U) C M}, be an open set where the exceptional
divisor is described by y. Let u' := o°(u) = y~Lo*(u) be the controlled transform of u.
Then

(1) ' € D (" (T, ).
(2) u' is a function of multiplicity one on U’.
(3) V(u') is the restriction of the strict transform of V(u) to U’.

Proof. (1) v’ = 0°(u) = u/y € o¢(D*1(Z)) C D*(c°(2)).

(2) Since u was one of the local coordinates describing the center of blow-ups, v’ = u/y
is a parameter, that is, a function of order one.

(3) follows from (2). O

Definition 5.3.5. We shall call a function
u € T(T)(U) =D HZ(U))
of multiplicity one a tangent direction of (Z, ) on U.
As a corollary from the above we obtain the following lemma:

Lemma 5.3.6. (Giraud) Let uw € T(Z)(U) be a tangent direction of (Z,u) on U. Then
for any multiple test blow-up (U;) of (Zjy, p) all the supports of the induced marked ideals
supp(Z;, pt) are contained in the strict transforms V(u); of V(u). O

Remarks. (1) Tangent directions are functions defining locally hypersurfaces of max-
imal contact.
(2) The main problem leading to complexity of the proofs is that of noncanonical
choice of the tangent directions. We overcome this difficulty by introducing
homogenized ideals.

Lemma 5.3.7. (Villamayor) Let (Z, u) be a marked ideal of mazimal order whose support
is of codimension 1. Then all codimension one components of supp(Z, u) are smooth and
isolated. After the blow-up o : My — ML, at such a component C' C supp(Z, ) the
induced support supp(Z', i) does not intersect the exceptional divisor of o.

Proof. By the previous lemma there is a tangent direction u € D*~1(Z) whose zero set
is smooth and contains supp(Z, ). Then D*~Y(Z) = (u) and Z is locally described as
T = (u*). Suppose there is g € T written as g = ¢, (z, u)u” + cp1(x)u 1 + ...+ co(x),
where at least one function ¢;(z) # 0 for 0 <4 < p— 1. Then there is a multiindex « such
la| = p—i—1 and 86;1‘51'
does not belong to the ideal (u).

is not the zero function. Then the derivative % e D+ Y(T)
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The blow-up at the component C locally defined by u transforms (Z, ) = ((u*), p) to
(Z', ), where 0*(Z) = y*Opr, and I’ = 0¢(Z) = y H0*(Z) = Opr, where y = u describes
the exceptional divisor. O
Remark. Note that the blow-up of codimension one components is an isomorphism. How-
ever it defines a nontrivial transformation of marked ideals. In the actual desingularization
process this kind of blow-up may occur for some marked ideals induced on subvarieties of
ambient varieties. Though they define isomorphisms of those subvarieties they determine
blow-ups of ambient varieties which are not isomorphisms.

5.4. Arithmetical operations on marked ideals

In this section all marked ideals are defined for the germ of the manifold M and
the same set of exceptional divisors E. Define the following operations of addition and
multiplication of marked ideals:

(1) (T,pz) + (T, pg) := (Tlomwzng)/uz o glempz.ng)/ig lem(uz, py))
or more generally (the operation of addition is not associative)
(Ilaﬂl) 4.+ (Imyl-lm) — (Iicm(uly“wllﬂm)/ﬂl _"_I;Cm(ul,m,um)/ﬂz
B e I lem(fa1y - vy fan))-
(2) @ pz) - (T, pg) =T J,pz + py)-

Lemma 5.4.1. (1) supp((Z1, p1)+- - -+ (T, o)) = supp(Zy, p1)N. . .OSUPP( Ly form ) -
Moreover multiple test blow-ups (My) of (Z1, p1)~+- ..+ (Zm, im) are exactly those
which are simultaneous multiple test blow-ups for all (Z;,p;) and for any k we
have the equality for the controlled transforms (Z;, pr)

(Ilaﬂl)k +.o 4+ (Imvﬂm)k’ = [(Ilmul) .o+ (Imaﬂm)}k
2)
supp(Z, pz) Nsupp(J, pg) S supp((Z, pz) - (T, 17 ))-
Moreover any simultaneous multiple test blow-up M; of both ideals (Z,uz) and

(T, 1) is a multiple test blow-up for (Z,uz) - (T, pz), and for the controlled
transforms (I, pz) and (Jx, pg) we have the equality

(T, uz) - (T, ng) = (L, pz) - (T 5 7))k

Proof.

(1) Follows from two simple observations:

(i) (Z,p) > (ZF,kp)

(ii) supp(Z,p) N supp(Z’,u) = supp(Z + Z’, ) and the property is persistent for
controlled transforms.

(2) Follows from the following fact:

If ord,(Z) > pz and ord,(J) > py then ord,(Z - J) > uz + py. This implies that
supp(Z, uz) Nsupp(J, pr) € supp((Z,uz) - (T, 7). Then by induction we have the
equality:

(Zk, uz) - (T n7) = (T, pz) - (T, 1.7 -
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5.5. Homogenized ideals and tangent directions

Let (Z, 1) be a marked ideal of maximal order. Set T(Z) := D*~'Z. By the homoge-
nized ideal we mean

H(Z, 1) = (H(Z),p) = (Z+DL-TI)+...+DT-T(I) +...+ D" 'T-T(T)* ', ).
Lemma 5.5.1. Let (Z, 1) be a marked ideal of mazimal order.

(1) If p=1, then (H(Z),1) = (Z,1).

(2) H(Z) =Z+DI-T(I)+.. +DIT-T(I)'+...+D*F ' T-T(T)* ' +DHT-T(T)*+

B) (H(D),p) = (Z,p) + DT, p) - (T(Z),1) + ... + D (L, ) - (T(T), 1)

o+ DRI ) - (T(D), 1)

(4) If 1> 1 then DH(Z, p)) € H(D(Z, ).

(5) T(H(Z,n)) = T(Z, ).
Proof. (1) T(Z) =Z and DY(Z)T(Z)! C Z. (2) D*~Y2)T(Z) = T(Z)* and DY(Z)T(Z)*
T(Z)* for i > p. (3) By definition. (4) Note that T(D(Z)) = T(Z) and D(D* (T )T’(I)‘)
DY(D(I))T(D(Z)) + D" Y(DPI)T(D(T))" C H(D(Z,p). (5) T(I) = D' Y(I)
DY R(T)) € H(D*H(D)) = H(T(Z)) = T(T).

Remark. A homogenized ideal features two important properties:

Dlﬂlﬂﬂ

(1) Tt is equivalent to the given ideal.
(2) Tt “looks the same” from all possible tangent directions.

By the first property we can use the homogenized ideal to construct resolution via the
Giraud Lemma 5.3.6. By the second property such a construction does not depend on
the choice of tangent directions.

Lemma 5.5.2. Let (Z,u) be a marked ideal of maximal order. Then
(1) (Z,p) = (H(Z), ).
(2) For any multiple test blow-up (My) of (Z,u),
(H(T), i = (T, ) +[D(T, Wi [(T(D), D]+ + DT, w)]ie- [(T(T), DI

Proof. Since H(Z) D Z, every multiple test blow-up of H(Z, ) is a multiple test blow-up
of (Z, ). By Lemma 5.2.4, every multiple test blow-up of (Z, ) is a multiple test blow-
up for all D¥(Z, 1) and consequently, by Lemma 5.4.1 it is a simultaneous multiple test
blow-up of all (D*(Z) -T(I)i ) (Di(I) —i) - (T(Z)% i) and

1)k

(T

supp(H(Z, p)i) i~  supp(D'(Z) - T(T)',
NIz supp(D*(T), p1 = )i - (T(T)", i)
,:01 supp(D*(Z, ). = supp(Z, ).
Therefore every multiple test blow-up of (Z, u ) is a multiple test blow-up of H(Z, )
and by Lemmas 5.5.1(3) and 5.4.1 we get (2). O
Although the following Lemma 5.5.3 are used in this paper only in the case E = () we
formulate them in slightly more general versions.

U
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Lemma 5.5.3. ( Glueing Lemma ) Let (Mz,Z, E, 1) be a marked ideal of mazimal or-
der. Assume there exist tangent directions u,v € T(Z, ), = D*"YZ, ) at x € supp(Z, p)
which are transversal to E. Then there exists an open neighborhood V of x such that V.
is compact and an automorphism ¢, of Ms where S := Z NV such that
( ) ¢1L1)(HI)\MS :HI\MS
(2) ¢,,(E) =E.
(3) duy(u) =w.
(4) supp(I w) =V (T(Z,pn)) is contained in the fixed point set of ¢.
(5) Any test resolution M;s, of (Ms,T,E, 1) is equivariant with respect to ¢y, and
moreover the properties (1)-(4) are satisfied for the lifting ¢uvi : Mis, — M;s, of
Ouv : Mg — Mg and the induced marked ideal HT);.

Proof. (0) Construction of the automorphism ¢,,,.

Find coordinates uo,...,u, transversal to v and v such that v = uy,us,...,u, and
v, Uz, . .., U, form two sets of coordinates at x and divisors in E are described by some
coordinates u; where ¢ > 2. Set

¢uv(u1) =, quv(uz) = U; for 7> 1.

The morphism ¢y, : U — U’ defines an open embedding from some neighborhood U
of = to another neighborhood U’ of x.
(1) Let h:=v—u € T(Z). Forany f € T,

i

1 0tf
* _ _ I —ZJ 2 -
Gunlf) = St b, un) = f(un, o)+ 5o hb oy Bt

The latter element belongs to
I+DI-T(T)+...+DT-T(I) +...+ D 'T-T(T)" ' =HT

Hence QS o(ZI) C HZ. Analogously ¢;,(D'Z) C D'T + DT -T(Z)+ ...+ D' 'T-
T(Z)"~"~' = HD'I. In particular by Lemma 5.5.1, ¢*, (T(Z),1) ¢ H(T(Z )71) (T(Z),1).
This gives

¢5p(D'T-T(I)") CD'T-T(T)' + ...+ D" T -T(T)" " C ML
By the above ¢, (HT), C (HI), and since the scheme is noetherian, ¢, (HZ), = (HI),.
Consequently ¢ (HZ), = (HZ), for all points y in some neighborhood V' C U of z. We
can assume that V C U is compact.

(2)(3) Follow from the construction.

(4) The fixed point set of ¢, is defined by uw; = ¢, (u;), i = 1,...,n, that is, h = 0.
But h € D*~1(Z) is 0 on supp(Z, u). In particular ¢, defines an automorphism of Mg
identical on S =V N M.

(5) Let Cy C supp(Z, ) be the center of og. Then we can find coordinates u}, uj, . ..,
transversal to u = u} and v = u + h such that Cy is described by coordinates u} = u}

s~

U
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. = u}, = 0 for some m > 0 or equivalently v = v = ... = u, = 0. By (4), the

automorphism ¢, is described by

Guo(ul) =l +hl, where hle (h)eT(T)cC D 1.
By (3), C is invariant with respect to ¢, and it lifts to an automorphism ¢,.,1 of M;. Note
also that at any point p € o' (z) Nsupp(Zy, i) there is a set of coordinates uf, u}, ..., u/

’ U 'n

’7
where u = =+, = u} for i > m. Then the form of ¢,,1 is the same as ¢..
m

buot (u) =) + 1Y,  where b €T(I), Cc D" ',
The fixed point set of ¢y, is defined by h” = 0 in a neighborhood U, of p and it contains
supp(Z1, 1) NU,. In particular all points p € supp(Zy, u) N(o1) " (z) are fixed under ¢yyp1.

Thus ¢y, defines an automorphism of M; g, = o7 1(MS). We continue the reasoning by
induction. (]

5.6. Coefficient ideals and Giraud Lemma

The idea of coefficient ideals was originated by Hironaka and then developed in papers
of Villamayor and Bierstone-Milman. The following definition modifies and generalizes
the definition of Villamayor.

Definition 5.6.1. Let (Z, 1) be a marked ideal of maximal order. By the coefficient ideal
we mean
C(T,p) = (Z,p)+ (DL, pu—1)+...+ (D' 17,1).
Remark. The coefficient ideals C(Z) feature two important properties.
(1) C(Z) is equivalent to Z.
(2) The intersection of the support of (Z, ) with any submanifold S is the support
of the restriction of C(Z) to S:

supp(Z) N S = supp(C(Z);s)-
Moreover this condition is persistent under relevant multiple test blow-ups.
These properties allow one to control and modify the part of support of (Z, 1) contained
in S by applying multiple test blow-ups of C (I)‘ S
Lemma 5.6.2. C(Z,pu) ~ (Z, ).
Proof. By Lemma 5.4.1 multiple test blow-ups of C(Z, i) are simultaneous multiple test
blow-ups of D¥(Z, ) for 0 < i < u — 1. By Lemma 5.2.4 multiple test blow-ups of (Z, u1)

define a multiple test blow-up of all D*(Z, ). Thus multiple test blow-ups of (Z,x) and
C(Z, i) are the same and supp(C(Z, p))x = (\supp(D'Z, pu — i) = supp(Z, ). O

Lemma 5.6.3. Let (Mz,Z,E,u) be a marked ideal of mazimal order whose support
supp(Z, 1) does not contain a submanifold S of Mz. Assume that S has only simple
normal crossings with E. Then

supp(Z, ) NS C supp((Z, p1)}s)-
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Proof. The order of an ideal does not drop but may rise after restriction to a submanifold.
O

Proposition 5.6.4. Let (Mz,Z,E, 1) be a marked ideal of mazimal order whose support
supp(Z, u) does not contain the germ of a submanifold St of My. Assume that S has
only simple normal crossings with E and T := Z N S. Let E' C E be the set of divisors
transversal to S. Set El’s ={DNS|DeEY} p.:=lem(1,2,...,u), and consider the

marked ideal C(Z, 1)|s = (S,C(Z, 1)is, E|g: pie)- Then
supp(Z, ) N S = supp(C(Z, p)s)-

Moreover let (M;z,) be a multiple test blow-up with centers C; contained in the strict
transforms S; C M; of S. Then
(1) The restrictions ois, : Sit; — Si—11,_, of the morphisms o; : Mz, — M;_17,_,
define a multiple test blow-up (Sir,) of C(Z,p)|s, (where T; == Z; N S;.)
(2) supp(Zs, p) N Si = supp[C(Z, ) sli-
(3) Every multiple test blow-up (Sit,) of C(Z,u)|s defines a multiple test blow-up

i

(M;z,) of (Z,p) with centers C; contained in the strict transforms Sit, C Mz,

Of ST C M.
Proof. By Lemmas 5.6.2 and 5.6.3, supp(Z, ) NS = supp(C(Z, 1)) NS € supp(C(Z, p);s)-
Let ©1,...,%k, Y1, .., Yn—k be local coordinates at p such that {1 = 0,...,z, = 0}

describes S. Then write a function f € 7 can be written as

f= Z Caf(y)xa-

Now z € supp(Z, ) NS iff ord,(ca,r) > 1 — |af for all f € Z and 0 < |a| < p. Note that
1 olel(f
Cafls = ( ( )) e DI*NT)s
|S

a! Oz«

and hence supp(Z, 1) NS = ez, o<y SUPD(Cagiss o — al) 2 Mocse, SUpD((D'T)(5) =

supp(C(Z, i);s)-
Assume that all multiple test blow-ups of (Z, u) of length k with centers C; C S; are
defined by multiple test blow-ups of C(Z, u)|s and moreover for i < k,

supp(Z;, 1) N S; = supp[C(Z, p)|s):-
For any f € Z define f = fo € 7 and fiy1 = 05(fi) = y; “0*(fi) € Zit1. Assume that
Jr = anfk(y)xa,

where cq r1|s, € (alksk)C(D“*m'(I)w). Consider the effect of the blow-up of C} at a point
Pk+1 in the strict transform Sy41 C Mp41. By Lemmas 5.6.2 and 5.6.3,

supp(Zi+1, #) N Sk1 = supp[C(Z, p)]k+1 N Skt
C  supplC(Z, )]k41|Ss, = SUPP[C(Z, 1))k +1
Let x4, ...,z describe the submanifold S of M. We can find coordinates z1,..., T,
Y1, ---,Yn—k at the point pg, by taking if necessary linear combinations of y1, ..., Yn—_k,
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such that the center of the blow-up is described by x1,..., Tk, y1,-- -, Ym and the coordi-
nates at py41 are given by
Ty =1 Yms s T = Tk /Ymy Y1 = Y1 Yms -+ 3 Y = Ymo Y1 = Ymtds -+ Y = Yn-

Note that replacing ¥, . .., y,_; with their linear combinations does not modify the form
fr =" casr(y)z®. Then the function fr41 = 0°(f) can be written as

fr1 = Cafrrr(y)a’®,

where cqrr41 = y,}”ﬂa‘az“(cafk). Thus

K - _
Cafht1]Spn = (Ok+11811) (Caprsi) € (0|§;1+1)C(D“ (Z)s) = (*TH) (D1 ND)) s,
and consequently

supp(Zi+1, 1) N Skt1 = (Vyez,ja<p SUPP(Cafrt1]sisqs b — |)

2 supplC(Z, p)islk+1 = supp(C(Z, 1) k+1)|Sys1 -
As a simple consequence of Lemma 5.6.4 we formulate the following refinement of the
Giraud Lemma.

O

Lemma 5.6.5. Let (Mz,Z,0,u) be a marked ideal of mazimal order whose support
supp(Z, u) has codimension at least 2 at some point x. Let U > = be an open subset
for which there is a tangent direction u € T(Z) and such that supp(Z, ) N U is of codi-
mension at least 2. Let V(u) be the reqular subscheme of U defined by u. Then for any
multiple test blow-up (M;z,) of Mz,
(1) supp(Z;, p) is contained in the strict transform V(u)yr, of V(u)r as a proper
subset (where T = Z NV (u) and T; = Z; NV (u);).
(2) The sequence (V (u)ir,) is a multiple test blow-up of C(Z, 1t)|v (u)r -
(3) supp(Zi, ) NV ()i, = supp[C(Z, i) v (u)y Ji-
(4) Bvery multiple test blow-up (V(u)ir,) of C(Z,u)vw), defines a multiple
test blow-up (M,z,) of (Z, ).
O

6. Algorithm for canonical resolution of marked ideals

The presentation of the following resolution algorithm builds upon Villamayor’s and
Bierstone-Milman’s proofs.

Theorem 6.0.6. For any marked ideal (Mz,Z,E, 1) such that T # 0 there is an associ-
ated resolution (M;z,))o<i<m,,, called canonical, satisfying the following conditions:
(1) For any surjective local analytic isomophism ¢ : M}, — My the induced sequence
(M) = ¢*(M;z,) is the canonical resolution of M'.
(2) For 'Lany local analytic isomophism ¢ : M' — M the induced sequence

(M,.) = ¢*(Miz,) is an extension of the canonical resolution of My, .

Remarks. (1) In Step 2 we resolve general marked ideals by reducing the algorithm
to resolving some marked ideals of maximal order (companion ideals).
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(2) In Step 1 we resolve marked ideals of maximal order. It is the heart part of the
algorthm.

(3) The main idea of the algorithm of resolving marked ideals of maximal order in
Step 1 is to reduce the procedure to the hypersurface of maximal contact (Step
1b).

(4) By Lemma 5.3.4 hypersurfaces of maximal contact can be constructed locally.
They are in general not transversal to E and can not be used for the reduction
procedure. We think of F and its strict transforms as an obstacle to existence of
a hypersurface of maximal contact (transversal to E). These divisors are often
referred to as “old” ones.

(5) In Step la we move “old” divisors apart from the support of the marked ideal. In
this process we create “new” divisors but these divisors are “born” from centers
lying in the hypersurface of maximal contact. The “new” divisors are transver-
sal to hypersurfaces of maximal contact. After eliminating “old” divisors from
the support in Step la all divisors are “new” and we may reduce the resolving
procedure to hypersurfaces of maximal contact (Step 1b).

Proof. Induction on the dimension of Mz. If M is O-dimensional, Z # 0 and u > 0 then
supp(M,Z, 1) = 0 and all resolutions are trivial.

Step 1. Resolving a marked ideal (Mz, 7, F, ) of maximal order.

Before we start our resolution algorithm for the marked ideal (J, 1) of maximal order
we shall replace it with the equivalent homogenized ideal C(H(J, it)). Resolving the ideal
C(H(T, 1)) defines a resolution of (7, pt) at this step. To simplify notation we shall denote
C(H(T,u)) by (T, 1)

Step la. Reduction to the nonboundary case. For any multiple test blow-up
(M;z,) of (Mz,J, E,qi) we shall identify (for simplicity) strict transforms of E on M;z,
with E. For any x € Z;, let s(x) denote the number of divisors in E through z and set

s; = max{s(x) | € supp(J;) N Z;}.

Let s = sg. By assumption the intersections of any s > sg components of the excep-
tional divisors are disjoint from supp(J,7). Each intersection of divisors in £ on My
is locally defined by intersection of some irreducible components of these divisors. Find
all intersections HS C Myz,a € A, of s irreducible components of divisors £ such that
supp(J, 1) N HS N Z # ). By the maximality of s, the supports supp(jmé) C H: are
disjoint from H¢, (in a neighborhood of Z), where o’ # a.

Step laa. Eliminating the components H? contained in supp(J7, Ji)-

Let HS C supp(J,7) (in a neighborhood of Z). If s > 2 then by blowing up C = H?
we separate divisors contributing to HZ, thus creating new points all with s(z) < s. If
s = 1 then by Lemma 5.3.7, HS C supp(J,Ji) is a codimension one component and by
blowing up H we create all new points off supp(J, ).

Note that all HS C supp(J, i) will be blown up first and we reduce the situation to
the case where no H? is contained in supp(J, 7).

Step lab. Moving supp(J,7) and H¢ apart.
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After the blow-up in Step laa we arrive at M,z for which no H; is contained in

supp(J p, i) (in a neighborhood of Z), where p = 0 if there were no such components and
p = 1 if there were some. Let U} := M, \Uﬁia Hy Z,:=ZnNH,N supp(J p, ). Note

(0%
that by the maximality condition for s all HS Nsupp(J,, ) are disjoint for two different
a € A,. By definition Z3 C supp(J,, ) N HS C UZ is compact. Set

22 =112 z°=\Jzi=2znsuwp(T,0) M,:=][Uus H =]]H;NU;

Consider the surjective local analytic isomorphism ¢ : Mp = [{U; — M,. Note that
Z3 is disjoint from U, where o # «. The morphism ¢ defines a morphisms of germs

¢z : Mz — Mz which is locally an isomorphism
My 2 67 (Usz,) = Uszy © My

Denote by J the pull back of the ideal sheaf J via ¢z. The closed embeddings
H;NU; C US define the closed embedding H® C M. Let Zg := Z N H.
Construct by the inductive assumption the canonical resolution (H fé )of T ol

Proposition 5.6.4 such a resolution defines a multiple test blow-up ( z,) of (Jp, ) (and
of (7,1)). By Proposition 5.6.4,

supp((Ji, 70) 7.) = supp(J;, 1) N H.

Descending the multiple test blow-up to Mz, defines a multiple test blow-up of (J;, )
such that

Supp((jhﬁ)ng) = Supp(j“ R) N HS.
This creates a marked ideal (7 j,, 1) with support disjoint from all H3.

Conclusion of the algorithm in Step la. After performing the blow-ups in
Steps laa and lab for the marked ideal (J, %) we arrive at a marked ideal (7, ,7) with
sj, < so. Now we put s = s;, and repeat the procedure of Steps laa and lab for (7 j,, ).
Note that any Hj; on Mj, is the strict transform of some intersection H' of s = s,
divisors in £ on M. Moreover by the maximality condition for all s;, where ¢ < j; and
a # o, the set supp(J;, 1) N HZi, is either disjoint from H ’1 or contained in it. Thus
for 0 § 1 < j1, all centers C; have components either contalned in Hm = H¢, or disjoint
from them and by Proposition 5.6.4,

supp((J i, 1) us,) = supp(J i, 1) N Hy,.

Moreover if we repeat the procedure in Steps laa and lab the above property will still
be satisfied until either (7, )‘H are resolved as in Step lab or H} disappear as in Step
laa.

We continue the above process till s;, = s, = 0. Then (M;)o<j<, is a multiple
test blow-up of (M, 7, E, i) such that supp(jr, 1) does not intersect any divisor in E.
Therefore (Mj;)o<;<, and further longer multiple test blow-ups (M;)o<;<r, for any r < rq
can be considered as multiple test blow-ups of (M, 7,0, %) since starting from M, the
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strict transforms of E play no further role in the resolution process since they do not
intersect supp(J;, ) for j > r.

Step 1b. Nonboundary case
Let (M;z,)o<j<r be the multiple test blow-up of (M, J,0,7) defined in Step 1a.
Step 1ba. Eliminating the codimension one components of supp(7,.,7)-

If supp(J,, fi) is of codimension 1 then by Lemma 5.3.7 all its codimension 1 compo-
nents are smooth and disjoint from the other components of supp(J,, 7). These com-
ponents are strict transforms of the codimension 1 components of supp(7, 7). Moreover
the irreducible components of the centers of blow-ups were either contained in the strict
transforms or disjoint from them. Therefore E, will be transversal to all the codimension
1 components. Let codim(1)(supp(J;, 7)) be the union of all components of supp(J;, 1))
of codimension 1. By Lemma 5.3.7 blowing up the components reduces the situation to
the case when supp(J, i) is of codimension > 2.

Step 1bb. Eliminating the codimension > 2 components of supp(J, ).

For any z € Z Nsupp(J,x) \ codim(1)(supp(J, 1)) C Mz find a tangent direction
Uo € DF~1(J) on some neighborhood U, of z. Then H,, := V (u,) C U, is a hypersurface
of maximal contact. Take a finite open covers (U,) and (V) of Z such that the ideal
sheaf is defined on each U,, V,, C U, is compact , and U,, satisfies the property of Glueing
Lemma. Let Z, := Z NV, and Zy.a C Zo be any compact set contained in Z N V,. Set

V=][Ve Zv=[[%ve M=]]U« Z:=][% H=][H.CM

The closed embeddings H, C U, define the closed embedding HcC Mofa hypersurface
of maximal contact H.
Consider the surjective local analytic isomorphism

¢U:J,\Z::HU§HM.

It defines a morphism of germs ¢z, : M 7 — Mz. Denote by J the pull back of the
ideal sheaf J via ¢yy. The multiple test blow-up (M;z,)o<i<p of J defines a multiple test

blow-up (M3 ;)o<i<p of J and a multiple test blow-up (H;)o<i<p of Jp.

Let Uy ; C M; be the inverse image of U, and let H,; C U,; denote the strict transform
of H,. By Lemma 5.6.5, (Hai)o<i<p is a multiple test blow-up of (Hq,J|n.,0,7). In
particular the induced marked ideal for ¢ = p is equal to

7P|Hap = (Hap77p\Hap7 (EP \ E)|Hap7ﬁ)'

Construct the canonical resolution of (-ﬁiZi)pSiSmu of the marked ideal jplﬁp on fIZ

It defines, by Lemma 5.6.5, a resolution (M7 )p<i<m of jp and thus also a resolution

(M‘Zi)OSiSm of (MVZ, j, (0, 7). Moreover both resolutions are related by the property

7

supp(J;) = supp(J, 7,)-
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The resolution (]\A/fiz)ogigm defines the canonical resolution (‘N/iZV,-)OSiSm for any

compact Zy C V.
Consider the surjective local analytic isomorphism

¢V:‘7::HVO¢—>M.

We have to show that the resolution (Viz’;)ogigm descends to the resolution
(M;z,)o<i<m which is independent of the choice of local hypersurfaces of maximal contact

and M. We show by induction that there exists a resolution (M;z, ,))o<i<m such that its
restriction ((Ha ), ))k<i<m is an extension of the part of the canonical resolution.
Consider the inverse image

67 (Vai) = [ Vs N Vay-

Let 5]- be the center of the blow-up o, : ‘7j+1 — \7J If éj NVs; NV, # 0 then
éj N Vs,; defines the center of an extension of the part of the canomical resolution
((Hpj)zy4; )p<j<m- By the canonicity the intersection C; N V3NV, defines the center
of an extension of the part of the canonical resolution ((Hg; N Vaj)zy 5,02y s, )p<j<m-

By Glueing Lemma 5.5.3 for the tangent directions u, and ug we find an automorphism
biap of (Usi NUni)z,,nz,; and its restriction to (Vo NV3)zy 412y 4; ) p<i<m-

such that

(1) (¢iap)(Hai) = Hp;. _

(2) ¢api is the identity for supp(J;)

(3) ¢api preserves the marked ideal J;

4) diap(Jijna,) = Jijns:
Its restriction to (Vo N Vp)z,.nzy,, defines an automoprhism for any compact
Zyva C ZNVy and Zyg C Z N Vg. By the above 6' N (Vs N Vai)zys;nzys; 1S the

center of the canonical resolution of JZ| Hs, and of JZ| H,,- Thus the restriction of the

natural embedding C N Vs, NV, 1)ZVQJQZW}] (C N V,JZ i) Zv.: 1s an open embedding
and C’ descends to a smooth center C; := C’ NVajzve; CUVajzya, = Mjz;.

Step 2. Resolving marked ideals (Mz,Z, E, u).
For any marked ideal (Myz,Z, F, 1) write
= MEN(),

where M(Z) is the monomial part of T, that is, the product of the principal ideals defining
the irreducible components of the divisors in E, and N'(Z) is a nonmonomial part which
is not divisible by any ideal of a divisor in F. Let

ordr(z) := max{ord,(N(Z)) | € Z Nsupp(Z, p)}.
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Definition 6.0.7. (Hironaka, Bierstone-Milman, Villamayor, Encinas-Hauser) By the
companion ideal of (Z, ) where I = N(Z)M(Z) we mean the marked ideal of maximal
order

O(T, 1) = (N(T), ordp (1)) + (M(Z), o — ordp(z))  if ordar(zy < p,
T @) ordwa) if ordy(z) > .

Step 2a. Reduction to the monomial case by using companion ideals.

By Step 1 we can resolve the marked ideal of maximal order (J,us) := O(Z, u). By
Lemma 5.4.1, for any multiple test blow-up of O(Z, u),

supp(O(Z, p1)); = supp[N(Z), ordpr(z)}i N supp[M(Z), p — ordp(mr)ls
= supp[N(Z), ordp(p)]i N supp(Zi, ).

Consequently, such a resolution leads to the ideal (Z,,,u) such that
ordyr(z,,) < ordy(z).-Then we repeat the procedure for (Zr,, ). We find marked ideals
(Zrgs 1) = (Z, 1), (Zyy s )5 - -+ 5 (I, , 1) such that ordar(z,) > ordpr(z,, ) > ... > ordy(z,, )-
The procedure terminates after a finite number of steps when we arrive at the ideal
(Zr,,, ) with ordpr(z, y = 0 or with supp(Z;,,,1) = 0. In the second case we get the
resolution. In the first case Z,, = M(Z, ) is monomial.

Step 2b. Monomial case Z = M(Z).

Let Sub(E;) denote the set of all subsets of E;. For any subset in Sub(FE;) write a
sequence (D1, Da,...,0,...) consisting of all elements of the subset in increasing order
followed by an infinite sequence of zeros. We shall assume that 0 < D for any D € E;.
Consider the lexicographic order < on the set of such sequences. Then for any two subsets
Ay ={D}}icr and Ay = {D?}jej we write

A < Ay

if for the corresponding sequences (Di, D3, ...,0,...) < (D%, D3,...,0,...).

Let 1,...,x, define equations of the components Df,...,Df € [E through
x € supp(Mz,Z,FE, ) and Z be generated by the monomial z®>~% at z. Note that
ord;(Z) =a1 + ...+ ag.

Let p(xz) = {D;,,...,D;, } € Sub(E) be the maximal subset satisfying the properties

(1) aj, +...+a; > p.
(2) Forany j =1,...,0, a;, +...+ai; + ...+ a; < p.

Let R(x) denote the subsets in Sub(E) satisfying the properties (1) and (2). The
maximal components of supp(Z, i) through « are described by the intersections (1, caD
where A € R(z). The maximal locus of p determines at most one maximal component of
supp(Z, ) through each x.

After the blow-up at the maximal locus C = {z;, = ... = z;, = 0} of p, the ideal
T = (x%-%) is equal to Z' = (x5 —1 %5+ 4y the neighborhood correspond-
ing to x;;, where a = a;, + ...+ a; — p < a;;. In particular the invariant v drops for all
points of some maximal components of supp(Z, p). Thus the maximal value of v on the
maximal components of supp(Z, 1) which were blown up is bigger than the maximal value
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of ord,(Z) on the new maximal components of supp(Z, ). It follows that the algorithm
terminates after a finite number of steps. (I

Remarks. (1) (*) The ideal J is replaced with H(J) to ensure that the algorithm in
Step 1b is independent of the choice of the tangent direction u. We replace H(J)
with C(H(J)) to ensure the equalities supp(Jjs) = supp(J) N S, where S = H,
in Step la and S = V(u) in Step 1b.

(2) If =1 the companion ideal is equal to O(Z, 1) = (N(Z), jupr(z)) so the general
strategy of the resolution of Z, y is to decrease the order of the nonmonomial part
and then to resolve the monomial part.

(3) In particular if we desingularize Y we put u = 1 and Z = Zy to be equal to the
sheaf of the submanifold Y and we resolve the marked ideal (Mz,Z,0,u). The
nonmonomial part N'(Z;) is nothing but the weak transform (¢¢)¥(Z) of Z.

7. Conclusion of the resolution algorithm

7.1. Commutativity of resolving marked ideals (My,Z,0,1) with
embeddings of ambient manifolds

Let (Mz,Z,0,1) be a marked ideal and ¢ : Mz — M/, be a closed embedding of germs
of manifolds. Then ¢ defines the marked ideal (M7,Z",0,1), where ' = ¢.(Z) - Opry,
(see remark after Theorem 2.0.1). We may assume that My is a germ of the subman-
ifold M of M’ which is locally generated by coordinates uq,...,u;. Then uq,...,u; in
Z'(U") = T(Z)(U') define tangent directions on some open U’ C M/. We run Steps 2a
and 1bb of our algorithm. That is, we pass to the hypersurface V(u;) and replace 7
with its restriction. By Step 1bb resolving (M7, Z’,0, u) is locally equivalent to resolving
(V(ul)Z’ I|/V(u1)7 (2)7 :UJ)'

By repeating the procedure k times and restricting to the tangent directions uq, ..., ug
of the marked ideal Z on My we obtain:

Resolving (M7, Z',0, i) is equivalent to resolving (Mz,Z, 0, j1).

7.2. Principalization

Resolving the marked ideal (Mz,Z,0,1) determines a principalization commuting with
local analytic isomorphisms and embeddings of the ambient manifolds.

The principalization is often reached at an earlier stage upon transformation to the
monomial case (Step 2b) (However the latter procedure does not commute with embed-
dings of ambient manifolds)
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7.3. Weak embedded desingularization

Let Y be a closed subspace of the germ M. Consider the marked ideal (Myz,Zy,0,1).
Its support supp(Zy, 1) is equal to Y. In the resolution process of (Mz,Zy, ), 1), the strict
transform of Y is blown up. Otherwise the generic points of Y would be transformed
isomorphically, which contradicts the resolution of (Mz,Zy, 0, 1).

7.4. Bravo-Villamayor strengthening of the weak embedded desingu-
larization

Theorem 7.4.1. (Bravo-Villamayor [13], [11]) Let Y be a closed subspace of a manifold
M and Y = JY; be its decomposition into the union of irreducible components. There is
a canonical locally finite resolution of a subspace Y C M, subject to the conditions from
Theorem 2.0.2 such that the strict transforms Y; of Y; are smooth and disjoint. Moreover
the full transform of Y is of the form

(@) (Zy) = M((9)*(Zv)) - Ty
where Y = Uﬁ - E is a disjoint union of the strict transforms }N/; of Y, Ig is the
sheaf of ideals of Y and M((3)*(Zy)) is the monomial part of (5)*(Zy).

Proof. Let 7 := Zy be the ideal sheaf of Y. Fix any compact set Z C M.

We use the following:

Modified algorithm in Step 2. We run the algorithm of resolving (Mz,Z,0,1) as
before until we drop the max{ord,(N(Z)) : « € supp(Z)} to 1. The control transform of
(Z,1) becomes equal to (M(Z)N(Z),1). At this point algorithm is altered. We resolve
the monomial ideal (M(Z),1). The blow-ups are performed at exceptional divisors for
which p(z) is maximal. We arrive at the purely nonmonomial case Z' = N (Z"), where
max{ord,(Z) : € supp(Z') N Z} = 1. This concludes the altered procedure in Step 2.
At this point we perform the altered Step 1 described below.

Modified algorithm in Step 1. In Step la we move the “old divisors” E as before.
In Step 1b we consider two possibilities. If Z/ = (u) is the ideal of smooth hypersurface
of (maximal contact) as in Step 1ba) the algorithm is stopped. Otherwise we restrict
(Z',1) = C(H(Z)) to a hypersurface of maximal contact V (uy).

The modified algorithm in Step 2 and Step 1 is then repeated for the restriction

IV (uy).
‘ 1
We continue this procedure until it terminates. Then the resulting controlled transform
of (Z,1) is locally equal to Z” = (uq,...,ux), where u; are coordinates transversal to

exceptional divisors. The sheaf Z” desribes the germ of submanifold which is a union
of disjoint irreducible components. Some of them are the strict transforms of Y;. Other
components are possible strict transforms of embedding components occuring the process.
At the end we blow-up all the irreducible components which are not strict transforms of
Y;. The procedure is canonical. It is defined for germs of analytic subspace at compact
sets and it glues to the algorthm for whole subspace of manifolds.
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