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ABSTRACT. We study a class of asymptotically cylindrical Ricci-flat K&hler metrics
arising on quasiprojective manifolds. Using the Calabi-Yau geometry and analysis
and the Kodaira—Kuranishi-Spencer theory and building up on results of N.Koiso,
we show that under rather general hypotheses any local asymptotically cylindrical
Ricci-flat deformations of such metrics are again Kahler, possibly with respect to a
perturbed complex structure. We also find the dimension of the moduli space for
these local deformations. In the class of asymptotically cylindrical Ricci-flat metrics
on 2n-manifolds, the holonomy reduction to SU(n) is an open condition.

Let M be a compact smooth manifold with integrable complex structure J and g a
Ricci-flat Kéhler metric with respect to J. A theorem due to N.Koiso [10] asserts that
if the deformations of the complex structure of M are unobstructed then the Ricci-flat
Kahler metrics corresponding to the nearby complex structures and Kéhler classes fill in
an open neighbourhood in the moduli space of Ricci-flat metrics on M. The proof of
this result relies on Hodge theory and Kodaira—Spencer—Kuranishi theory and Koiso also
found the dimension of the moduli space.

The purpose of this paper is to extend the above result to a class of complete Ricci-flat
Kéhler manifolds with asymptotically cylindrical ends (see §1 for precise definitions). A
suitable version of Hodge theory was developed as part of elliptic theory for asymptotically
cylindrical manifolds in [13, 14, 15, 16]. A complex manifold underlying an asymptotically
cylindrical Ricci-flat Kéahler manifold admits a compactification by adding a ‘divisor at
infinity’. There is an extension of Kodaira—Spencer—Kuranishi theory for this class of
non-compact complex manifolds using the cohomology of logarithmic sheaves [8]. On
the other hand, manifolds with asymptotically cylindrical ends appear as an essential
step in the gluing constructions of compact manifolds endowed with special Riemannian
structures. In particular, the Ricci-flat Kahler asymptotically cylindrical manifolds were
prominent in [11] in the construction of compact 7-dimensional Ricci-flat manifolds with
special holonomy Gs.

We introduce the class of Ricci-flat Kéahler asymptotically cylindrical manifolds in §1,
where we also state our first main Theorem 1.3 and give interpretation in terms of special
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Asymptotically cylindrical Calabi—Yau manifolds

holonomy. We review basic facts about the Ricci-flat deformations in §2. §§3—5 contain
the proof of Theorem 1.3 and our second main result Theorem 5.1 on the dimension of
the moduli space for the Ricci-flat asymptotically cylindrical deformations of a Ricci-
flat Kahler asymptotically cylindrical manifold. Some examples (motivated by [11]) are
considered in §6.

1. Asymptotically cylindrical manifolds

A non-compact Riemannian manifold (M, g) is called asymptotically cylindrical with
cross-section Y if

(1) M can be decomposed as a union M = M.y Uy M, of a compact manifold Mcpe
with boundary Y and an end M, diffeomorphic to half-cylinder [1,00) X Y, the two pieces
attached via OMcp, = {1} x Y, and

(2) The metric g on M is asymptotic, along the end, to a product cylindrical metric
go = dt* + gy on [1,00) x Y,

Jim (g — go) =0, Jim Vhg=0, k=1,2,...,

where ¢ is the coordinate on [1,00) and Vg denotes the Levi-Civita connection of go.

Note that the cross-section Y is always a compact manifold. We shall sometimes
assume that t is extended to a smooth function defined on all of M, so that ¢ > 1 on the
end and 0 <¢ <1 on the compact piece of Mps.

Remark 1.1. Setting z = e, one can attach to M a copy of Y corresponding to = = 0

and obtain a compactification M = M NY ‘with boundary at infinity’. Then = defines a
normal coordinate near the boundary of M. The metric g is defined on the interior of M
and blows up in a particular way at the boundary,

dr.2 .
for some semi-positive definite symmetric bilinear g smooth on M and continuous on M,

such that g|,—o = gy. Metrics of this latter type are called ‘exact b-metrics’ and are
studied in [16].

9=

Our main result concerns a Kéhler version of the asymptotically cylindrical Riemannian
manifolds which we now define. Suppose that M has an integrable complex structure J
and write Z for the resulting complex manifold. The basic idea is to replace a real
parameter ¢ along the cylindrical end by a complex parameter, ¢ + i say, where € S*.
Thus in the complex setting the asymptotic model for a cylindrical end of Z takes a
slightly special form R~ x S* x D, for some compact complex manifold D. Respectively,
the normal coordinate z = e~ becomes the real part of a holomorphic local coordinate
z = e7t7% taking values in the punctured unit disc A* = {0 < |z| < 1} ¢ C. It follows
that the complex structure on the cylindrical end is asymptotic to the product A* x D
and the complex manifold Z is compactifiable, Z = Z ~. D, where Z is a compact complex
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manifold of the same dimension as Z and D is a complex submanifold of codimension 1
in Z with holomorphically trivial normal bundle NV /7

The local complex coordinate z on Z vanishes to order one precisely on D and a tubular
neighbourhood Z. = {|z| < 1} is a local deformation family for D,

T e — A, D =7110), (2)

where 7 denotes the holomorphic map defining the coordinate z. Note that the cylindrical
end Z. = Z, ~ D is diffeomorphic (as a real manifold) but not in general biholomorphic
to Rsg x S' x D as the complex structure on the fibre 771{z} depends on 2.

Remark 1.2. If H%(Z) = 0 then the local map (2) extends to a holomorphic fibration
Z — CP! (cf. [6, pp.34-35]).

A product Kihler metric, with respect to a product complex structure on R x S x D,
has Kihler form a?dt A df + wp, where wp is a Kihler form on D and a is a positive
function of ¢,0. We shall be interested in the situation when the product Kéhler metric
is Ricci-flat; then a is a constant and can be absorbed by rescaling the variable ¢.

We say that a Kahler metric on Z is asymptotically cylindrical if its Kéhler form w can
be expressed on the end Z, = Z, ~ D C Z as

wl|z, =wp +dt ANdO + ¢,

for some closed form ¢ € Q2?(Z.) decaying, with all derivatives, to zero uniformly on
S! x D ast — co. An asymptotically cylindrical Kihler metric defines an asymptotically
cylindrical Riemannian metric on the underlying real manifold.

We shall sometimes refer to Kahler metrics by their Kahler forms.

Proposition 1.1. Let Z be a compactifiable complex manifold as defined above. If w is
an asymptotically cylindrical Kahler metric on M then the decaying term on Z. is exact,

w‘ze:w[)—l—dt/\de—‘rdl/l. (3)

Proof. We can write € = go(t) + dt A e1(t), where (), e1(t) are 1-parameter families of,
respectively, 2-forms and 1-forms on the cross-section S x D. As ¢ is closed, o(t) must
be closed for each ¢ and %so(t) = dgixpei(t). As e decays exponentially fast, we have

eo(t) = foto ds1y pe1(s)ds and the integral converges absolutely. So we can write

t
E:dslxD/ e1(s)ds + dt Ney(t)

oo

which is an exact differential of a 1-form 1) = — [ £(s)ds on Z,. O

Recall that by Yau’s solution of the Calabi conjecture a compact Kéhler manifold
admits Ricci-flat Kéhler metrics if and only if its first Chern class vanishes [21]. Moreover,
the Ricci-flat Kéhler metric is uniquely determined by the cohomology class of its Kéhler
form. Ricci-flat Kéhler manifolds are sometimes called Calabi—Yau manifolds.
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Asymptotically cylindrical Calabi—Yau manifolds

Remark 1.3. There is an alternative way to define the Calabi—Yau manifolds using the
holonomy reduction. The holonomy group of a Riemannian 2n-manifold is the group
of isometries of a tangent space generated by parallel transport using the Levi—-Civita
connection over closed paths based at a point. The holonomy group can be identified with
a subgroup of SO(2n) if the manifold is orientable. If the holonomy of a Riemannian 2n-
manifold is contained in SU(n) C SO(2n) then the manifold has an integrable complex
structure J, so that with respect to J the metric is Ricci-flat Kéhler. The converse is in
general not true unless the manifold is simply-connected.

A version of the Calabi conjecture for asymptotically cylindrical Kahler manifolds is
proved in [20, Thm. 5.1] and [11, §§2-3]. It can be stated as the following.

Theorem 1.2. (cf. [11, Thms. 2.4 and 2.7]) Suppose that Z = Z ~. D is a compactifiable
complex n-fold as defined above, such that D is an anticanonical divisor on Z and the
normal bundle of D is holomorphically trivial and b*(Z) = 0. Let g be a Kdhler metric
on Z and denote by gp the Ricci-flat Kéhler metric on D in the Kéihler class defined by
the embedding in Z.

Then Z = Z ~. D admits a complete Ricci-flat Kdhler metric gz. The Kdihler form of
gz can be written, on the cylindrical end of Z, as in (3) with wp the Kahler form of gp.

If, in addition, Z and D are simply-connected and there is a closed real 2-dimensional
submanifold of Z meeting D transversely with non-zero intersection number then the
holonomy of g is SU(n).

Note that an anticanonical divisor D admits Ricci-flat Kéhler metrics as ¢; (D) = 0 by
the adjunction formula. The result in [11] is stated for threefolds, but the proof generalizes
to an arbitrary dimension by a change of notation. We consider examples arising by
application of the above theorem in §6. A consequence of the arguments in [11] is that if
an asymptotically cylindrical Kdhler metric w is Ricci-flat then the 1-form ¢ € Q' (M)
in (3) can be taken to be decaying, with all derivatives, at an ezponential rate O(e=*) as
t — oo, for some 0 < A < 1 depending on gp. Furthermore, if w and @ are asymptotically
cylindrical Ricci-flat metrics on Z such that & = w + i0du for some u € C*>°(Z) decaying
to zero as t — oo then w = @ [11, Prop. 3.11].

Let (M, g) be an asymptotically cylindrical Riemannian manifold. A local deformation
g+ h of g is given by a field of symmetric bilinear forms satisfying |h|, < 1 at each point,
so that g + h is a well-defined metric. Suppose that g + h is asymptotically cylindrical.
Then there is a well-defined symmetric bilinear form hy on Y obtained as the limit of A
as t — oo and hy is a deformation of the limit gy of g, in particular |hy|s, < 1. The
hy defines via the obvious projection R X Y — Y a t-independent symmetric bilinear
form on the cylinder, still denoted by hy. Let p : R — [0,1] denote a smooth function,
such that p(t) = 1, for t > 2, and p(¢t) = 0, for ¢t < 1. In view of the remarks in the
previous paragraph we shall be interested in the class of metrics which are asymptotically
cylindrical at an exponential rate and deformations h satisfying h — ahy = e Pth for
some p > 0 and a bounded h. Given an exponentially asymptotically cylindrical metric
g, a deformation g + h ‘sufficiently close’ to ¢ is understood in the sense of sufficiently
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small Sobolev norms of /& and hy, where the Sobolev norms are chosen to dominate the
uniform norms on M and Y, respectively.
We now state our first main result in this paper.

Theorem 1.3. Let W = W ~ D, where W is a compact complex manifold and D is
a smooth anticanonical divisor on W with holomorphically trivial normal bundle. Let
g be an asymptotically cylindrical Ricci-flat Kahler metric on W. Suppose that all the
compactifiable infinitesimal deformations of the complex manifold W are integrable (arise
as tangent vectors to paths of deformations).

Then any Ricci-flat asymptotically cylindrical metric on W sufficiently close to g is
Kahler with respect to some compactifiable deformation of the complex structure on W.

The additional conditions for the holonomy reduction given in Theorem 1.2 are topo-
logical and we deduce from Theorem 1.3.

Corollary 1.4. Assume that W = W ~ D satisfies the hypotheses of Theorem 1.3.
Suppose further that W, W, and D are simply-connected and so the metric g has holonomy
SU(n), n = dimc W. Then any Ricci-flat asymptotically cylindrical metric on W close
to g also has holonomy SU(n).

Our second main result determines the dimension of the moduli space of the asymp-
totically cylindrical Ricci-flat Kéahler metrics and is given by Theorem 5.1 below.

2. Infinitesimal Ricci-flat deformations

Before dealing with the moduli of asymptotically cylindrical Ricci-flat metrics we recall,
in summary, some results on the moduli problem for the Ricci-flat metrics on a compact
manifold. The case of a compact manifold is standard and further details can be found
in [3, Ch. 12] and references therein.

A natural symmetry group of the equation Ric(g) = 0 for a metric g on a compact
manifold X is the group DiffX of diffeomorphisms of X. It is also customary to identify a
metric g with a?g, for any positive constant a. This is equivalent to considering only the
metrics such that X has volume 1. The moduli space of Ricci-flat metrics on X is defined
as the space of orbits of all the solutions g of Ric(g) = 0 in the action of Diff(X) x Rs,

g a’¢*y, ¢ € DiffX, a > 0,

or, equivalently, the space of all (DiffX)-orbits of the solutions of Ric(g) = 0 such that
volg(X) = 1. The tangent space at g to an orbit of g under the action of DiffX is the
image of the first order linear differential operator

5V e QN(X) — LLyg e Sym® T X, (4)
where L denotes the Lie derivative. The operator d; may be equivalently expressed as the
symmetric component of the Levi-Civita covariant derivative V, : Q1(X) — Q' @ Q! (X),
for the metric g,

L1
Von = dgn+ 5dn, 0 € QNX). (5)
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Asymptotically cylindrical Calabi—Yau manifolds

The L? formal adjoint of d; is therefore given by
Jg:h € Sym®T*X — Vih € Q'(X).

The operator §; is overdetermined-elliptic with finite-dimensional kernel and closed image
and there is an L?-orthogonal decomposition

Sym? T*X = Ker 0y ®Imdy.

The equation d,h = 0 defines a local transverse slice for the action of Diff(X).

The infinitesimal Ricci-flat deformations /i of a Ricci-flat g preserving the volume are
obtained by linearizing the equation Ric(g + h) = 0 at h = 0, imposing an additional
condition [ try h vy = 0, where vy is the volume form of g. By a theorem of Berger and
Ebin, the space of infinitesimal Ricci-flat deformations of g is given by a system of linear
PDEs

o

(ViV, —2R)h =0,  d,h=0,  tryh=0. (6)

(o)
Here R, is a linear map induced by the Riemann curvature and acting on symmetric
[e]

bilinear forms, Ryh(X,Y) = >, h(Ry(X,e;)Y,e;) (e; is an orthonormal basis). The first
equation in (6) is elliptic and so the solutions of (6) form a finite-dimensional space.

Suppose that every infinitesimal deformation h satisfying (6) arises as the tangent
vector to a path of Ricci-flat metrics. Then it turns out that a neighbourhood of g in the
moduli space of Ricci-flat metrics on X is diffeomorphic to the quotient of the solutions
space of (6) by a finite group. This finite group depends on the isometry group of g and
the moduli space is an orbifold of dimension equal to the dimension of the solution space
of (6).

Now suppose that the manifold X has an integrable complex structure, J say, and the
Ricci-flat metric g on X is Kéhler, with respect to J. Then any deformation h of g may
be written as a sum h = hy + h_ of Hermitian form hy and skew-Hermitian form h_

defined by the conditions h(Jz, Jy) = +h(z,y). Furthermore, the operator V;V, —2R,
preserves the subspaces of Hermitian and skew-Hermitian forms.
The skew-Hermitian forms h_ may be identified, via

g(x,[y) Zh_(I, Jy)v (7)

with the symmetric real endomorphisms [ satisfying IJ+JI = 0. Thus J+1 is an almost
complex structure and the endomorphism I may be regarded as a (0, 1)-form with values
in the holomorphic tangent bundle 7%°X. Then one has

Sgh— = —J o (0*I). (8)
In particular, §h_ = 0 if and only if I defines an class in H'(X,T1°X), that is I defines
an infinitesimal deformation of the complex manifold (X, .J) (see [9]). With the help of
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Weitzenbdck formula one can replace ViV, — 2R, by the complex Laplacian for (0, q)-
forms with values in 719X

(ViV, = 2R ) () = g(-, (ApD)-).

Thus (V;Vy — 2Ry)h_ = 0 precisely when I € Q%! (T"°X) is harmonic.

Hermitian forms hy are equivalent, with the help of the complex structure, to the real
differential (1,1)-forms
The Weitzenbock formula yields

(ViVy = 2R)hy) (-, J) = A,

for a Ricci-flat metric g, thus h, satisfies the first equation in (6) if and only if ¢ € Qb1
is harmonic. The other two equations in (6) become

trghy = (h,w),, and dyhy = —d*y, (10)

where w denotes is the Kahler form of g.

3. The moduli problem and a transverse slice

We want to extend the set-up of the moduli space for Ricci-flat metrics outlined in §2
to the case when (M, g) is an asymptotically cylindrical Ricci-flat manifold. For this, we
require a Banach space completion for sections of vector bundles associated to the tangent
bundle of M and we use Sobolev spaces with exponential weights. A weighted Sobolev
space e 'L (M) is, by definition, the space of all functions e™#* f such that f € LY (M).
The norm of e”# f in e #*LY(M) is defined to be the LY-norm of f. The definition
generalizes in the usual way to vector fields, differential forms, and, more generally, tensor
fields on M with the help of the Levi—Civita connection. Note that if k — dim M/p > ¢,
for some integer £ > 0, then there is a bounded inclusion map between Banach spaces
LY (M) — C*(M) because (M, g) is complete and has bounded curvature [2, §2.7].

The weighted Sobolev spaces e #*L} (M) are not quite convenient for working with
bounded sections that are asymptotically ¢-independent but not necessarily decaying to
zero on the end of M. We shall use slightly larger spaces which we call, following a
prototype in [1], the extended weighted Sobolev spaces, denoted W,f’#(M).

As before, use Y to denote the cross-section of the end of M. Fix once and for all a
smooth cut-off function p(t) such that 0 < p(¢) < 1, p(¢t) =0 for t < 1, and p(¢) = 1 for
t > 2. Define

WP (M) = " LY (M) + p() LL(Y)
where, by abuse of notation, L} (Y) in the above formula is understood as a space of
t-independent functions on the cylinder R x Y pulled back from Y. Elements in p(t) L} (V")
are well-defined as functions supported on the end of M. The norm of f + p(t)fy in
W[ (M) is defined as the sum of the e’ L} (M)-norm of f and the L}-norm of fy (where
fy is interchangeably considered as a function on Y). More generally, the extended
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weighted Sobolev space of W,ﬁ” ., sections of a bundle associated to T'M is defined in
a similar manner using parallel transport in the t direction defined by the Levi-Civita
connection.

We shall need some results of the elliptic theory and Hodge theory for an asymptot-
ically cylindrical manifold (M, g). The Hodge Laplacian A on M is an instance of an
asymptotically translation invariant elliptic operator. That it, A can be written locally
on the end of M in the form a(t,y, 0, dy), where a is smooth in (¢,y) € R x Y and poly-
nomial in 0¢,0,. The coefficients a(t,y, 0, 0,) have a t-independent asymptotic model
ao(y, O, 0y) on the cylinder R x Y, so that a(t,y, 0, 9y) — ao(y, 0, 0y) decays to zero,
together with all derivatives, as t — oo.

Proposition 3.1. Let (M, g) be an oriented asymptotically cylindrical manifold with'Y a
cross-section of M and let A denote the Hodge Laplacian on M. Then there exists p; > 0
such that for 0 < p < py the following holds.

(i) The Hodge Laplacian defines bounded Fredholm linear operators

Agyte™MLE Q7 (M) — e IEQ"(M)
with index, respectively, £(b"(Y) + b""1(Y)). The image of Ay, is, respectively, the
subspace of the forms in ei”tLZQT(M) which are L?-orthogonal to the kernel of Ax,,.
(i) Any r-form n € Ker Ay N et Ly Q" (M) is smooth and can be written on the end
Ry xY of M as
Nlrxy = 100 + tno + dt A (o1 +tn11) + 1, (11)
where n;; are harmonic forms on'Y of degree r — j and the r-form 1’ is O(e™#**) with all

derivatives. In particular, any L* harmonic form on M is O(e=*1t). The harmonic form
n is closed and co-closed precisely when n1g =0 and n11 = 0, i.e. when n is bounded.

Proof. For (i) see [13] or [16]. In particular, the last claim is just a Fredholm alternative
for elliptic operators on weighted Sobolev spaces.

The clause (ii) is an application of [15, Theorem 6.2]. Cf. also [16, Prop. 5.61 and 6.14]
proved with an assumption that the b-metric corresponding to g is smooth up to and on
the boundary of M at infinity. The last claim is verified by the standard integration by
parts argument. (Il

Corollary 3.2. Assume the hypotheses and notation of Proposition 3.1. Suppose also
that the metric g on M is asymptotic to a product cylindrical metric on Ry XY at an
exponential rate O(e #"). Then for & € e MLYQ" (M), the equation An = & has a
solution n € e LY Q" (M) 4 p(t)(noo + dt A nor) if and only if £ is L*-orthogonal to
Hy (M), where 0 < p < 1 and HY (M) denotes the space of bounded harmonic r-forms
on M.
Proof. The hypotheses on g and p implies that the Laplacian defines a Fredholm operator
e MY QT (M) + p(t) (oo + dt Anor) — e M LY Q" (M). (12)

It follows from Proposition 3.1 that the index of (12) is zero and the kernel is H] (M).
Further, if £ € e L} Q" (M) + p(t)(100 + dt A 1o1) then we find from (11) that d¢ and
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d*¢ decay to zero as t — oo. Recall from Proposition 3.1 that any bounded harmonic form
is closed and co-closed and then the standard Hodge theory argument using integration
by parts is valid and shows that the image of (12) is L?-orthogonal to & € HJ  (M).
But as the codimension of the image of (12) is equal to dim H7 (M) the image must be
precisely the L?-orthogonal complement of Hj (M) in e # L7  ,Q"(M). 0

For an asymptotically cylindrical n-dimensional manifold (M, g), let Diff,  , M (where
k—n/p>1,0< pu < p1) denote the group of locally L} diffeomorphisms of M generated
by expy,, for all vector fields V' on M that can be written as V' = V; + p(t)Vy, where
Vo € e "L} and a t-independent Vy is defined by a Killing field for gy. Respectively, Vﬁ is
defined by a harmonic 1-form on Y (cf. (14) below). Also require that V' has a sufficiently
small C* norm on M, so that that exp, is a well-defined diffeomorphism. Denote by
Metry, 1. .(9) (where k —n/p >0, 0 < o < p1) the space of deformations h + p(t)hy of g
where h € e "L}, |h|, <1 at every point of M, and 84, hy =0, try, hy = 0. (gy is the
limit of g as defined in §1.) Then Diff, 11, ,M acts on Metr, 1 ,,(g) by pull-backs and the
linearization of the action is given by the operator d; on weighted Sobolev spaces,

Sy e ML QY M)+ p(t)H (V) — e #LE Sym® T* M. (13)

It will be convenient to replace the last two equations in (6) and instead use another local
slice equation for the action of Diff, ;. , M

1
8yh + dtrgh=0.

A transverse slice defined by the operator d4 + %d try was previously used for different
classes of complete non-compact manifolds in [4, I.1.C and I1.4.B]. The operator d,+ %d try
satisfies a useful relation:

(26, + dtrg)8; = 2ViVy — Vid + dtr, 6F = 2ViV, — did — dd = Ay, (14)

where Ay is the Hodge Laplacian and we used the Weitzenbock formula for 1-forms on a
Ricci-flat manifold in the last equality.

Proposition 3.3. Assume that Y is connected and that k —dim M/p > 1, 0 < p < pq,
where uy is defined in Prop. 3.1 for the Laplacian on differential forms on M. Then there
is a direct sum decomposition into closed subspaces

w/ — 1
Metr, 1. (g9) = 05 (e “tLZHQl(M)er(t)le(Y))@(Ker(5g+§dtrg)ﬂMetrp7k7H(g)). (15)

Proof. Any bounded harmonic 1-form on M is in e #' L}  QY(M) + p(t)H'(Y) by
[16, Prop. 6.16 and 6.18] (see also Prop. 4.3 below) and because Y is connected. For
any 7 € e"”LZJAQl(M) + p(H)H(Y), V,n decays on the end of M, so the standard in-
tegration by parts applies to show that the bounded harmonic 1-forms on M are parallel
with respect to g. As the bounded harmonic 1-forms on M are closed we obtain using (5)
and (14) that these are in the kernel of §*. It follows that the two subspaces in (15) have
trivial intersection.
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By the definition of Metry, 1 ,,(g) the ‘constant term’ hy of h satisfies dy-hy = 0 and
tryghy = 0. If n € H} (M) and h € Metr, ;. ,(g) then the 1-form (n, h), decays along the
end of M and we can integrate by parts

1 1
(n, dgh + §dtrg h)ypz = <5;77, hyr2 + §<d*777trg h)yrz = 0.

Thus the image (§, + 3d trg)Metr, i, (g) is L?-orthogonal to ] ;. By Corollary 3.2 the
equation An = (6§ + dtry)h has a solution 7 in eTMLY QM) + p(t) 35 and so

1
dyn —h € Ker(d, + idtrg) N Metrp, . .(9)
which gives the required decomposition h = d;n + (6,17 — h). a

Proposition 3.4. Assume that p,k,u are as in Proposition 3.3. Let g an asymptoti-
cally cylindrical deformation of g. If h = §—g € Metrp . (g) is sufficiently small in
W,f)u Sym? T*M then there exists ¢ € Diffp p+1,uM such that ¢*g = g + h, for some
h € Metr, ;. ,.(9) with (64 + dtrg)h = 0.

Proof. If the desired ¢ is close to the identity then ¢ = exp;  for a vector field V on M
with small e‘“tLi norm. We want to show that the map

. 1
Diffy ky1,. X {h € Metr, 1 ,.(9) : (04 + idtrg)h =0} — Metrp, 1. .(9)

defined by
(V,h) = expy (g +h) —g
is a onto a neighbourhood of (0,0). The linearization of (DF),) is given by (V,h)

5;(Vb) + h and is surjective by (15). By the implicit function theorem for Banach spaces,
a solution (V, h) of F(V,h) = § exists, whenever g — g is sufficiently small. O

Finally, we obtain the system of linear PDEs describing the infinitesimal Ricci-flat
deformations of an asymptotically cylindrical metric transverse to the action of the dif-
feomorphism group on the asymptotically cylindrical metrics.

Theorem 3.5. Suppose that (M, g) is a Ricci-flat asymptotically cylindrical Riemannian
manifold, but not a cylinder R x Y, and g(s), |s| < € (¢ > 0) is a smooth path of
asymptotically cylindrical Ricci-flat metrics on M with g(0) = g. Suppose also that g(s)—
g € Metr, 1 ,(9), with p,k, 1 as in Proposition 3.3. Then there is a smooth path (s) €
Diffy ., M, so that h = 2| _o[1(s)*g(s)] satisfies the equations

(VV, — 2Ry)h = 0, (16a)
1
(8 + 5dtrg)h =0, (16h)

Furthermore, if every bounded solution h of (16) is the tangent vector at g to a path of
Ricci-flat asymptotically cylindrical metrics on M then the moduli space is an orbifold.

149



A. Kovalev

The dimension of this orbifold is equal to the dimension of the space of solutions of (16)
that are bounded on M.

Proof. Applying Proposition 3.4 for each g(s), we can find a path of diffeomorphisms in
Y(s) € Diff, 1., M so that the slice equation (16b) holds for h.

The linearization of Ric(g + h) = 0 in A is ViV,h — 2020,h — Vydtry h — 2Rgh = 0.

which becomes equivalent to (V;V, — 2R, )h = 0 in view of of (16b) and (5).

The last claim follows similarly to the case of a compact base manifold, cf. [3, 12.C]. Tt
can be shown using Proposition 3.3 that the infinitesimal action of the identity component
of the group I(M, g) of isometries of g in Diffy M is trivial on the slice (d, + sdtrg)h = 0.
As M is not a cylinder, it has only one end [18] and we show in Lemma 3.6 below
that I(M,g) is compact. It follows that a neighbourhood of the orbit of g in the or-
bit space Metry, 1 ,(g)/Diff, ;. ,M is homeomorphic to a finite quotient of the kernel of
dg + %d try. O

Lemma 3.6. Let (M, g) be an asymptotically cylindrical manifold with a connected cross-
section Y (that is, M has only one end). Then the group I(M,g) of isometries of M is
compact.

Proof. Tt is a well-known result the isometry group I(M, g) of any Riemannian manifold
(M, g) is a finite-dimensional Lie group and if a sequence Ty € I(M, g) is such that, for
some P € M, Ty (P) is convergent then T} has a convergent subsequence [17].

For an asymptotically cylindrical (M,g), it is not difficult to check that there is a
choice of point Py on the end of M and r > 0, so that My, = {P € M : dist(Py, P) > r}
is connected but for any P; such that dist(Py, Py) > 3r the set My, = {P € M :
dist(P;, P) > r} is not connected. It follows that for any sequence T € I(M, g) we must
have dist(Py, Ty (Py)) < 3r and hence T} has a convergent subsequence. O

4. Infinitesimal Ricci-flat deformations of asymptotically cylindri-
cal Kahler manifolds

We now specialize to the Kdhler Ricci-flat metrics. It is known [10] that if an in-
finitesimal deformation h of a Ricci-flat Kahler metric on a compact manifold satisfies
the Berger—Ebin equations (6) then the Hermitian and skew-Hermitian components h
and h_ of h also satisfy (6). In this section we prove a version of this result for the
asymptotically cylindrical manifolds.

Proposition 4.1. Let W be a compactifiable complex manifold with g an asymptotically
cylindrical Ricci-flat Kdhler metric on W, as defined in §1. Suppose that an asymptotically
cylindrical deformation h € Metr of g satisfies (16). Then the skew-Hermitian component
h_ of h also satisfies (16).

Proof. The proof is uses the same ideas as in the case of for a compact manifold ([10,

§7] or [3, Lemma 12.94]). The operator V;V, — 2R, for a Kéhler metric g, preserves

150



Asymptotically cylindrical Calabi—Yau manifolds

the subspaces of Hermitian and skew-Hermitian forms, so (V;V, — 2;Bg)h, = 0. Recall
from §2 that the latter equation implies that the form I € Q%!(7T%%) corresponding to h_
via (7) is harmonic, A5l = 0. An argument similar to that of Proposition 3.1 shows that
a bounded harmonic section I satisfies 9I = 0 which implies §,h_ = 0 by (8) and, further,
8y — 3dtrgh_ =0 as a skew-Hermitian deformation h_ is automatically trace-free. [

Proposition 4.2. Any infinitesimal Ricci-flat asymptotically cylindrical deformation h €
Metr, . .(g) of a Ricci-flat Kdhler asymptotically cylindrical metric g on W is the sum of
a Hermitian and a skew-Hermitian infinitesimal deformation.

The space of skew-Hermitian infinitesimal Ricci-flat asymptotically cylindrical defor-
mations of g is isomorphic to the space of bounded harmonic (0,1)-forms on W with
values in T (W).

The space of Hermitian infinitesimal Ricci-flat asymptotically cylindrical deformations
of g is isomorphic to the orthogonal complement of the Kdhler form of g in the space of
bounded harmonic real (1,1)-forms on W.

Proof. Only the last statement requires justification. Let w denote the Kahler form of g.

Recall from §2 that the equation (V;Vg—ZRg)lu = 0 satisfied by a Hermitian infinites-
imal Ricci-flat asymptotically cylindrical deformations h, is equivalent to the condition
that ¢ € QU1 (W) defined in (9) is harmonic Ay = 0. Hence §;hy = 0 by (10) and
Proposition 3.1 and so the second equation in (16) tells us that (¢, w), = const, in view
of (10). Considering the limit as t — oo and the definition of Metr, 1 ,,(g) we find that
the latter constant must be zero. (]

Thus in order to find the dimension of the space of infinitesimal Ricci-flat deformations
of an asymptotically cylindrical Kahler metric, we may consider the Hermitian and a
skew-Hermitian cases separately. This is done in the next subsection.

4.1. Bounded harmonic forms and logarithmic sheaves

It is well-known that harmonic forms on a compact manifold are identified with the
de Rham cohomology classes via Hodge theorem. On a non-compact manifold W one
can consider the usual de Rham cohomology H*(WW) and also the de Rham cohomology
H (W) with compact support. The latter is the cohomology of the de Rham complex of
compactly supported differential forms. We shall write b” (W) = dim H" (W) and b},(W) =
dim H] (W), for the respective Betti numbers. There is a natural inclusion homomorphism
HI(W) — H"(W) whose image is the subspace of the de Rham cohomology classes
representable by closed forms with compact support; the dimension of this subspace will
be denoted by by (W).

Proposition 4.3. Let (W, g) be an oriented asymptotically cylindrical manifold. Then the
space Hy2(W) of L? harmonic r-forms on W has dimension b(W). The space Hyq(W)
of bounded harmonic r-forms on W has dimension b" (W) + bL(W) — bj(W).
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Proof. For the claim on L? harmonic forms see [1, Prop. 4.9] or [14, §7]. In the case when
an asymptotically cylindrical metric g corresponds to an exact b-metric smooth up to the
boundary at infinity (see Remark 1.1), the dimension of bounded harmonic forms is a
direct consequence of [16, Prop. 6.18] identifying a Hodge-theoretic version of the long
exact sequence

= HTNY) - HI (W) — H (W) = h"(Y) — ... (17)

The argument of [16, Prop. 6.18] can be adapted for arbitrary asymptotically cylindrical
metrics; the details will appear in [12]. O

If W is an asymptotically cylindrical Kahler manifold then there is a well-defined
subspace Hp g(W) C HE (W) of bounded harmonic real forms of type (1,1). The

bounded harmonic 2-forms in the orthogonal complement of 3| g (W) are the real and
imaginary parts of bounded harmonic (0, 2)-forms. We shall denote the complex vector
space of bounded harmonic (0, 2)-forms on W by ngf(W)

The space of bounded harmonic real (1,1)-forms on W orthogonal to the Kahler form w
therefore has dimension b" (W) 4+ b (W) — b{(W) — 1 — 2dim¢ f}(g’dz (W).

Now for the skew-Hermitian infinitesimal deformations. Recall from §1 that the def-
inition of an asymptotically cylindrical Ricci-flat Kéhler manifold (M, J,w) includes the
condition that a complex manifold W = (M, J) is compactifiable. That is, there exist a
compact complex n-fold W and a compact complex (n — 1)-dimensional submanifold D in
W, so that W is isomorphic to W ~.D. We saw in Proposition 4.1 that any skew-Hermitian
Ricci-flat asymptotically translation-invariant deformation of w can be expressed as a 0-
and O0*-closed symmetric (0,1)-form I with values in the holomorphic tangent bundle
of W. A 0- and 9*-closed such I, not necessarily symmetric, defines an infinitesimal
deformation J + I of the integrable complex structure J on W. The deformations given
by skew-symmetric such forms I correspond to the bounded harmonic (2,0)-forms on W.

Let z denote a complex coordinate on W so that D is defined by the equation z = 0,
as in §1. Let Ty, denote the sheaf of holomorphic local vector fields on W. The sub-
sheaf of the holomorphic local vector fields whose restrictions to D are tangent to D
is denoted by Ty(log D) and called the logarithmic tangent sheaf. The form I in gen-
eral has a simple pole precisely along D and defines a class in the Cech cohomology
H'(Tg(log D)). The classical Kodaira-Spencer-Kuranishi theory of deformations of the
holomorphic structures on compact manifolds [9] has an extension for the compactifiable
complex manifolds; the details can be found in [8]. In this latter theory, the cohomology
groups H'(Ty7(log D)) have the same role as the cohomology of tangent sheaves for the
compact manifolds. In particular, the isomorphisms classes of infinitesimal deformations
of W are canonically parameterized by classes in H'(Ty7(log D)). These classes arise from
the actual deformations of W is the obstruction space H?(Ty7(log D)) vanishes.

Thus the space of the skew-Hermitian Ricci-flat asymptotically cylindrical deformations
I of the Ricci-flat Kéhler asymptotically cylindrical metric ¢ on W is identified as a
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subspace of the infinitesimal compactifiable deformations of W. The real dimension of
this subspace is 2(dim¢ H'(T5(log D)) — dime HZ(W)).

5. The asymptotically cylindrical Ricci-flat deformations

In this section, we show that every infinitesimal Ricci-flat deformation of an asymp-
totically cylindrical Ricci-flat Kéhler manifold is tangent to a genuine deformation.

Theorem 5.1. Let (W, g) be as in Theorem 1.3. Then every bounded solution h of (16)
arises as h = d%|szog(5) for some path of asymptotically cylindrical Ricci-flat metrics
on W with g(0) = g. The moduli space of asymptotically cylindrical Ricci-flat deforma-
tions of g is an orbifold of real dimension

2dime H'(Tyw (log D)) 4 b*(W) + b2(W) — b3 (W) — 1 — 4dime FH) (W).

Proof. By the hypotheses of Theorem 1.3, there is a manifold M of small compactifiable
deformations of W, so that H'(Tyr(log D)) is the tangent space to M at W. The data
of the compactifiable deformations of W includes the deformations of W [8]. Let w’ be a
Kiihler metric on W. By the results of Kodaira and Spencer [9], for a family of sufficiently
small deformations I of a compact complex manifold W, there is a family of forms w’(J+1)
on W depending smoothly on I and such that ’'(J) = w’ and w'(J + I) defines a Kiihler
metric with respect to a perturbed complex structure J+1. Using the methods of [11, §3],
we can construct from w’(J + I) a smooth family w(J + I) of asymptotically cylindrical
Kiihler metrics (not necessarily Ricci-flat) on the respective deformations of W = W\ D.

Consider a vector bundle V over M whose fibre over I € My is the space of bounded
harmonic (1,1)-forms with respect to the Kihler metric w(J + I). The task of integrat-
ing an infinitesimal Ricci-flat deformation of the given asymptotically cylindrical Kéhler
metric w on W is expressed by the complex Monge-Ampére equation (with parameters)
for a function w on W

(w(J + 1)+ B +i00u)" — ef18 (w(J + 1)+ )" =0, (18)

where n = dim¢ W and 8 € V is a bounded harmonic real (1,1)-form with respect to the
Kihler metric w(J + I) and orthogonal to w(J + I). The operators 9,0 in (18) are those
defined by J + 1.

If I =0 and f = 0 then u = 0 is a solution of (18) as the metric w is Ricci-flat. Consider
the right-hand side of (18) as a function f(I,3,u) where the domain of u is a version of
extended weighted Sobolev space B}, (W) = e "Ly, (W) + {p(t)(at +b) | a,b € R} for
a sufficiently small > 0 (Y = S! x D is the cross-section of W in the present case and
D is connected). The linearization of f in u at « = 0 is the Laplacian for functions on
the asymptotically cylindrical Kéhler manifold (W,w). A dimension counting argument
similar to that in Corollary 3.2 shows that this latter Laplacian defines a surjective linear
map Ey (W) — e M LP(W). The Laplacian has a one-dimensional kernel given by the
constant functions on W, so we reduce the domain for u by taking the L? orthogonal
complement of the constants. Then the implicit function theorem applies to f(I,3,u)
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and defines a smooth family u = u(I, ) so that f(I,3,u(I,)) = 0 for every small I, 5 in
the respective spaces of bounded harmonic forms. This defines a smooth family of Ricci-
flat metrics w(J + I) + 8 +i09u(I, 3) tangent to the infinitesimal deformations identified
in the previous section. (Il

6. Examples

In this section, we consider some examples of asymptotically cylindrical Ricci-flat
Kahler manifolds arising by application of Theorem 1.2 and compute the dimension of
the moduli space for their asymptotically cylindrical Ricci-flat deformations. This is
done by considering appropriate long exact sequences and applying vanishing theorems
to determine the dimensions of cohomology groups appearing in Theorem 5.1.

6.1. Rational elliptic surfaces

An elliptic curve C' = C/A embeds in the complex projective plane as a cubic curve in
the anticanonical class. Choosing another non-singular elliptic curve C’ in CP? we obtain
a pencil aC+bC’, a:b € CP. Assuming that C’ is chosen generically and blowing up the
9 intersection points CNC’ we obtain an algebraic surface S so that the proper transform
C of C is in the anticanonical class, C' € | — Kg|, and C has a holomorphically trivial
normal bundle, in particular C-C = 0. Then, by Theorem 1.2, the quasiprojective surface
S = S~ C has a complete Ricci-flat Kihler metric asymptotic to the flat metric on the
half-cylinder R~ x S! x C/A with cross-section a 3-dimensional torus. Although in this
example the divisor at infinity is not simply-connected it can be easily checked that S
is simply-connected and the asymptotically cylindrical Ricci-flat Kéhler metric on S has
holonomy SU(2) (cf. [11, Theorem 2.7]). It is well-known that a Ricci-flat Kéhler metric
on a complex surface is hyper-Kahler.

Furthermore, S is topologically a ‘half of the K3 surface’ in the sense that there is an
embedding of a 3-torus T° in the K3 surface so that the complement of this T consists
of two components, each homeomorphic to S. From the arising Mayer—Vietoris exact
sequence, we find that *(S) = b2(S) = 11 using also the Poincaré duality. The long
exact sequence (17) with W = S and Y = T? yields b3 = 8.

As S is simply-connected with holonomy SU(2) there is a nowhere-vanishing parallel
(hence holomorphic) (2,0)-form £ on S. Any other (2,0)-form on S can be written as
fQ for some complex function f and f€2 will be a bounded harmonic form if and only if
the real and imaginary parts of f are bounded harmonic functions, hence constants by
the maximum principle. Thus dimc J’CE’C?(S) =1.

The dimensions of H'(Ts(log C')) and H?(Ts(log C)) are obtained by taking the coho-
mology of the exact sequences

0 — Tg(—C) — Tz(logC) — Tg — 0

and
0— Tg(logé) — Ty — Né/g — 0
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(see [8]). Using Serre duality [6] we find that H?(T5(—C)) = HO(QE) = H%(S) = 0,
hence H?(Ts(log C')) vanishes and the compactifiable deformations of S are unobstructed.
Note that any small deformation of S is the blow-up of a small deformation of the cubic
C in CP? ([5] or [7, Theorem 9.1]). Therefore, dimc Hé = 10 and we deduce that
dime H'(Ts(log C)) = 10.

Now by Theorem 5.1 the moduli space of asymptotically cylindrical Ricci-flat defor-

mations of S has dimension 29. All these deformations are hyper-Kéhler with holonomy
SU(2).

6.2. Blow-ups of Fano threefolds

A family of examples of asymptotically cylindrical Ricci-flat Kahler threefolds is con-
structed in [11, §6] using Fano threefolds. A Fano threefold is a non-singular complex
threefold V' with ¢1(V) > 0. Any Fano threefold is necessarily projective and simply-
connected. A generically chosen anticanonical divisor Dy in V is a K3 surface [19]. Let
D, € | — Ky| be another K3 surface such that Dy N Dy = C' is a smooth curve.

The blow-up of V along C is a Kihler complex threefold (W,w’) and the proper
transform D C W of Dy is an anticanonical divisor on W with the normal bundle of D
holomorphically trivial. The complement W = W ~. D is simply-connected.

Thus W is topologically a manifold with a cylindrical end R+ x.S'x D. By Theorem 1.2
W admits a complete Ricci-flat Kéhler metric w, with holonomy SU(3). The metric w is
asymptotic on the end of W to the product of the standard flat metric on R+o x S! and
a Yau’s hyper-Kéhler metric on D.

By the Weitzenbock formula, the Hodge Laplacian A for the (2, 0)-forms on a Ricci-flat
Kéhler manifold can be expressed as A = V:V,. The quantity (Vn,n), for a bounded
harmonic form 7 decays on the end of W, so we can integrate by parts to show that a
bounded harmonic (2,0)-form is parallel. But the holonomy of the metric w is SU(3)
which has no invariant elements in A>°C3. Therefore, W admits no parallel (2, 0)-forms
and thus no bounded harmonic (2, 0)-forms.

The dimension of the moduli space for asymptotically cylindrical Ricci-flat deforma-
tions of w then becomes 2 dim¢ H' (Ty (log D)) + b*(W) + b2(W) — B2(W) — 1.

The dimensions of H'(Ty (log D)), i = 1,2, are obtained from the two long exact
sequences similar to §6.1. To verify that the compactifiable deformations of W are unob-
structed note that H?*(Tyy) = Hl(QIW(—D)) = 0 by the Kodaira vanishing theorem
and H'(Np ) = H'Y(D) = 0. It is shown in [11, §8] that b*(W) = p(V) and
RPY W) = R2Y (V) + g(V), where g(V) = —K7 /2 + 1 is the genus of V and p(V) is
the Picard number. Taking the cohomology of 0 — Ty(—D) — Tyr(log D) — Tp — 0
we obtain dime H!(Tw (log D)) = 20 + h*»Y(V) + g(V) — p(V). From the long exact
sequence (17) we find that b>(W) + b2(W) — B2(W) = b*(W) + 1.

Thus the dimension of the moduli space for W in this example is given by

b3 (V) +2g(V) — p(V) + 40
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in terms of standard invariants of the Fano threefold.
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