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Proof of the Toponogov conjecture
on complete surfaces

Brendan Guilfoyle and Wilhelm Klingenberg

ABSTRACT. We prove a conjecture of Toponogov on complete convex planes, namely
that such planes must contain an umbilic point, albeit at infinity. Our proof is indirect.
It uses Fredholm regularity of an associated Riemann-Hilbert boundary value problem
and an existence result for holomorphic discs with Lagrangian boundary conditions,
both of which apply to a putative counterexample.

Corollaries of the main theorem include a Hawking-Penrose singularity-type theo-
rem, as well as the proof of a conjecture of Milnor’s from 1965 in the convex case.

1. Introduction and results

In this paper we prove the following Theorem:

Theorem 1.1. Let P C R? be the image of a C>*—smooth embedding of R? into R3.
Then the following three properties cannot hold simultaneously:

1. P is geodesically complete with respect to the induced metric,
II. P is convex: Ky - ko > 0,
III. P is uniformly non-umbilic: 3C > 0 such that infp |k1 — ko| > C.

Here k1, ko are the principal curvatures of P.

The method of proof uses the existence of holomorphic discs to contradict Fredholm
regularity of an associated Riemann-Hilbert problem with negative index, thereby prov-
ing the non-existence of boundary planes satisfying I, IT and III for which the problem
would be regular. This method closely follows the authors’ approach to the Carathéodory
Conjecture [8] [13] [14] [15].

The differentiability requirement for the plane in Theorem 1.1 is a reflection of the
second order parabolic methods employed in the proof and could likely be improved,
at least to C?%smooth planes. This could be achieved by proving the existence of
holomorphic discs using the method of continuity for the d operator rather than mean
curvature flow. Whether it would be possible to reduce the differentiability requirement
still further is unclear.
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The first step of the proof takes any sufficiently smooth plane P in R3 to the collection
of its oriented normal lines, considered as a plane P in the space IL of all oriented lines.
Elementary properties of this correspondence imply that P is Lagrangian with respect to
the canonical symplectic structure 2 on L. When P is strictly convex, P is the graph of
a section of the bundle L = T'S? — S? taking an oriented line to its direction. Moreover,
a point on P is umbilic iff the corresponding oriented line considered as a point in P is a
complex point with respect to the canonical complex structure J on L [10].

Thus take the non-umbilic convex plane P and construct the totally real, Lagrangian
plane P in the neutral Kahler 4-manifold (L, J, 2, G). Properties I and II imply that this
Lagrangian plane is a section over an open hemisphere, possibly with some boundary
points. This follows directly from Lemma’s 1 to 4 of [25] and is discussed further in the
next section.

The second step considers P as the boundary condition in the boundary value problem
for the Cauchy-Riemann equation. The following will be called the Riemann-Hilbert prob-
lem (RHP) with boundary condition P: the existence or otherwise of properly embedded
discs f : (D,9D) — (L, P) which are holomorphic with respect to J:

0f(z) :==df(z)0j —J(f)odf(z) =0 Vze€D
fz)eP Vz € 0D,

where j is the standard complex structure on the unit disc D C C.
In Section 3 the following is proven:

Theorem 1.2. Assume that P satisfies Properties I and III and that f solves the Riemann-
Hilbert problem for boundary P. Then for a dense open set W of Lagrangian perturbations
of P, the associated Riemann-Hilbert problem with boundary condition P € W is Fredholm
reqular. As a result, the analytic index at PeWis

I(P) = dim ker 0 = p(L, TP) + 2,
where 11 is the Keller-Maslov index of the loop f(dD) < P — (L, ).

While the complex and symplectic structures are compatible, the associated inner
product G has neutral signature (2,2) and therefore surfaces may be both Lagrangian
and complex. In general this poses difficulties for the standard Riemann-Hilbert problem.

However, the complex points on P correspond to umbilic points on P, where k1 = Ko,
and so Property III implies that P is uniformly totally real. Theorem 1.2 then follows
from standard arguments as outlined in Section 3 - see also [14].

The next step is to prove the existence of solutions of the Riemann-Hilbert problem
under exactly these circumstances:

Theorem 1.3. Let P be a C3+®-smooth plane in R3 satisfying Properties I, II and III.
Let P C L be the oriented normals of P. o
Then 3f : D — L with f € CLT%(D) N C°(D) satisfying

loc
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(i) f is holomorphic,
(i) f(OD)C P

The construction of the holomorphic disc is carried out by mean curvature flow. In
particular, we consider the following initial boundary value problem:

I.B.V.P.

Consider a family of positive sections fs : D — T'S? such that
daf
Y g
ds ’

with initial and boundary conditions:

(i) fo(D) = Dy,

(ii) f,(dD) C P,

(i) the hyperbolic angle B between T fo(D) and TP is constant along fs(dD),
(iv) fs(OD) is asymptotically holomorphic: |0fs| = C/(1 + s),

where H is the mean curvature vector of fs(D), and Dy and P are given positive
sections.

Here positive means spacelike: the induced metric is positive definite. In what follows
we refer to fs(0D) as the edge of the flowing surface, which lies on the boundary plane
P. The boundary plane P is obtained from the Lagrangian plane P of normals to P by
adding a holomorphic twist (see Section 5.3 for full details).

The idea of using mean curvature flow to construct holomorphic discs has been at-
tempted before - see for example [1]. Such flows have been considered in definite Kéhler
manifolds where mean curvature flow almost inevitably develops singularities. In con-
trast, a recent and growing body of literature has demonstrated that mean curvature flow
of spacelike submanifolds in indefinite manifolds, even with higher codimension, can be
significantly better behaved [2] [16] [19] [22].

In our case, we use the general interior gradient estimate for higher codimensional
mean curvature flow in indefinite spaces established in [13]. The I.B.V.P. is a quasilinear
parabolic system and short time existence for the flow is established in Theorem 6.1. The
proof consists of checking the Lopatinski-Shapiro conditions for the boundary conditions
and then using standard Schauder theory.

Long time existence under certain conditions is then proven in Theorem 6.3. In partic-
ular, having added a sufficiently large holomorphic twist to the boundary plane to make
it positive at the origin, we can choose an initial surface and hyperbolic angle so that the
flow exists for all time.

Long-time existence is ensured by uniform positivity of the flowing disc. Uniform pos-
itivity in the interior of the flowing disc is established by showing that the conditions
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required in the compact case, Theorem 1 of [13], namely the timelike convergence condi-
tion and containment in a compact region, hold for this flow. We then establish uniform
positivity at the edge by careful consideration of the boundary conditions and finding a
priori bounds on the 2-jet of the flowing surface. Convergence to a holomorphic disc is
established in Section 6.3.

As in the standard setting, a holomorphic disc is maximal with respect to the neutral
metric. The fact that a holomorphic disc, which satisfies a first order equation, can be
found by a second order flow, which would usually be expected to converge to a maximal
disc, is rather special. In particular, the asymptotic holomorphic boundary condition is
a critical element. A simpler version of this phenomenon can be seen for the stationary
rotationally symmetric case in the following Corollary of Theorem 3 in [11]:

Corollary 1.4. A definite mazimal rotationally symmetric surface in T.S? with holomor-
phic boundary is holomorphic.

These mean curvature flow results are established in the following sections. The neutral
geometry of T'S? is summarized in Section 4, while mean curvature flow with boundary in
T'S? is considered in detail in Section 5. Short-time and long-time existence for the flow,
along with the existence of holomorphic discs with Lagrangian boundary conditions, are
established in the Section 6.

Theorems 1.2 and 1.3 imply Theorem 1.1 as follows. Since the totally real boundary
P is simply connected, the Keller-Maslov index is zero. Thus after subtracting off the
dimension of the M&bius group, the dimension of the space of holomorphic discs is —1.
Thanks to Theorem 1.2, by a perturbation of the boundary P any existing holomorphic
disc would disappear. But this contradicts Theorem 1.3. We conclude that there does
not exist a plane P satisfying Properties I, IT and III.

A remarkable aspect of Theorem 1.1 is its three natural corollaries. According to the
Theorem, a plane that satisfies Properties I and II cannot satisfy Property III, and we
have proven a conjecture of Victor Andreevich Toponogov [25]:

Corollary 1.5. Every C*“-smooth complete convexr embedding of the plane P, satisfies
infp|ky — ka| =0.

The second corollary is the following singularity theorem that follows from the fact
that a plane that satisfies Properties II and III cannot satisfy Property I.

Corollary 1.6. A convex uniformly non-umbilic plane is geodesically incomplete i.e. it
has an edge in R3.

The final corollary comes from Properties I and III excluding Property II, which es-
tablishes the convex case of a conjecture attributed to John Milnor from 1965 [18] - see
[4] for a recent discussion.
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Corollary 1.7. A complete uniformly umbilic-free plane cannot be convex.

In the next section we summarize the work of Toponogov on complete convex planes.
Section 3 contains the proof of Theorem 1.2 that the associated Riemann-Hilbert prob-
lem is Fredholm regular. A summary of the required neutral Kéhler geometry appears
in Section 4. Sections 5 and 6 contains the proof of Theorem 1.3 on the existence of
holomorphic discs, while the final section contains the proof of Theorem 1.1.

2. Complete convex planes after Toponogov

In this section we review the work of Toponogov who proved the following:

Theorem 2.1. [25] Let the embedded plane P C R3 satisfy conditions I, II and III.
Then P is a graph over a bounded convex domain, such that the Gauss image is an open
hemisphere, possibly with some points on the boundary.

Proof. In Lemmas 1 to 4 of [25], it is established that the plane P is a graph over a
bounded convex domain.

In addition, after a rotation and translation, it is shown that P can be represented
in cylindrical coordinates (r, ¢, z), related to the standard Euclidean coordinates (z,y, z)
through

T =TrCcosp y=rsing z =z,
so that the plane P is

r=r(z,p) z>0 0<p<2m.
Moreover, it is established that

lim r(z,¢) = ro(p) < oo, lim r.(z,¢) =0,

Z— 00 Z—r00

ry(z,¢) >0, r22(2,0) <0 for z > 0.

In the strictly convex case, we have that r.(z, ¢) > 0 and the Gauss image is an open hemi-
sphere. For weakly convex planes, the Gauss image may include points on the boundary
of the hemisphere. O
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F1GUurE 1. Complete convex plane

In Figure 1 a complete convex plane is illustrated. It is rotationally symmetric and
therefore has an umbilic point at its tip, thus satisfying properties I and II, but not
property III.

3. Fredholm regularity of the associated Riemann-Hilbert problem

Given a smoothly embedded convex plane P C R? one constructs the associated
Riemann-Hilbert boundary problem as described earlier. The oriented normal lines to
such a plane P form a plane in the set of all oriented lines in R? and we consider the
problem of finding a holomorphic disc whose boundary lies on this plane.

In more detail, let . be the space of oriented lines in R3 with canonical complex
structure J and symplectic structure 2. These form a Kahler structure in which the
metric G has neutral signature. It is easily seen that L = T'S?, with canonical projection
7 : L — S? taking an oriented line to its unit direction vector in S C R3.

Let P C R? be a smooth convex plane with a chosen orientation, and consider the set
of oriented normal lines to P. These form a plane P — L with the following properties:

Proposition 3.1. If the plane P satisfies Property III, then P is a uniformly totally real
Lagrangian plane. In addition, the induced metric on P is Lorentz.

Proof. By Proposition 10 in [10] the oriented normals to any surface form a Lagrangian
surface in L. Property III implies that P is uniformly totally real, as umbilic points on
P correspond to complex points on P. Moreover, the signature of the induced metric is
either Lorentz or degenerate, the latter occurring at complex points. Since the plane is
totally real, the induced metric is Lorentz. O
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Given any smooth proper plane P, the associated Riemann-Hilbert Problem seeks to
find a properly embedded holomorphic disc f : (D,9D) — (L, P). Moreover we seek to
describe the set of all such holomorphic discs.

To analyze holomorphic discs in the complex surface (L,J) with boundary lying on P,
set the following notation. Fix a € (0,1), s > 1 and denote by C¥T and H'** the usual
Holder and Sobolev spaces, respectively. Denote

HY™W(L):={f:D—L|feH".
Define the space of Holder Lagrangian boundary conditions by
Lag:={ P CLis C*"* -smooth proper Lagrangian plane} .
This is a topological space defined by C?T® proximity in the ambient space.
Assume there exists a C3t®*smooth proper plane Py C R? that is uniformly non-

umbilic, and let Py be the corresponding C?*“-smooth uniformly totally real Lagrangian
plane in L.

Proposition 3.2. There exists a neighbourhood U C Lag of Py which is a Banach man-
ifold modelled on the Banach space C*T*(R?).

Proof. Since Py is uniformly totally real, the complex structure J takes tangent vectors
on Py to vectors transverse to Py. Thus Lag is locally modeled on the Banach space of
functions on Py:

Tp,Lag = { I(gradg®) | ® € C*T*(Py) },
where G is the ambient Kéahler metric and gradg is the gradient with respect to the
induced non-degenerate Lorentz metric (non-degenerate because Py is totally real). O

For s > 1,(2—a)/2 = 1/s and a relative class A € mo(IL, P), the space of parameterized
Sobolev-regular discs with Lagrangian boundary condition is defined by

Fa={(f,P)e H(L)xU | [f]=A, f(OD)C P },

where U is the Banach manifold neighbourhood of Py as above. The space F 4 is a Banach
manifold and so the projection 7 : Fg4 — U: «(f,P) =P is a Banach bundle.

For (f,P) € Fa define 9f = (df o j —Jodf), where j is the complex structure on D.
Then 0f € H*(f*T°'L) = H*(f*TL) and we define the space of sections

H*= ] H(fTL).
(fP)EFa

This is a Banach vector bundle over F4 and the operator 0 is a section of this bundle.

Definition 3.3. The set of holomorphic discs with Lagrangian boundary condition is
defined by -
Ma={(f,P)eFa | 0f=0}.
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Proposition 3.4. There ezists a neighbourhood of Py, denoted V C Lag, such that
Ma N7~ Y(V) is a Banach submanifold of Fa N 7w~ 1(V).

Consider the linearization of 0 at (f,P) € Fa with respect to any J-parallel connection
on HT$(Fy):
Vim0 : H(f*TL® f*TP) — H*(f*TL).

The following key points about this operator are standard:

Proposition 3.5. [20] V(ﬁp)g is Fredholm and therefore has finite dimensional kernel
and cokernel. The analytic index of this operator I = dim ker(V s p)0)— dim coker(V s p)0)
is related to the Keller-Maslov index p of the edge by

I=u(L,TP)+2.

Proposition 3.6. [20] There exists a dense open set W C V containing Py such that
any (not multiply covered) holomorphic disc with edge in P € W is Fredholm-regular i.e.
dim coker(V 5p)0) = 0.

Proof. The proof follows from ellipticity of 0, the fact that the projection map  is
Fredholm and the Sard-Smale theorem. O

This proves Theorem 1.2.

4. Neutral Kihler geometry of 75>

In this section we give details of the neutral Kahler geometry of the space of oriented
lines, paying particular attention to those parts that play a role later.
4.1. The neutral Kahler surface and submanifolds

Definition 4.1. A neutral Kdhler surface is a 4-manifold M endowed with a complex
structure J, a symplectic structure Q and a metric G of signature (+ + ——) which are
compatible in the sense that

For such a structure we have the following identity:
Proposition 4.2. [12] Let (M, J,Q,G) be a neutral Kihler surface and let p € M and
v1,v2 € Tp,M span a plane. Then
Q(vy,v2)% — det[v1, va, Jv1, Jvg] = det G(v;,v;).
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We turn now to the special case of T.S2. In order to compute geometric quantities, we
introduce local coordinates. These are readily supplied by lifting the standard complex
coordinate ¢ (obtained by stereographic projection from the south pole on $2) to complex
coordinates (&,7) on T'S?. In particular, identify (£,71) € C? with the vector

0 1o}
— 4+ j— € T: 52
7786‘1‘77856 §S

These coordinates are holomorphic with respect to the complex structure J:

0 .0 0 .0
J(as)‘lag J(an>_lf‘9n’

and the symplectic 2-form and neutral metric have the following local expressions:

Q=4(1+&) *Re <d77 AdE — %d& A dg‘) ,
G =4(1+¢&) *Im (dndg + 12fz§d§d£) . (1)

Definition 4.3. The canonical coordinates (&, €) are called Gauss coordinates and R = ||
is the Gauss radius.

This metric on T'S? is of neutral signature (++ ——) and is conformally and scalar flat,
but not Kéhler-Einstein. It sits within a larger class of natural scalar flat neutral metrics
on TN, where (N, g) is a Riemannian 2-manifold [10].

We turn now to immersed surfaces in 7'S?. Such 2-parameter families of oriented
lines are often referred to as line congruences. Consider surfaces which are graphs of local
sections of the bundle 7 : T.S? — S2. Such local sections are given by & — (&, = F(,€)),
for some function F : U — C, for U C C.

Definition 4.4. For a section n = F(¢,€), introduce the weighted complex slopes of F:
o=-0F p="1+1i\=(1+£6)?IF(1+ &)

Here, and throughout, 0 represents differentiation with respect to £. The functions A and
o are commonly referred to as the twist and shear of the underlying family P of oriented
lines in R? [21].

For later use we also introduce the notation

_ Lol

A=)\ —|o]? n= .
o] B

Note the two identities, which follow from these definitions:
2F

~(1+ 0% [(1 +£«£)2] ~%t T ®
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]Im@{(1+££_)28 [(1&5)4 } — 99\ + (1+2A§£)2 3)

The geometric significance of A and o are:

Proposition 4.5. [9] A plane P given by a local section n = F(,€) is Lagrangian iff
A =0 and is holomorphic iff o = 0.

For the normal congruence P of a plane P in R? the following relationship between
the quantities o and p and the principal curvatures and directions of P hold:

Proposition 4.6. Let P be a convex plane in R? and P C T.S? be the surface formed by
the 2-parameter family of oriented normals to P. Then P is the graph of a section and
A=0.

Moreover
a

lo| = 4ky" — Ky r+p=3(kt+r3"),

where K1, Ky are the principal curvatures of P and r is the support function of P (see
below). The argument of o gives the principal directions of P.

To construct the 1-parameter family of parallel surfaces in R? from a Lagrangian section
consider the following.

Proposition 4.7. [9] Let P be a local Lagrangian section given by & — (£, = F(£,€)),

for some function F : C — C. Then there exists a real function & — r(§,€), satisfying
= 2F

(1+¢£¢6)?

Such a function is defined up to an additive real constant C. In terms of Euclidean
coordinates the surfaces

L, o 2AF —F&)+2(1+&)r 5 —2AFE+FE+(1-28)r
b= (1+é0) s 1+ e0) @

are orthogonal to the oriented lines of P.

Definition 4.8. The function r : P — R in the previous Proposition is called the support
function. Given a point p on a convex plane P, r is the distance between p and the point
closest to the origin on the normal line through p.

The surfaces obtained by replacing r by r + C' are called parallel surfaces.

For the induced metric we have:

10
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Proposition 4.9. The metric induced on the graph of a section by the Kdhler metric is
given in coordinates (£,€) by;

_ 2 o —A
ITarer A i)
with inverse

l‘agifi{ﬁ :M'

Proof. This follows from pulling back the neutral metric (1) along a local section

n=F(¢). 0

Definition 4.10. A plane P C TS? is positive if the induced metric on P is positive
definite.

Proposition 4.11. The induced metric on a Lagrangian surface is Lorentz, except at
complex points, where it is degenerate. The induced metric on a holomorphic surface is
positive, except at complex points, where it is degenerate.

Proof. By the previous Proposition we see that the determinant of the induced metric is
4(14££€)~*(\2 — 05), and the result follows. This is, in fact, a special case of Proposition
4.2. O

Definition 4.12. Let x : T.52 — R be the map that takes an oriented line to the square
of the perpendicular distance from the line to the origin.

Proposition 4.13. The coordinate expression for x is:

2 Foo=N 477777

Proof. The point on an oriented line (£,n) which lies closest to the origin has Euclidean
coordinates (see equation (4))

: 2(n — n¢?) 2(né + n¢)
1 2 3
Ty +iTy; = ————==, Ty = —
T (e (g
and so the perpendicular distance to the origin is
4nn
X* = (20)” + (23)* + (23)* = Axe?

In order to continue, we introduce geometric tools which will prove useful later.

11
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4.2. The second fundamental form of a positive surface

Let P — TS? be an immersed plane and assume that the induced metric on P is
positive, so that for v € P we have the orthogonal splitting T.YTS2 =T,P®N,P. In
what follows we omit the subscript ~.

Proposition 4.14. If P is a positive plane given by the graph &€ — (€, = F(&,€)), then
the following vector fields form an orthonormal basis for TTS? along P:

E(l)ZQRe |:04 (;-ﬁ-aFa +(9Faa )]

E(Q)ZQRe [ag (;-F(:)Fa +6Fa)]

p)
E@3) =2Re [ag (88& + (OF — 2(Fou — F‘gu))% - QF;)]
Ey4 = 2Re [a (a + (OF — 2(Fou — Féu))g — OF — 0 )]
@ P\ og on on
for
o—u—Loi+imi e U~ di—gmi
VoSS VIS PR

where OF = —|o|e™™ and we have introduced e** = 4(1+£€)~2. Note that when |o| =0,
then ¢ is just a gauge freedom for the frame.
Moreover, {Eqy, E)} span TP and {E(s), E4} span NP.

Using the same notation as above:

Proposition 4.15. The dual basis of 1-forms is:
0 =1Im [(1OF + &y (OF — 2(Fou — Fou)))dé — andn] e,
0 = Im [(20F + a(9F — 2(Fou — Fou)))dé — aodn)] €
08 = Im [(020F — G20F)dE + andr)] €2
0 =1TIm [(1OF — a10F)d€ + andn) e*

Definition 4.16. We refer to the above frame as the canonical frame associated with
the positive plane P. Any other frame that respects the tangent and normal splitting
TTS? =TP @ NP is of the form

EE1) = cos0FE ) — sin0Ey), EEQ) =sin0FE ) + cos0E 2,
EE?’) = cosYE3) +sinpE(y, Eyy = —siny By + cos By,
for some 60, € S*.

12
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Now consider the Levi-Civita connection V associated with G and for X,Y € TP we
have the orthogonal splitting

VxY =vhy + A(X,Y),

where A : TP x TP — NP is the second fundamental form of the immersed plane P.
Let A =A% — |o|2, not to be confused with the Laplacian A of the last section.

Proposition 4.17. The second fundamental form is:

o 9 9
A(E(a)7€(b)) = 2Re |:6ab (ag + (aF — 2(F8U — }‘—‘8’111))87?7 — 8F877>:| 5

for a,b=1,2, where
Bi1 = [iNd]o| — aO|o| 4+ iNON — 0O + |o|(|o| + A)(0¢ — i€ D + 2idu — 2¢'*Ou)]
/26255 (o] + M2(=lo] + V)] ,
Bas = [—iX0|a| + 0d|o| + iAOX — 0O + |o|(|o| — N)(0p + ie'?D¢ + 2i0u + 2¢"*0u)]
/[2%4% (o] = M) (~Jo] = V)] ,
Bz = (—|o|0|o| + ire'®d|o| + AOX — icdN)
/[2e (ol - A% VAl -
Proof. Consider the parallel and perpendicular projection operators | P : TTS? — TP
and * P : TTS? — NP. These are given in terms of an adapted frame by
k _ sk k n(3) k p(4) 1pk _ sk k p(1) k n(2)
| Pf =0} — (3,0, — E(y0, Pj =6j — B0y — Byt
The parallel projection operator has the following coordinate description:
IPf=—3ko 1Pt = —K(0F + Ni)a,

7
IPS = —%xi  1Pf = K[(OF — 2xi)Xi — |of?],
1Py = L 6(0F — M) “Pg = 5 [-G[0FOF — |o|> — XNi(OF — OF)] + 2)%],
1Pl = —3xNOF + o] PP = 5RN[(OF — 2Xi)0F — |of],
while the perpendicular projection operator is
LpE = lpn Lpf=—Ip Py =—-pt Ly =— 1Py,
Lpy = Ipp tpr=—Ipy Py = Ipt tpy=-1p].

In terms of a frame in which {E(;), E(3)} span the tangent space of P, the second funda-
mental form is

Ji_ Llpipl T pk
A(ab) = " P E(o)Vi By

The result follows by direct computation of these quantities using Propositions 4.14 and
4.15. O

13
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Proposition 4.18. The mean curvature vector of the plane P is:

0 == __ 0 _ 0
H = 2Re [7 (8{+<8F_2(F8U_Fau))8n _8F877>} ,

where
v = [=A(=iMd|o| + 0d|o|) — |o]|(iAOA — dON) — |o|(|o|* — A*) (06 + 2idu)]
/[62u+i¢(|0_‘2 _ )\2)2] )

Proof. The mean curvature vector of the plane P is the trace of the second fundamental
form, which is _

H’) = A(ng + A(22§.
The result follows from computing this with the aid of the previous Proposition. O

Note 4.19. We can also write the mean curvature vector component (see [11] for a
variational derivation of this formula)

2¢~2u e = A
H=— |ie )| —— | -0 | ——— . 5
A2 —[o]?| [ ( A2 — 0|2|> < I/\QIUIQIN )

Corollary 4.20. A holomorphic graph has vanishing mean curvature.

Proof. This follows from inserting o = 0 in equation (5). O

4.3. Angles between positive surfaces

Proposition 2 in [13] gives a reduction of the action of the group O(n,m) by the
maximal compact subgroup O(n) x O(m) leading to a matrix of angles between pairs of
positive n-planes in indefinite R®*™. In the definite case, these angles were defined by
Wong in the 1960’s [27]. This reduction carries over to n 4+ m-dimensional manifolds and
we now consider in more detail the case of intersecting positive surfaces in T'S?.

The positive surfaces we have in mind are the flowing disc fs(D) and the boundary
plane P intersecting along fs(0D). While we are working pointwise along this intersection,
for ease of notation we drop any mention of the point of intersection.

Assume that fs(D) and P are positive and intersect at a point. Choose an orthonormal
frame E(H) = {6(1), €(2), f(l), f(g)} and coframe E(”) = {e(l), 6(2), f(l), f(Z)} so that {e(a)}
span the tangent plane 7'f,(D), while {f,)} span the normal plane N f,(D). Similarly,
let E(u) = {é(l),é(g),f(l),f(g)} and B = {é(l),é(2),f(1)7f(2)} be similar frames and
coframes for P.

Definition 4.21. For frames as above define the 4 x 4 matrix
(v) _ (v
M,y =< Egy, BV >.

14
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Then

Proposition 4.22. There exist adapted frames such that the matriz M has the form:

cosh A 0 0 sinh A

0 cosh B sinh B 0

0 sinh B cosh B 0 ’
sinh A 0 0 cosh A

for hyperbolic angles A, B € R.

M =

Proof. This is a special case of Proposition 2 in [13]. |

Corollary 4.23. In the special case where fs(D) and P intersect along a curve the angle

matriz reduces to
1 0 0 0

0 coshB sinhB 0
0 sinhB coshB 0
0 0 0 1

M =

Here we have established the basic fact of neutral geometry that if two positive planes
intersect on a line, then their normal planes must also intersect each other in a line. To
pursue this further we need to relate the various angles between the tangent and normal
planes of the two surfaces and their intersections, together with their complex slopes.

Proposition 4.24. Define u = |o|/|\| and i = |5|/|\|. By positivity of the surfaces
w<1landp<1l. Then
(1 — 321 +2cos20 p+ p2) + (1 — p?) (1 + 2cos 20 fi + fi2)
2(1 — f12)2 (1 — p2)2 (1 + cos 26 p)(1 4 cos 26 fi)
sin 20'sin 20 pf
(14 cos 20 1)(1 + cos 26 fi)
(1= F2)(1 +2cos2¢ p+ pi?) + (1 — p*) (1 + 2cos 20 fi + %)
2(1 — a2)2(1 — p2)2 (1 + cos 20 p)(1 + cos 24 fi)
sin 2¢) sin 24 o

- TN (6)
(14 cos2¢ u)(1 + cos2y fi)

where 0,5,1/) and 1[) determine the angles that the lines of intersection make with the
canonical frames on TD,TP,ND and NP, respectively.

cosh B =

Proof. Consider the tangent space to a point v € DNP (assumed to be non-empty). This
can be split two distinct ways

TyTS*=T,D & N,D =T,P & N,P,

15
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and adapted orthonormal bases {e(q), f(b)}ib:l and {&(,), f(b)}z,b:l chosen for the split-
tings (respectively).
Recall the canonical frames from Proposition 4.14:

6(1)—2R6|: <6+8F6+8F6>},

23 on on
0 0 0
e = 2Re f+8F—+8F ﬂ
@ [ <a§ an
0 _ - _- 0 0]
f(l) = 2Re |:012 (3§ (OF — 2(Fou — F@u))a—17 — aF@n)]
b __ _ 0 8
for
7U7%¢i+%ﬂ'i 7u7%¢i7i7ri
o = T oy LT ¢

L VAol T VR(=A+[oD]E
where OF = —|o|e™" and e2* = 4(1 + ££) 2
Analogous expressions hold for the bases of TP and NP, with a tilde on appropriate
quantities.
Assume that D and P intersect along a curve and rotate the frames in the tangent
bundle so that the first vector of each basis coincide and lie along the tangent to the
intersection. Thus, referring to the above frames, there exists rotated frames {éq), f(b)}

and {é(a), f(b)} with
€(1) = cosbley — sinfe(y), €(2) = sinfle(y) + cos fe (o)
é(l) = cos éé(l) — sin éé(g), é(g) = sin éé(l) —+ cos éé(g)
and €1y = é(l), for some 6,6 € [0, 27).
Now compute cosh B = G(é2), 5(2)) with the aid of these expressions. First note that
é(l) = é(l) implies that
cos oy — sinfay = cos 0a; — sin Odo, (8)
(cosBay — sin fap)O(F — F) + (cos Oa; — sin fay)d(F — F) = 0. (9)

Substituting the expressions for «; and s in equation (8), we find

65¢< cos 6 _ isin 0 1>e§4~’< ~cos@~ _ ~zsmt? 1>' (10)
[-A=lollz [=A+]o]]2 [-A=loll=  [-A+]ol]2

The norm and argument of this equation give

(A2 =162 (=X + |o| cos 20) = (A2 = |o|?) (=X + |5] cos 26), (11)

16
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and ) ) } )
S _ (A — Jo|*)(I5] ~ Acos 26 —i(X* — 5]2)2 sin 20)
(A2 —16]2)(|o] — Acos 20 — i(A2 — |o|2) 2 sin 26)
Moreover, introducing the complex slopes o and p = ¥ + i\ as before, equation (9) can
be split into real and imaginary parts. The result, with the aid of equation (12), is
sin 20(\2 — |5]2)= sin20(\2 — |o]?) 2
A+ |&|cosQ€~ - —X + |o| cos 20

(12)

I—9= [ o], (13)

and

Acos20 — |5 . Acos20 — |o]
<= =|o| +

—\ + |5| cos 260 —A+ |o|cos20
Note that equations (11) and (14) are, in fact, the same equation.

We now compute, with the aid of the metric expression, that

>

A —

o] (14)

. 4 o N P
G(é2),€(2)) = mﬂm [(Sm 0ay + cosBag)(sinfay + cos0de)(p — p)

—(sin By 4 cos faro)(sin Ay + cos Bas) (6 + o) | .

The expression for the angle given in the Proposition follows from a lengthy computa-
tion in which equations (12) and (13), recalling that p = ¥+ ¢\, along with the definitions
of a; and ao given in equations (7), are substituted in the above expression. These
result in

coshB =— — ()\21_ ik (A—i—WPﬂ)
(A2 —15]2)2 (—A\ + |o]| cos 26) || cos26 — A
B sin2951n20~la||&| . (15)
(=A+|o| cos20)(—A + || cos 20)
where the intersection constraint is

(A2 = |6[2)(=A + |o| cos 20) = (A% — |o|2) (=X + || cos 26). (16)

The first equation of the Proposition follows from using the definitions p = |o|/|A| and
i = |&|/|A]l. Note that, the intersection equation can be taken as defining the ratio of the
twists of the intersecting surfaces:

A (1= p®)(1+ cos20 f1) (17)

A (1—7a2)(1+cos20 p)’
The preceding arguments, which involve the angles § and 6, can also be expressed in
terms of the angles 1 and ¢ tracking the intersection of the normal bundles ND and NP,

respectively.

17
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More specifically suppose that the adapted frames in the normal bundles are

f(l) = cos P f1) +sine f(a), f(2) = —sin f1) + cos Y f(2),
fay = costfry +siny fra), fo) = —sinep f) + cos ¥ fa),

and f(g) = f(Q), for some 1/1,1/; € [0,2m).
Then the angle can be computed using cosh B = —G( f(l), f(l)) which yields the second

part of the Proposition.
We also have the relations (c.f. equations (11), (12) and (13)):

(A2 = 1813 (=A + o] cos 200) = (\* = [o]*) (= A + |5 cos 2¢)),
(A2 — |0]2)(|6| — Acos 24 — i(A2 — |5]2)2 sin 2¢))

elo—d)i _ 1 : 7
(A2 —16[2)(|o| — Acos 2¢) — i(A2 — |o|2) 2 sin 2¢))
PO .Gl LA L 0 LA
—X\ + 6] cos 2 A+ |o| cos 2t '

O

We now state a series of corollaries to these relations that play a key role in controlling
the flow of the edge.
Corollary 4.25. If fi(D) is holomorphic along fs(0D), then
Areaq(To)
hB= ———=.
o8 Areag(T5)

Corollary 4.26. The hyperbolic angle can also be written

~ 1 ~
IA|2 (1 + 2ficos 20 + ji%)

1

IA|Z (1 + 2ucos 26 + p?) \

-1 3 T T 1 T .

2|1A12(14 peos20)2 (14 ficos20)2  2|A|2(1 + pcos20)2 (1 + ficos26)
sin 20 sin 20

(1 + pcos20)(1 + ficos26)’

cosh B = 3
2

1 ~ 1 ~
_ A2 (1 + 2p cos 2¢ + i) N A2 (1 4 2ficos 20 + i2)
- ~ 1 3 ~ 1 1 1 ~ 3
2(N2(1+ pcos29p)2 (1 + ficos2¢0)2  2[\[2(1 + ppcos2p)2 (1 + ficos 2¢))2
sin 2¢) sin 24 18)

(1 + pcos20)(1 + ficos 2

Proof. The two equality follows from Proposition 4.24 and equation (17) and the equiv-
alent ¢ version. O

18
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Corollary 4.27. The hyperbolic angle between two intersecting positive planes satisfies
the inequalities

1—pp 1 [0
1,u,u - <cosh B < —1—,u,u .
(1= 25 (1= )t (1= 25— )F
Proof. These follow from maximizing and minimizing cosh B over # and 6. (]

Corollary 4.28. Consider the set Up of pairs of intersecting positive planes with fized
hyperbolic angle B in R*2. Let (Ps, Ps) € Ug be a curve of pairs of planes for s € [0,1).
Then limg_,1 Ps is degenerate iff lims_,1 Py is degenerate.

Proof. From the left-hand inequality of the previous Corollary it is clear that, for fixed
B, limg_,y p=1iff limg_; i = 1. O

Corollary 4.29. The following inequality holds for intersecting positive planes forming
an angle B > 0:

it — cosh Bsinh B (1 — i%) fi + cosh Bsinh B (1 — i%)

. 5 —— << — 5 ——, (19)
12 4 cosh” B (1 — i2) i12 4 cosh” B (1 — i2)
which can also be written
cosh B — fisinh B < 1 < cosh B + ﬂsilnhB. (20)

G- T a-f s -

5. Mean curvature flow in 7'S?

Throughout we use the term positive surface to mean spacelike surface: the induced
metric is positive definite.

5.1. The unparameterized flow

We now investigate the initial boundary value problem with initial and boundary con-
ditions (i) to (iv) as before. We consider the evolution when the flowing and boundary
planes are graphs of sections of 7.52 — S2. In this case it is most convenient to use
the base to parameterize the surfaces. That is, we consider a flowing surface given by
¢ 5 (€, = Fy(€,€)) and boundary plane given by & — (¢, = F(£,€)).

For the extraction of interior estimates it is sufficient to consider the unparameterized
flow i N

ds H,
in which the time derivative is projected perpendicular to the surface. It is well known
that this can be achieved locally and we compute the explicit expressions for the flow of
the complex function Fj.

19
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Proposition 5.1. For a positive graph in TS?, the mean curvature flow is

oOF

O =g 00 F + % (06— pE)(1 + €) + F — &F)
s - -
= 2((1;—5?5) (—208/\ —i600 + 2)\05 +i005 + W) : (21)

Proof. Consider an evolving positive disc f : D x [0,50) — T.S? such that fs(g,g_) =
(5’57 Fs(gaf)y Fs(€7§)). Then

of _or o oF o
ds OsOn 0s o

Projecting onto the normal of P

3fL_L &7 1L pé i 9 1Lpnt 1 pni 9
Bs =P F+ PﬁF)a—ng( PIF + PﬁF)éTn
3 N, 7 0
1 p€ 1 pé _ 1 pn 1 p7n
+ (TP F+ PnF)a£+( Pl F + PF)aﬁ,

and so the mean curvature flow is
LPSE + LPSF = HE,
or from the expressions of the projection operators given in the proof of Proposition 4.17

Y o =
Ay AR AR = (3
2AF ZAF os.

Combining this with its complex conjugate we have
F = —2X\iH¢ + 26 HE. (22)

Using the expression (5) for the mean curvature we get that

e (&)1 (.0 5,  2ik0
H: = A2 [2 100 — O\ et A

— 2INGON + 10605 + 15200 + 2A20\ — Ao D5 — )\55'0} ,

and the second equality stated in the Proposition follows from inserting this in equation (22).

20
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To see that the first equality in the Proposition holds, we compute

)2
" 0;0,F = a 42—A§§) (i00°F — 2)\00F — ic &’ F)

- % [iaa (9 +iX+ 12512 g’) + 2095 + ioéﬁ:
(1+£6)°

=—r [—260X — 600 + icdo + 2005
(20t +pE)  2AF - §2F>>'
e ( 1+eE (1+eor )]

where we have used identity (3) in the more convenient form

20 = iox — (1 23( J)— 2F
A=\ e ) aren

Thus
FO,OLF + L (o€ — pE)(1 +€€) + F — €F)
_ (1+¢9)?
=202 —05)

as claimed.

(—206)\ — 500 + i0dF + 2095 + M) 7

1+¢&€

5.2. Evolution equations for a positive surface
Proposition 5.2. Under the mean curvature flow the shear evolves by:

) . Hi(1+ £€)% + 2Hy(1 + £€) + 2H;
<88 - Gﬂkajak> o = A2 ,

where
Hy = — 4MgONIN — 2iAGONIT 4 2(A\? + |o|*)ONDT + 2iAacONIT + 202 O\
+2020X05 + i62 (00)? — 2)\500d0 — 2A00005 — io? (95)°,

Hy = —200) (2iA6€ + (A* 4 00)€) + 200X (A\* — 06) £ + 0o (i6E(3N° — 05) + 2X%¢)
+ 00 (i0€ — 2XE) (\* — 07) + 200 (i0°6E + Ao™€) ,
and
Hjy = —o (ic€? — 3i6€ — 4XEE) (A — 05).

In addition,

(a _ ij@m) p— Hall+ 0%+ Hs(1+ 60)° + Ho(1 +66) + Hr.

ds 2(1 + £€)A2?
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where
Hy = 4X5 (0N)® = 252000 + 2iAGONIo — AN2ONIG — 2060MD5 — 2iNcdONIT
— 520000 + 2060005 + iN?0005 — iN20005 + 20 (85)° + i0205 05,

Hs = —40X (2iAo& — N*6€ — 00%) + 200 (iN°G€ +i06°E — 205°E)
+2 (2000’0 — 206 A0 5€ + 05iN’ 0 — D5io*5E)

Hg = —4(i(\* — 07) + M) (\? — 05),
and
H; = 4i(Fo¢ — Fa€)(\? — 05).
Proof. The proofs of these statements follow from differentiation of the flow equation

(21). We illustrate this for the flow of o, leaving the flow of p to the reader.
We start by splitting the expression into convenient terms:

—6=0F = FEy, + By + E3 + Ey,

where E is second order in the derivatives of A and o, F> and E3 are the quadratic and
linear first order terms, and Fy is the zeroth order terms. We now compute each of these
terms in turn.

So, differentiating equation (21) we have

1 2 - == = =
E = % (—2688)\ — 36000 + 20005 + ia@@&) .
At this point we exploit the 3-jet identity (3) which we write in the more favorable form
_ - 28 2¢2 2)
Q00X =Im {880 — -Jo + —o| — —— .
1+&¢€ (1+&¢)? (1+&¢)?

Inserting this in the expression for F; yields
1 £)2 _ __
By = % (—i&@@& + 20006 + 10005 —

1+& (1+¢£¢)°

1

2i5(£00 — £05)  2i5(E%0 — €26 — 2i)\)>

The first three terms of this, noting the expression for g~* in Proposition 4.9, are easily

seen to be the rough Laplacian of —a:
Ey = —g%0;0,5 + % (605 — £00) (1 + £€) + E20 — £25 — 2iN) .

We note that in the final sets of expressions, the lower order terms introduced into E; by
the 3-jet identity will have to be added to F5 and Ej.

22



The Toponogov conjecture

Moving to the quadratic first order term, differentiating equation (21) we compute that

2
E :% (= 20501 — 0080 + 20206 + 9005

- %5A(—258)\ — 1600 + 2005 + z‘aéa))
)2
= % (4)\55>\6>\ + 2iAGONIT — 2(\* 4 05)ONIG — 2iAcONIG
—2)\20G0\ + 2000505 + i0?(05)* — i52(Do)?
— 252000\ + 2A&5aa&)

This establishes the quadratic first order term, once we recall that OF = —&.
Moving to the linear first order term

B :% (—260X — icdo + 2)\J5 +icd7)

A
+ % (2i(0€ + iXE)IT + 2i5(£00 + i£ON))

C14¢€

A2
_1 ng{ —265(\? — 0G)ON + [26°(ic€ — ) + i (\? — 05)]00

[2i5(0€ +iAE) (200 — 005 — 600)]

+ 26A(\2 — 05)05 + [io(3\2 — 05) — 2EX%]0a
+2[65(\2 + 05) — 2@'5)\06]5)\}.
Adding the linear term from F; we compute that

2

—H;

=T gg_Eg, +i€5(\? — 05)05 — it5(\? — 05)0c
_1 ng{ — 265 (\? — 0G)ON + 257 (ic& — \E)Do

+ (N2 — 05) (26N + i€5)05 + [i€a (3N — 05) — 26305
+2[65(\2 + 07) — 2i§)\06]5>\},
as claimed in the Proposition.
Finally, we work out the zero order term by looking again at the derivative of equation (21):
2ic

By = =7 (o€ +i(1+2€0)),
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and taking into account the zero order term of E;, we have
—Hy =A% By +i5(&%0 — €26 — 25\ A = 5(3i%0 — i€%G — 4EEN)A,

as claimed. 0

Corollary 5.3. Under the mean curvature flow the determinant of the induced metric
evolves by:

0 j Hg(1+4 €)% | Ho(14£€) + Hyo
. Ikgy. _ 18 _
( S G 8]8k> A 5A2 + 4N,

where
Hg = 2Re[2i(00 — 3X2)5 (ON)” + 2A(A\% + 05)ONIN + 4iAG2ONIo
— 40520000 + 4iN3ONIG — AN*0ONDG — i5° (90)” + 22520000
— 2i06°0005 + Ao60005 +i(2)2 — 96)5 (95)” — 2X39005 + 3A050005),
Hy = Re [(—2i\§ — 40€)5ON — i02£d0 + (—3icé + 4NE)500] /2,

and
Hip = 2Re 05 [i(0€ — 6€%) — 2X&E] .
Proof. This follows from the previous evolution equations and the definition A =

A2 —|o|% O

Proposition 5.4. Under mean curvature flow the perpendicular distance function x (see
Definition 4.12) evolves by
(883 — Gj’fajak) x> =4[iF?6 —2FFX —iF?c
+ li0€(Fo — Fp) — io€(Fo — Fp))(1 + €€)
+ App — 05) (1 +£6)%] /1(1 + £€)*(\* — 00)].

Proof. This follows from differentiating the expression for x (¢, £, F, F') and using the equa-
tions for the flow of F. (I

Proposition 5.5. Under mean curvature flow the weighted shear evolves by

(js _ ijajak) (A") _ _QMHW ~Jolar| - Q(AAWH@HQ

T o) T e o T o
4\ o]
——— = Re |H 2
+ ()\2 — ‘O’|2)3 € [ 11]7 ( 3)
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where
Hyy =(1+&€) [iAgE0|o| — i|o|aEON + 2)|o| (iAE — 5€)0¢]
— 2i\a|a|€? — 2|o]® + 2(1 + 26€)N?| ],
and ¢ is the argument of o. Here the norm ||.|| is taken with respect to the induced metric

given in Proposition 4.9.
Proof. For the sake of brevity, introduce the heat operator B:
0 .
= — —G*9;0
¥ 0s Ik

Then the result follows from the fact that

o? A 5
(5007 = e o Do) + A0R(e) - 2PRO]
_ 200PBX + o) 222N + o)

d\|)* — do,do
Gfopy 1 T o << A=

AN +0]?) o 2)\%0%

_— d do, d\ —————|d
TESEEE << 0dd + ado, d\ >> ()\—|a|2)2H 7|l
2)\2—2

- S sldel?,
(A —1o]?)?
and the flow equations given in Proposition 5.2, recalling that A = Im p. (]

5.3. Boundary conditions

In our case we would like the boundary plane to be the totally real Lagrangian hemi-
sphere P, but, as the metric will be Lorentz or degenerate on such a plane (see Proposition
4.11), a Lagrangian surface can never be positive and so cannot be used as a boundary
condition. Instead we perturb the plane to make it positive, and attach the initial disc
to this perturbed plane.

More specifically, suppose P is given by n = F(£,€). Define the perturbed plane 7500
by adding a linear holomorphic twist:

n=F=F—iC, (24)
where Cj is a real positive constant.

Proposition 5.6. For any closed K C {|¢| < 1}, there exists Cy > 0 such that Pc is
positive on K for all C' > Cy . As we make Cy large, the positive area containing & = 0
becomes bigger, and tends to an open hemisphere as Cy — oo.
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Proof. Since the deformation is holomorphic, the shear remains the same: ¢ = ¢ and,
computing the twist of &

A =Im (1 +£€)20

P | o genzg|EiCE] _ o 128
1+ 0 ‘H“+&“ﬂu+w4‘ Ol e

where we have used the fact that P is Lagrangian. For Cy > |6(0)]
(A2 =1517)|, = ct =132 >0,

i.e. the metric at 0 is positive definite. 0

Definition 5.7. Fix Cy > |6(0)] and denote the set on which the induced metric is
positive by

Aoy ={ve? | I < A0 }-

Clearly JNVCO is non-empty since it contains 7. Denote the connected component of g in
A/C by AC{J'
0

Note 5.8. In order for the induced metric to be positive (rather than negative) definite
we have arranged that A < 0 - see Proposition 4.9.

6. Existence results for the I.B.V.P.

In this section we establish sufficient conditions, namely smallness of the initial angle
and aholomorphicity along the edge, for which long-time existence of the I.B.V.P. holds.
We then prove the existence of a holomorphic disc with edge lying on a totally real
Lagrangian hemisphere.

6.1. Short-time existence

Short-time existence of quasilinear parabolic equations of various types can be estab-
lished by comparison with Schauder theory for linear equations. In what follows we prove
this fact for the I.B.V.P.

Consider then a 1-parameter family of maps over a fixed domain f, : D — T.S? which
has local coordinate expression v — (£(s,v,7),n(s,v,7)). Let P be a positive plane in
T'S? which is given as a graph n = F(¢,€) and Dy some initial positive surface with edge
lying in P.

We can now establish short-time existence for the I.B.V.P.:

Theorem 6.1. Let fo: D — TS? be a smooth positive section whose edge lies in a fized
positive section P. Assume, in addition, that P is totally real along the edge fo(OD).
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Then there exists a unique family of positive sections fs(D) with
fs € C* (D x [0, 50)),
satisfying the I.B.V.P. on an interval 0 < s < sq.

Proof. We are dealing with a parabolic system with mixed non-linear boundary condi-
tions. Short time existence for mean curvature flow in higher codimension can be found
in [22] (Proposition 3.2) and references therein, while the codimension one boundary case
can be found in Theorem 1.3 of [23]. We will follow [6] and verify that the Lopatinskii-
Shapiro conditions hold for our boundary system.

Following section 1.2.3 in [3], first consider the linearization of the system at f = (£, 7),
namely:

9] .
7. — G« D(XD,B =9,
(5. - aasVH0"D%) =4
where the linearized initial and boundary conditions for f = (f ,7) are
(i) f(s=0) = fo,
(i) 7 = OF,
(i) 4Im(B8,€ + adyn) = 0,
(iV) Re[C’e_w(aufavn - 8U§8u77 + au€8v77 - 8v§auﬁ)] = 07
and, for brevity, we have introduced
Ce'® = 0,£0,m — 0,£Du. (25)
To show that this is a parabolic system we must check that the Lopatinskii-Shapiro
conditions (equations (2.18) to (2.20) of [3]) hold. We do this as follows.
Fix a point p € D and, by an isometry of T'S?, set £(f(p)) = n(f(p)) = 0. We retain
the freedom to rotate (£,71) — (€€, e=%¥y), which we will implement shortly.

In addition, let us choose a parameterization v = u + iv of the domain D such that at
the point p, the edge is given by v = 0, and

. 0 . 0
€y = f« (8u) : €2) = f« (8@) ;

form an orthonormal basis for T, f(D) and

0? 0?
%= 52| T a2,
Note that orthonormality of the frame at p implies that
%(aufauﬁ - 3u€_3u77) =1, (26)
(0,0, — D,E0.m) = 1, (27)
aufavﬁ - augavn - 8U56u77 + 8v£6u77 =0. (28)
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An orthonormal frame for T, Pis given by
- - 0
€1 = ey, 62:2Re<aa£+ﬁ )
for some o, 3 € C where positivity of P implies that 8 # 0. The fixed angle condition is
G(ey, &) = 4Im(B0,¢ + ad,n) = cosh B.
On the other hand, the asymptotic holomorphicity boundary condition is
10,0 — DuEDun|* = C*(1+5) 77

Take the Fourier transform in the variable u and the Laplace transform in the variable
s. If w and t are the transformed variables, respectively, we get the transformed ODE’s

9% - 0%h R
902 — (t+wHE =0, Wf(t+w2)n:0.
We must now verify that these equations have a solution that decay for v — —oco and

satisfy the transformed boundary conditions
(i) 7(0) = oF,
(if) AIm(30,€ + ad,7)(0) = 0,
(iv)
Ce™ " (iw€dyn — 0,€0un + 0uE0y1) — iwDy &) (0)
+ O (kD] — 0,071 + 0uE0yi) — wD,E7)(0) = 0.
To do this, first solve the ODE’s

€ = £(0) exp(vV/t + w?), i = 1(0) exp(v/t + w?),

and then substituting this in the boundary conditions (i) to (iii), we are led to the following
linear system for U = [£(0), £(0), 7(0), 7(0)]7:

MU=V
where
0 0 1 0
R 0 0 0 1
Ce™(iwdyn — VE+wdum) Ce(iwdyij — VE+u?dui)) +

Thus the linearized system has a unique solution iff the determinant of this matrix is
non-zero. Now

|M| = BCe (iwdyij — V't + w2d,7) + BCe™ (iwdyn — /T + w28,1).

Clearly a necessary condition for this expression to be non-zero is that C' # 0. However,
this is true by our asymptotic holomorphicity condition, so long as it is true initially.
Thus the edge of the initial disc must be totally real - which we now assume.
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Motivated by this expression, let us now exhaust our coordinate freedom by using the
rotation (£,71) — (%€, e72n) to set (recalling definition (25))
BCe?d,7 = —BCe .
Then
M| = — Vt+ w2(BCe®0, i + BCed,n)

Vitw? _ _
= 7506 ¢(81,T]au77 - 6u7781)77)

Ou)

This is well-defined since, by equation (27) we have 9,n # 0.

Now, for the sake of contradiction, suppose that [M| = 0. Then from the above
expression and the fact that 8 # 0 and C' # 0, we see that this implies that 0,17 = Ad,n
for some non-zero A € R. Substituting this in equations (26) and (28) we find that

%(augavﬁ - 3u§_3@77) = la (29)

B
(Oug + A0u€)0uT] — (0u€ + ADuE)Dyn = 0. (30)
Now adding equation (29) to A times equation (30) yields

5 1(0u€ + 20080077 — (9u€ + A0uE)Dum] = A + .

Comparing this with (30) we find that A + A™! = 0 which is impossible. We conclude
that |M | # 0, and hence the Lopatinskii-Shapiro conditions hold. Thus the boundary
conditions (ii) to (iv) of the system I.B.V.P satisfy the complementarity condition, and
therefore, coupled with Cauchy initial data (i), is strongly parabolic [3].

The proof of short-time existence now proceeds as in [6], which we now outline. Con-
sider the set Q7 = D x [0,T] and the space

Bh ={f € C*"™Qr,R") | f(s =0) = fo, |If = folli+a < R}.

Given f € B};, we can solve the linearized initial boundary value problem in the beginning
of the proof to obtain f, which by strict parabolicity and Theorem VI.21 of [3] satisfies
the following a priori estimate:

[fllez+e@r) < ¢ (”g”CQ(QT) + [ follce(p) + Z |hq|02+"_”1(8D><[O,T])> )

q

where g(x,t) depends on the induced metric and ambient Christoffel symbols at f literally
as in (5.1) of [19], and h on the boundary data at f as they appear in (ii) - (iv) above.
The pseudo-linearization of the system at fy, for fixed f is

of .
(97“]: _Adfof = Adff_Adfofa

where A ;7 is the mean curvature operator with symbol linearized at f.
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Note that a fixed point of the map G taking f to a solution f of the pseudo-linearized
equations is a solution of the original quasilinear system.

Lemma 6.2. [6] There exists an R and T depending on fo such that G : B — BE.

Proof. By the above regularity estimate, we have a uniform C?T® - bound for every G(f)
for all f € BE. As a result, we may bound the C'*® - norm of f by a ¢;T*, for some
€ > 0. Therefore, choosing T sufficiently small, the claim follows. O

Short-time existence now follows from an application of the Schauder fixed point the-
orem, since, B}:’; is compact and convex in the C'*® - norm, and for sufficiently small T,
G is a contraction. O

6.2. Long-time existence

Let P be a totally real Lagrangian section of 7'S? that projects to a hemisphere and
70 € P projects to the pole. By an isometry of T'S? we can choose 7y to have Gauss
coordinate £ = 0. Assume P is totally real, that is, it is nowhere holomorphic: |o| # 0.
Let Fy be the graph associated with P and add a holomorphic twist (as in Proposition 5.6):

F:FO_iCOE7

to form the section P. While the aholomorphicity remains unchanged (|5| = |o]), P is
not Lagrangian in the open unit hemisphere, since

1— R?

A=—Co——
Corr e

where R = [¢]. Fix Cy > |6(0)| and, as before, denote the set on which the induced metric
is positive by

Koy ={veP | 160l < A }.

Clearly A/Co is non-empty since it contains 0. Denote the connected component of 0 in
A’Co by ACO. Thus, ACO is a positive section over an open subset in the unit hemisphere.
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FIGURE 2. Positive section

In what follows we take the sup and inf of |&| over the hemisphere, while for other
quantities, such as |A|, sup and inf will be over the positive region Ac,. Denote the
maximum Gauss radius of the positive region by

Ro = sup [¢].
Key
Figure 2 illustrates these definitions.
Note that 0 < Ry < 1 and
. s 1— R?
sup |A| = Co, inf A =Cp .
Acy Aey, 1+ R2

In this section we prove the following:

Theorem 6.3. Let P, Cy, P and Ry be as above. Then there exist constants By and Cy
s.t. VB, C satisfying

0 < B < B1(Cy, Ry, sup |, inf |5]) 0 < C < C1(Cy, Ro,sup |5],inf |5]),
the I.B.V.P. with initial constants B and C has a solution for all time.

Proof. In order to prove long-time existence for the I.B.V.P. we show that it is uniformly
parabolic and, since it is quasilinear, we need a global gradient estimate.
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In Theorem 1 of [13], long-time existence for compact flowing submanifolds is proved,
so long as the ambient space satisfies the timelike curvature condition and the submanifold
stays in a compact region of the ambient space. The proof was based on the maximum
principle to bound the gradient and the mean curvature. These arguments extend to the
case where these functions have an interior maximum and so, to prove this theorem, we
extend the estimates to the edge.

More specifically, we ensure that the timelike curvature condition holds for the flow
and that the surface stays in a compact region of T'S?. This we do in Propositions 6.5
and 6.6 below, respectively.

We also find estimates for the gradient and mean curvature vector at the edge. The
first of these is established by ensuring that the edge stays in a positive region of the
boundary plane (Proposition 6.8) and the first derivative remains bounded (Proposition
6.7). To establish the latter, we first control the angles which the edge makes with the
canonical orthonormal frame (Proposition 6.11) and then extract bounds on the 2-jet of
the flowing surface in terms of the 2-jet of the boundary plane (Theorem 6.13). Thus we
bound |H| and have established the gradient estimate (see Proposition 7 of [13]).

Once we have the global gradient estimate, the proof proceeds as follows. By the short-
time existence Theorem 6.1 we know that there exists an sy such that there is a solution
to initial boundary value problem with

fe (D x [0, 50)).

By a modification of the interior regularity results in [24] [26], the gradient estimate
implies that this solution can be extended to

feC* (D x [0, 50)).

In particular, as in the case of definite metrics, interior regularity can be established by
the isometric embedding of the ambient space in a flat pseudo-Euclidean space of higher
dimension.

The existence of embeddings in which only the timelike dimension is increased has
long been known - for example a neutral 4-manifold can always be locally embedded in
R?**8 according to Theorem 1 of [7], and then the pseudo-Riemannian heat kernel and
monotonicity formula introduced in [24] can be used to establish the stated regularity.

Let Spae be the maximum time of existence for the initial boundary problem:

Smaz = infUCCD{Sup s € RZO | f € 02+Q(U X [035))}

Assume for the sake of contradiction that s,,.,, < co. That is, there exists U CC D and
a sequence of times {s;} — Spmaqz such that

Lim || fs; [|c2+e () — oo
bde el

Given the a priori gradient estimate, this contradicts the regularity result and so we have
that s,,4. 1S infinite. O
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6.2.1. Interior gradient estimate

We start by showing that the timelike curvature condition holds along the flow and
that the flow stays in a compact region. First, recall Definition 1 of [13]:

Definition 6.4. The manifold (M, G) is said to satisfy the timelike curvature condition
if, for any spacelike n-plane P at a point in M, the Riemann curvature tensor satisfies

G(R(X,m)X,m) >k G(X,X), (31)

for some positive constant k, where {7;}_; form an orthonormal basis for P and X is
any timelike vector orthogonal to P.

We now prove:

Proposition 6.5. The timelike curvature condition (31) holds when P is the tangent
plane of the flowing surface, for as long as the flow exists.
Proof. Given a timelike plane P, chose an adapted orthonormal frame FE,) =
{eny, e, f), f2)} and for a timelike vector X = X(l)f(l) + X(Q)f(g) compute
< R(X,e)X,eq) >= ————— _-—
(X, e@) X, ea) A2 — |02 = X202

From Proposition 6.14 we have that

0 < lo|?
=GRy, <
(as ¢ fw’“) (AQ—OP)O’

and so we have the interior a priori bound

In addition, we claim that under the flow
A:)\2— ‘O’|2 ZCQ

To see this, note that at the edge this follows from Corollary 6.9. On the other hand at
an interior minimum of A we have that 0A = 2A\0\ — 006 — 00 = 0. Substituting this
in the flow for A, as expressed in Corollary 5.3, we find that

o 2A 2ai(1 + £6)? - o
(5. - &0 ) a = J3ldal? + 2  Gagon - 25) - duds + 25
+ a®||de — 25 dIn(1 + £8)||% — 4, (32)

where we have introduced o = ae’® and ||dal|? = G'*9ja Oa is the square norm of the
gradient.
Now, to identify the second term on the right-hand side

i[0a(0¢ — 25) — 0a(0¢ + 25)lde N dE = (do — 2j dIn(1 + £€)) A da,
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and taking the Hodge star operator with respect to the metric G we get

i(1+ £6)?
2VA

By elementary geometry we have that for any 1-forms «, 3

oA Bl = —[lal 18]l

[0a(0p — 25) — 0a(0¢ + 25;)] = *[(d¢ — 2j dIn(1 + £€)) A da].

and applying this, we find that

0 . A 2av A _
9 gitg0,) o> S dal? 22 a6 27 din(1 + €6)]. | dal
0s A A
+a?||dp — 2j dIn(1 + ££)||* — 4
2
A _
- ((uan —a|d¢—2jd1n<1+5§>||> S
The interior bound on A follows.
Therefore
ol V. kP 1 _a
N —g]2) A2~ g2 T Cy’
Thus
G(R(Xa e(a))Xv e(a))) > k|X|2v
as claimed.

O

Turn now to showing that the flow stays in a compact region. We do so by showing that
the graph function is bounded in the fibre directions of T'S? by bounding the perpendicular

distance function y (see Definition 4.12).

Proposition 6.6. Under mean curvature flow the perpendicular distance function satisfies

X < Ci(x0, %),
where xo and x are the initial and boundary perpendicular distances to the origin.
Proof. At the edge f(9D) the Dirichlet condition means that Fy = F so that
x(0D) = x(9D) < Ch.

Thus we need only consider the interior.
First note that

_ F 4F _ Fp— Fo
82:4F3< _ ) _ 3FZ4P7_7
X 1rer) @ree (11 e0e

and so the expression in Proposition 5.4 can be rewritten

(a - ijaak) (2 _ IO = FOX?) — i(0€x* — 6€0x)(1 +£€) +4A(pp — 07)
0s J - .

P
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Thus, at an interior maximum of x, Ox = dx = 0 and so

<ai B Gj’“ajak> 2= Rep—00)

N —0o5

By the maximum principle, the result follows. (I

Having established these two propositions, we move on to the edge estimates.

6.2.2. Boundary estimates

In this section we establish two things: a gradient estimate and an estimate on the
norm of the mean curvature vector at the edge of the flowing disc.

To start, we show that the flowing disc cannot become degenerate at the edge by
becoming tangent to a fibre of T.5%2 — S2.

Proposition 6.7. At the edge, |dF|? < C1(|dF|?).

Proof. To bound the gradient of the graph function F(£,£) we need to bound the slopes
p =179+ 1\ and o. The asymptotic holomorphicity condition at the edge says that

C
lo|=——<C,
1+s

and so we have a bound on |o|. On the other hand the intersection condition implies that
for some 3, and so |p| < |p| + |o| + |6 < C, since the gradient of the graph function
F(¢&,€) of the boundary plane is bounded. a

To complete the gradient estimate at the edge we must now ensure that the flowing
surface does not pick up a degenerate direction which is not tangent to the fibre of T'S?.
That is, we must ensure that A — |o|? > 0 at the edge.

To ensure this we note that, by Corollary 4.28, A2 —|¢|? = 0 can only happen if the edge
of the flowing disc hits a degenerate point on the boundary plane P, i.e. if A2 — 5|2 = 0.

Thus, if we can constrain the flowing edge to lie in a positive region Ag, C P, we will
have the required gradient estimate.

Proposition 6.8. Suppose

O < min{ inf || inf || } .

(14 4 cosh B)2’ sup |7

If f<(D) C Ag, for s =0, then fs(dD) C A¢, for all s.
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Proof. Assume for the sake of contradiction that there exists a point and time (v, So)
such that fi(yo,s9) = 1. Then, by Corollary 4.28, u(vo,s0) = 1. Substituting these into
equation (18) we find that at that point
11 - L
212 +12|% —sin20sin 20 2
o 2412 ER LI
(1 + cos20)(1 + cos 20) o

o] \? . (inf|5]\? [/t l5] 2
Ksupffl Uer ) T Ue ok

where the final inequality follows from the assumption

o

g

1
2
> +

=

>

PN

inf ||

lo] <C < —.
sup |5

Rearranging the inequality, we find that at (7o, so)

f 1513
14 dcosh B — BEOIE ) (34)
2
But, by assumption
inf |G|
C<——r—s,
(14 4 cosh B)?
and so
f 513
1+4cosh B — - |?|2 <0,
Cz
which contradicts (34). Thus the flow never reaches such a point (v, so). O

Corollary 6.9. Propositions 6.7 and 6.8 imply that if the initial aholomorphicity is cho-
sen to satisfy inequality (33), there exist positive constants Cq, ...,Cr depending only on
boundary and initial quantities such that, for as long as the flow exists, we have at the edge

Cp < A% —o]? < Oy, 0<pu<Cs<1,

Ca<AN—|5?<Cs5, Co<p<Cr<l.

We finally turn to establishing a bound on the norm of the mean curvature at the edge.
This is necessary because the interior gradient estimate from [13] depends on a bound on
|H| (see Proposition 7 of [13]), and while we have an interior estimate for |H| thanks to
Proposition 9 of [13], we still need to show that |H| does not blow-up at the edge. In
fact, we will bound all of the second derivatives.

To this end, working at a point on fs(9D) C /~\CO7 the tangent space of the ambient
manifold splits in two different ways:

TTS*=TD@®ND =TAg, ® NAc,,
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where we drop the fs on the flowing disc for ease of notation here and in what follows.
Let {€q), f(b)} be an adapted orthonormal frame for the first splitting with co-frame
{el@), f(b)} and similarly define {é(a), f(b)} and {é(“), f(b)} for the second splitting.

Chose these frames so that the first tangent vectors align with the common intersection
of the tangent planes, while the second normal vectors align with the common intersection
of the normal planes. From Corollary 4.23 this means that, if B is the hyperbolic angle
between the planes, the following relations hold:

e = W) ¢® = cosh B é® +sinh B f(V),
f(l) =sinh B é® + cosh B f(1), f(Q) = f@,
and

é(l) = é(l), 6(2) =cosh B é 6(2) + sinh B f(l),

oy =sinh B é +cosh B fay, ) = feo)-
Suppose that these aligned frames are related to the canonical frames in Proposition
4.14 by angles 6, 6 ), 1/)

€1y = cos fle(1) — sinfe(y), €(2) = sinfle(y) + cos fe (o)
fay = costfay +sin f), floy = —sinf1) + cos ¥ fay,
é(l) = COS éé(l) — sin éé(g), é(g) = sin éé(l) + cos éé(g),
fay = cos¥fy +sint fa), fo) = —sind f) + cos i fa).

We now set out to control the values of these angles under the flow. First

Proposition 6.10. If we chose B initially satisfying

B < tanh™! <1né(|)0> ) (35)

then i > tanh B at fs(0D) for all s.

Proof. This follows simply from

(]
Proposition 6.11. If, in addition to the inequalities (33) and (35), the following holds:

R? inf 512 2 sup |6 22
Romin{l—coshB(l—mfclgl) coshB(l—%) }, (36)

and if 0 < 0 < 5 and 0 < < 3 initially, then these bounds on the angles hold for as
long as the flow exists.

C<Co
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Proof. Suppose for the sake of contradiction that at some point and time (yo, sp) we have
¢ = 5. Note that the following argument holds even if sp = co. The expression of the
hyperbolic angle (6) and equation (17) means that at (v, so),

(1= )
TRVSHIEOE

cosh B =

)
or, after rearrangement

2
2 ~2 lo|
cosh” B(1 — %) (1 IM)

M:

o]\ ? 2 '
(1—%\‘) + cosh” B(1 — ?)

But

cosh B(1 — %)% — 1+ % < cosh B(1 - ji*)2 — 1 + infC\S\I

1
inf |5]% 2 C(1+R2)
SCOShB(l—Tg) _1+W7R%)<07

by our assumption (36) and so p < 0. But this contradicts p > 0 and so 6 is never
equal to 7.

On the other hand, suppose for the sake of contradiction that at some point and time
(70, S0) we have 6 = 0. In this case the hyperbolic angle turns out to be

11+ )

cosh B = 0 0
(1= )3 (1= j2)F

which means that at (o, so)

(1 _ M)2 — cosh® B(1 — ji?)

B
. .
(1-18)" + cosh? B(1 - )
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Putting this into the left-hand inequality of (19) we find
— cosh Bsinh B (1 — i?)

0<
=0 fi2 4 cosh® B (1 — ji?)
|o| 2 ~

_ ( |,\|) — cosh” B(1 — /i) B fi — cosh Bsinh B (1 — ji?)

(1- %) +cosh2B( _g2) ARtcosh?B(1- )
lo] 2 =2\ (72 2 ~2

[ —7 —cosh B(1—g )] (1* + cosh” B (1 — %))

<

(1 + cosh? B(1 — ji2))2

2
(fi — cosh Bsinh B (1 — %)) {(1 - :%) + cosh? B(1 — ji2)

(1 + cosh® B(1 — ji2))2
2
(1 . @) (i + cosh? B (1 — i%) — i+ cosh Bsinh B (1 — /i)
(1 + cosh? B(1 — ji2))?
B cosh® B(1 — i®)(ii® + cosh® B (1 — ji?) + ji — cosh Bsinh B (1 — i%))

(1 + cosh? B(1 — i2))2 ’
(37)

where the middle inequality follows from using 1 — |o|/|A| < 1 and i < 1.

Noting that for 0 < i < 1 we have ji®4cosh? B (1—ji?) — ji+cosh Bsinh B (1—j2) > 0
and that C' = |o|(14s) along the boundary, we can rearrange inequality (37) and conclude
that at (y0,s0) at the

-

C > |o| > [N cosh B(1 — 32)} [M +cosh® B (1 — i) + fi — cosh Bsinh B (1 - 3%)]?

i2 + cosh® B (1 — fi2) — ji + cosh Bsinh B (1 — i2)
> |A|cosh B(1 — 2)?

— R2
D cosh B (1 — elelr))

N

1
> C
=11 R?

But this contradicts assumption (36). Thus 6 is never 0.
These exact same arguments go through upon replacing 6 by v, since all of the relevant
equations also hold for 1 (see the proof of Proposition 4.24). Thus ¢ # 0, 5. O

Having established control of the angles between the intersection and the canonical
frames we now set about bounding the 2-jet of the flowing surface. As the boundary
is moving we return to the original version of the flow in the I.B.V.P. without the
perpendicular projection on the time derivative. Note also that, since the mean curvature
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vector is perpendicular to the flowing surface, it is perpendicular to the intersection of
the flowing disc and boundary plane and we have in the adapted frames that

H@ fioy = HY fo) = Hf ), (38)
where, for brevity, we have dropped the frame index so that H is now just a function.

Proposition 6.12. The time and space derivatives of the intersection and constant angle
conditions yield the following relationships between the flowing and boundary planes along
the edge:

VyH = H(sinh B T'(112) + cosh B Agi)), ViyH = HAE};), (39)
C((il%) = —A(Q) ) C’g%) = sinh B é((llg) —cosh B Agz)v (40)
A=Ay, Al =40 (41)

[(112) = —cosh B f(ug) + sinh B Ag)l), (42)

AE})I) = sinh B F(112) + cosh B AEl)l), (43)

A(2) = cosh B AEI)Z) + sinh B 0(11)’ (44)

C(1(12) = —sinh B Ag;) —cosh B C(1(12)) (45)

Here and throughout, A, T and C are the second fundamental form, tangent and normal
connections of the flowing disc, in components of frames adapted to the intersection, so
for example, AEZ)b) =< A(é(a),é(b)),f(c) >, where a hat on a frame index means it is in
the normal direction. Similar notation holds for tilded quantities.

Proof. In order to differentiate the constant angle condition along the edge, we need to

compute the evolution of the adapted frames. Starting with the frame adapted to the
boundary plane we compute in normal coordinates:

d . :
556w = HP0weq) = H OV

= HO Vi) ~ A, fio)
v j@ ¢ QF i ¢
= H[Vyew) — A(lb)f(c ] = HT ) eq) - HA(lb)f(d)’
where we have used the splitting of the ambient connection

Vi by = Ve €(b>—A(Z)b)f<c> (46)

€(a) €(a)

(C)
f(b) (ab (ab f((')’ (47)

where C((Zi) are the components of the normal connection

e()

o© F
Vi, )f<b Clabyfo)-
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Similarly we find that

9 2 ()
%f(b) = A 0 +HC’(1 b)f(d),

9 o) — gy (<b>)§(d> ~ HAY, fO,
S

9 ) _ (®) 2 (OFC)
Bsf HA 1d) +HC(1d)f
We now compute the evolution of the (co)frame of the flowing surface. To this end let
0 .
= gla) (a) 5(b) (a) £(b)
656 7M(b)e +N(b)f ,
f(a) )e(b) + L f(b),
where K, L, M and N are 2 X 2 matrlces to be determmed.
Differentiating < é(%), fy >= 0 with respect to time implies that N@ — K((g)) and

(b)
a standard calculation (see e.g. Lemma 2.2 of [1]) shows that
(a) _ o(a)j c (a)
K(b) = 6( )JVjH(b) —|—H )C( by
and so we have 5
o(a) __ (a) o(b a (a) b
:6( ) = M(b) 6( ) _ [V( )H(b) + HC(lb)} f(
9 4 b ® 7 ;
%f(a) = {v( )H(a) + HO(ia)} €(b) + L(a)f(b),
with L and M to be determined. This we do by the time derivative of the intersection
and constant angle conditions in adapted frames:

0 ° 0 N P o o ° 0 o 2
0= % < 6( a) » €(b) >= % < e(a),f(b) >= % < f(a),e(b) >= % < f(a),f(b) > .

For example, consider

o . - 9. . .9
0=--< fay, e >=< —f(l),e(l) >+ < fay, %e(l) >

, e 5 2 A (1) 2d i fd
< (V®WHguy + HC b)+L f(b e > HH < f), Dy el )_A(ld)f( >

<n>)

- v+ H [sinhB r 1( )) —cosh B Agl)}

— ~V)H + H [sinh B D113 + cosh B Afj). |,
which is the first of equations (39). Similarly we find that

) @ () (@)
0="Ly =L =My =My,

2) _ (1) _ i® ¢
L(l) L(z) = —H(sinh BA(12) —cosh B C(lié))7
2 1 i i
M) = =My = —H(cosh B [11) + sinh BA(}))),
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and the rest of equations (39) and (40).

Equations (41) to (44) follow from the space derivatives along the intersection and
constant angle conditions. For example taking the covariant derivative of this w.r.t. the
ambient connection we find

< Ve €a), € > + < éa), Ve, 6 >=0.

From decomposing the ambient connection as in equation (46), for a = 2 and b = 1 we get

T. 5. 21 o _ s @ £ 1) o_p @)
< Vé(l)e(g),e( ) >=< Vé(1>€(2) - A(12)f(0)76( ) >= F(12)’

and equation (46) along with the relationship between the two sets of frames also gives

< €(2), Vé(l)é(l) > =< cosh B 5(2) + sinh B f(l), V: (1

ém®
_ = (2)
=cosh BT 1

: i@
(1) ~ sinh B A(u)‘

Putting these together we find

2 _ sinh B A(i) =

1 -
r + cosh B F(n) an = 0,

(12)

which can be rearranged to give equation (42). The other equations follow similarly by
covariantly differentiating the inner product of other frame vectors. O

We now bound the second derivatives of the flowing surface by those of the boundary
plane along the edge.

Theorem 6.13. Suppose that the initial conditions B and C are chosen to satisfy in-
equalities (53), (35) and (36) and 0 < 6 < m/2, 0 < ¢ < 7/2. Then for as long as the
flow exists |d*Fs| < C1(|d*F|) at the edge.

Proof. The idea of the proof is to use equations (40) to (45), together with the spatial
derivative of the asymptotic holomorphicity condition, to bound the derivatives of the
1-jet of F', as expressed by the quantities A, i, ¢ and . Note that by the identity (2) the
derivatives of ¥ = Re(p) are determined by those of A\, u = |o|/|\| and ¢ = arg(c) - an
artifact of partial derivatives commuting.

The 2-jet of the flowing surface will ultimately be bounded by the 2-jet of the boundary
plane. As we proceed we gather these edge 2-jet terms together on the right-hand side
and denote them by a generic function F which is bounded for a C? boundary plane.
That is, we write F (possibly with a subscript) for quantities that only depend on the
slopes 5\, i, g?) and 9 and their first derivatives.

A complicating factor in this scheme is that derivatives of the angles 6,6,,v also
enter into some computations and have to be controlled.

The estimates will hold for any point v € fs(9D) and for computational simplicity
we translate and rotate so that the point is £ = n = 0. The derivatives at such a point
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naturally split into normal and tangential components relative to the edge of the flowing
disc and for any function ® : D — R we denote the tangential and normal derivatives by
0P 0P

dx3’ dai’

respectively, where {é(1), é(2)} are the adapted frames.

The expressions which link equations (40) to (45) to the derivatives of the 1-jet are the
projections of the submanifold equations (46) and (47):

Py = éfl) Py = %

AL = [ LPlel Ve, (48)
(2  _ g k2T Rl (2 _ g k(2T sl
Coay iy = €lay "PERT VS, Loy (1) = €lay ' BFe Viély,  (49)
the expression for the aligned frames
(1) = cos fle(1) — sinfe(y), €(2) = sinfle(y) + cos fe(y),
fay = costfy +sin f), floy = —sinf1) + cos ¥ fay,

and the coordinate expressions in Proposition 4.14 for the canonical frames. Here the
projection operators are exactly as in the proof of Proposition 4.17. Similar expressions
also hold for the boundary plane with tilded quantities.

We want to bound A1, A2, i1, 2, ¢;1 and @)z, as well as the gauge terms 6y, 0~|1,
Y and ;.

This last term can be bounded by noting that, by the first of equations (40) and (45)
we have

i A~ @2 e ~ (2)
fA(H) = C(ié) = C(li) = —sinh B A(12) — cosh B C(li)'

Now since flg)l)

we find that

consists of 2-jet terms of the boundary and by the first expression in (49)

5 (2) _ 7 = i@ _ £
0(11) =1 + F1 = cosh BA(H) = Fs.

Thus we have
1/1\1 = ]:3a
and our first bound.

The tangential derivative of the asymptotic holomorphic condition (iv) of the I.B.V.P.
can be written, as per definition 4.4,

A1 = S Hp- (50)
Moreover, we have from equations (44) and (41) that
1 1)

(12) — €08 (0—1/0148)2) = sin (0—1/;);1(12) — cos (6—)[cosh B A®)

sin (6—y) A (12

. 5 (2)
) + sinh B C(li)]
=F.
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Now using the explicit expression in Proposition 4.17 for the second fundamental form in
terms of the 2-jet of the graph function we find that

2= 7T e [(1 + 1 — 2sin® )2 — 2 cosOsin Op(1l — M2)%¢‘2 + F. (51)
Equations (50) and (51) bound the derivatives of A by the other derivatives and so we
can reduce our list of derivatives, leaving us with p1, @1, 01, §|1, )1, )2 and ¢j3. These
split naturally into tangent and normal derivatives which we now exploit.

The five remaining equations of (40) to (45) give a linear system for the five tangential
derivatives which is of the form

1
(i Fi

*x x 0 00 B

* x 0 0 =% 7¢|1
2/1—p2 -

x x 0 0 =% gll: =F.

x x 0 1 0 U’ll

* x =1 0 sinh Béu

Note that |do|? = d|o|?+|0|?|d¢|? and so to bound the gradients of o we need only bound
d|o| and |old¢ = |\|ude.

The last two equations imply that bounds on p;, ¢|; and 9]1 yield bounds on 6|; and
1. Thus we are left with a 3 x 3 system for p1, ¢ and §|1 with matrix of coefficients

1 — cos20p sin 26 0
sin 2¢) + (sin 26 cos 2¢) 4+ sin 2(6 + ¢))p cos 26 cos 2¢) + cos2(0 + )  cos(0 + 1)

cos 2t — (sin 20sin 2¢) — cos2(0 + ) —cos26sin2¢ —sin 2(0 + ) —sin(6 + )
The determinant of this matrix is
cossinO(1 + p) + cos@sinp(1 — p) > 0,

where the inequality follows from (33), (35) and (36). We can therefore invert the system
to yield bounds on the tangential derivatives: p;, ¢; and éll' The final tangential
derivative we have to bound is ¥J|; and this follows readily from differentiating equation
(13) along the edge.

We turn now to bounding the normal derivatives o and ¢|3. These are controlled by
the tangential derivatives due to the generalized Coddazzi-Mainardi equation (2). To see
this, introduce

cos isin 6 P4l i
g = cosfoy — sinfag = = ( T + 1) e 2dtam
VEX(A=1ohE (1A +1ol)?
so that the tangential and normal derivative operators are
0 . 0 0

.0 _ B
€)= ae(’?{ +a087§_’ €2) = Wg—x ¢ —1-049,%85_,

)
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which can be inverted to

9 _
oc
Equation (2) says that

—i(A2 = |o|*) % [@o-gé0) — Toéa)] -

05 — 09 —id\ = F,
which relates certain tangential and normal derivatives. Thus
V1 = apdl + @pdd = ap(id\ + 0o) + a@gd(—id\ + 95) + F.
Now a direct computation reduces this to
—(1 = cos 0)(p + cos 20) 1 + sin 20(1 — cos ) (1 — /ﬂ)%qb‘g =F.
On the other hand equation (38) implies that
cos(0 + ¥)pyo — sin(0 + Y)u(l — p?) gy = F.

The last two equations form a linear system for pp and @2 whose coefficients have de-
terminant

—(1 —cos@)u(l — MZ)% [costhcosO(1 + p) + sinysin§(1 — p)].

Inequalities (33), (35) and (36) ensure that this remains strictly negative during the flow
and hence we can invert the system and get bounds for y2 and ¢j2. This completes the
proof. O

6.3. Existence of a holomorphic disc

In this section we prove that we can attach a holomorphic disc to the set of oriented
normals of any non-umbilic convex hemisphere in R3, considered as a surface in T'S?.
We first prove a final estimate.

Proposition 6.14. Under the mean curvature flow we have the following estimate:

0 ; |o|? ZD lo|*
Ik, [ el B IR N bl B
<as & aﬁ’“) <A2—|02 S PP e [oP)R”

Proof. Our starting point is equation (23), which we rewrite in the form

o 2
<as Gﬂkajak) ('“' 2) =h+hL+I+ 1

A2 — o]
where (A2 + |o]?) A2 — o Alo] 2
o — |0 (& .
I = —2WH)\(1|0| — |0|d)\— ml +§gd(1 +§€)‘ s
1+ 6N =
=20 < i+ 9, adlol - olan >,
A2|o 2 - _ 2
Iy = 2 0 — 200 + €671 + €0
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|o]?
2(A% = [o?)2(A* + [a]?)
Here 0 = |o|e’® and we have introduced the complex structure j(d¢) = id¢.
Introduce the flat metric

< d¢, dé >=1, < d€,dé >=< dE,dE >=0,

I = { —i|o|A?(E%e" — E2e7?) + AN{[2 — 61N + 2la\2}}~

on P via its coordinate . Denote the flat norm and inner product by |.| and < -,- >,
and the norm and inner product of g by |.|| and << -, >>. The following estimates will
prove useful:

Lemma 6.15.
(1+9)%(-A— o))

22— o2

(14> (=M + o))

XP<|IX|? <
| X7 <[ X7 < X o]

X2

First we estimate I; using the flat metric and Lemma 6.15:
14 £62(\% + |o)? A2 — 0|2 Ao ~ |2
(1+60°0¢ + o) 2 —lof Nel 4, e
(A2 = o) (=1 + o] A2+ of? 1+&¢

and so after completing the squares

I <=2

b

)(Ad|a| ~Joldr —

(14+£6)2 (N +|o|?) (=A+[o])(=A+2[g])Alo] A
hitlh< —wamw—xm{’wg' - loldx + SSHERTSRAR A0+ 66)

A(=A+|o])?(=32=4|a]) N?|o|?
4(X2+]o]?)? (1+€£)*

2
d(1+ «56)‘ }
Clearly I5 is negative, so we discard it. To estimate Iy we use
—26E <i(g — %) < 2L
Thus

2 — —
I < srrpeborremy { 2101268 + 20 {[4 - 26002 + 4l 2} }.
Combining the estimates
2 2 2| 12(13 2 2 LN

D g g ) (7 o AP VPO 2020~ 2ol —Jof")e€.

s A2 —lo2) = (A —of?)? (A2 =o2)?(A? + o ]?)
In fact, we can achieve || > 3|o| throughout the flow (see Corollary 6.9 with C5 < 1/3),
so that

(‘9 —ij8j3k> ( |o]? ) < 4\|o]? N Nlo|¢€
Os A2 —lo? (A =lo?)? 9N = |o]?)3(A* + [o]?)
4\ |o|
= o2 (0% —o?)?
This completes the proof of the Proposition. O
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We now show that our flow is asymptotically holomorphic:
Proposition 6.16. The mean curvature flow satisfies:
lo]> =0 as § — 00.

Proof. At the edge this follows from the second Neumann condition. To consider the
interior, recall the following estimate:

0 ; |o|? ZD lo|*
Gk, R e S iR bl B
<as . aja’“) (Az—w S PO [P

This is of the form 5
<68 - ijajak) f<=Cir?,
for the positive function f given by

s |o]?
22— o]’
and (C is a constant such that
4|\l
PF =t

which exists by Corollary 6.9. Following Ecker and Huisken [2], choose ¢ = sf and
compute

o )
(as - Gﬂkajak> g < gs 1 -C%).

Now suppose that the maximum of g occurs in the interior of the disc. Then, by the
maximum principle we must have 1 — C%g > 0 or, equivalently, f < C| 25=1. Returning
to our notation, this means that
jo|? 1
N o] = CZs’

or 2 |2
A — o 02
2
o < ——— < —.
lol” < Cis ~— s
That is, the flow is asymptotically holomorphic. O

Finally, drawing the results together, the existence of the holomorphic disc is estab-
lished as follows.

Theorem 6.17. Let S be a C31t smooth open convez plane in R® without umbilic points
and suppose that the Gauss image of S contains a closed hemisphere. Let P C TS? be
the oriented normals of S.
Then 3f : D — TS? with f € C.L*(D) N C°(D) satisfying
(i) f is holomorphic,
(ii) f(0D) C P.
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Proof. By a rotation in R?® and the induced action on T'S? we can take the north pole
of P to & = 0. Now deform P to P by adding a holomorphic twist. Thus if P is given
by the graph function n = F(¢,€), then P is given by the graph function n = F(¢,€) =
F(&,€) —iCot. We choose Cy > 0 large enough so that P is positive at the pole.

We can now apply Theorem 6.3 to find a long-time solution f € C’fota(D x R>g) N
CY(D x R>¢) to mean curvature flow with edge in A, so long as the initial conditions
B and C are chosen small enough. Moreover, in Proposition 6.16 we showed that this

solution is asymptotically holomorphic in time:
o] — 0 as 5 — 00.

Now by parabolic Schauder estimates, (see e.g. [19] section 6, and [17] page 79), we have
G Ol ere (py < CUHI L= (Dx[0,00)) + K ()| (1)-

Here, K involves ambient metric, Christoffel symbols, and the gradient f (all of which are
bounded since the evolution takes place in a relatively compact subset of T'S?), and on
the mean curvature vector H, which is bounded for all time. The right hand side being
bounded in time, and using the gradient bound from uniform positivity, we can by Arzela-
Ascoli extract a subsequence t; — oo limit disc foo (D), Where fo € C’llota/ (D)N C°(D),
for o/ < a.

From asymptotic holomorphicity, proved in the next section, it now follows that foo (D)
is holomorphic with respect to J. Note that we do not have smooth convergence up to
the boundary, and that (in general), the angle condition (iii) in I.B.V.P. is not retained
by the holomorphic limit fu (D).

Finally, the holomorphic disc f (D) with edge lying on P can now be obtained by
subtracting the holomorphic twist. O

7. Proof of Theorem 1.1

The proof of Theorem 1.1 now goes as follows. Suppose that a plane Py C R3 exists
that satisfies Properties I, IT and III, and let Py C IL be the set of normals to Py. Then
by Proposition 3.2, Py lies in an open subset of C?T®-smooth Lagrangian sections. This
open set is a Banach manifold modeled on the Lagrangian vector fields which arise as J
times the tangent vectors of Py.

Moreover, Proposition 3.4 establishes that, passing to a smaller neighbourhood, the
space of holomorphic discs with edge lying on points of the neighbourhood is a submanifold
of the space of all smooth maps.

Since the Cauchy-Riemann operator with this boundary condition is Fredholm, apply-
ing the Sard-Smale theorem in Proposition 3.6 proves that for a dense open subset the
Cauchy-Riemann operator with this boundary condition is surjective. We conclude that
the dimension of the space of parameterized holomorphic discs is equal to the analytic
index of the operator. By Proposition 3.5 this index is related to the Keller-Maslov index
of the edge curve by I = u + 2.
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Consider a holomorphic disc with edge lying on Py. By Proposition 2.1.3 of [14], the
Keller-Maslov index of the edge is the relative first Chern class of the edge which, for
graphs over the same domain, counts the number of complex points inside the edge on Py.

Suppose that the disc in Py bounded by the edge of the holomorphic disc is totally
real, so that 4 = 0. Thus I = p+ 2 = 2 and, quotienting by the Mobius group of the disc,
the space of unparameterised holomorphic discs is I —3 = 2 — 3 = —1. This means that,
for C?** boundary conditions, there cannot exist a holomorphic disc with edge on Py.

We conclude that, should Py exist, then so would a nearby plane over which it is not
possible to attach a holomorphic disc. Finally by Theorem 1.3, we have seen that it is
always possible to attach a holomorphic disc to any such plane. We therefore conclude
that there does not exist a proper C3+® plane Py C R? satisfying Properties I, IT and III,
thereby proving Theorem 1.1.

References

[1] J. Chen and J. Li, Mean curvature flow of surface in 4-manifolds, Adv. Math. 163 (2001) 287-309.
[2] K. Ecker and G. Huisken, Parabolic methods for the construction of spacelike slices of prescribed
mean curvature in cosmological spacetimes, Commun. Math. Phys. 135 (1991) 595-613.
[3] S.D. Eidelman and N.V. Zhitarashu, Parabolic Boundary Value Problems, Birkhauser, Berlin, 1998.
[4] F. Fontenele and F. Xavier, Finding umbilics on open convex surfaces, Rev. Mat. Iberoam. 35.7
(2019) 2035-2052.
[5] A. Floer, Symplectic fized points and holomorphic spheres, Comm. Math. Phys. 120.4 (1989) 575—
611.
[6] A. Freire, Mean curvature motion of graphs with constant contact angle at a free boundary, Anal.
and P.D.E. 3 (2010) 359-407.
[7] A. Friedman, Local isometric imbedding of Riemannian manifolds with indefinite metrics, J. Math.
Mech. (1961) 625-649.
[8] B. Guilfoyle, On isolated umbilic points, Comm. Anal. Geom. 28.8 (2020) 2005-2018.
[9] B. Guilfoyle and W. Klingenberg, Generalised surfaces in R3, Math. Proc. R. Ir. Acad. 104A (2004)
199-209.
[10] B. Guilfoyle and W. Klingenberg, An indefinite Kahler metric on the space of oriented lines, J.
London Math. Soc. 72, (2005) 497-509.
[11] B. Guilfoyle and W. Klingenberg, On area-stationary surfaces in certain neutral Kdihler 4-manifolds,
Beitrage Algebra Geom. 49 (2008) 481-490.
[12] B. Guilfoyle and W. Klingenberg, On Weingarten surfaces in Euclidean and Lorentzian 3-space,
Differential Geom. Appl. 28 (2010) 454-468.
[13] B. Guilfoyle and W. Klingenberg, Higher codimensional mean curvature flow of compact spacelike
submanifolds, Trans. Amer. Math. Soc. 372.9 (2019) 6263-6281.
[14] B. Guilfoyle and W. Klingenberg, Fredholm-regularity of holomorphic discs in plane bundles over
compact surfaces, Ann. Fac. Sci. Toulouse Math. Série 6, 29.3 (2020) 565-576.
[15] B. Guilfoyle and W. Klingenberg, Roots of polynomials and umbilics of surfaces, Results in Math.
78 (2023) 229-247.
[16] R. Huang, Lagrangian mean curvature flow in pseudo-Euclidean space, Chin. Ann. Math. Ser. B
32.2 (2011) 187-200.
[17] J. Jost, Nonlinear methods in Riemannian and Kéahlerian geometry, DMV Seminar, Band 10, 1988,
Birkhiuser Verlag, Basel.
[18] T. Klotz, R. Osserman Complete surfaces in E3 with constant mean curvature, Commentarii Math-
ematici Helvetici 41 (1966) 313-318.

49



[19]
[20]

(21]

(22]

23]
24]
[25]
[26]

27]

GUILFOYLE and KLINGENBERG

G. Li and I. Salavessa, Mean curvature flow of spacelike graphs, Math. Z. 269 (2011) 697-719.
Y.-G. Oh, Fredholm theory of holomorphic discs under the perturbation of boundary conditions,
Math. Z. 222 (1996) 505-520.

R. Penrose and W. Rindler, Spinors and space-time: Volume 2, Spinor and twistor methods in
space-time geometry. Cambridge University Press, 1984.

K. Smoczyk, Mean curvature flow in higher codimension: introduction and survey, in Bar C.,
Lohkamp J., Schwarz M. (eds) Global Differential Geometry, Springer Proceedings in Mathematics,
vol 17, Springer, Berlin, 2012.

A. Stahl, Regularity estimates for solutions to the mean curvature flow with a Neumann boundary
condition, Calc. Var. Partial Differential Equations 4 (1996) 385-407.

B. Thorpe, A regularity theorem for graphic spacelike mean curvature flows, Pacific Journal of
Mathematics 255.2 (2012) 463-487.

V.A. Toponogov, On conditions for existence of umbilical points on a convex surface, Siberian
Mathematical Journal, 36 (1995) 780-784.

B. White, A local regularity Theorem for mean curvature flow, Annals of Mathematics 161 (2005)
1487-1519.

Y.-C. Wong, Differential geometry of Grassmann manifolds, Proc. Natl. Acad. Sci. USA 57.3 (1967)
589-594.

BRENDAN GUILFOYLE, SCHOOL OF STEM, MUNSTER TECHNOLOGICAL UNIVERSITY, TRALEE, CoO.

KERRY, IRELAND.

Email address: brendan.guilfoyle@mtu.ie

WILHELM KLINGENBERG, DEPARTMENT OF MATHEMATICAL SCIENCES, UNIVERSITY OF DURHAM, DURHAM

DH1 3LE, UNiTED KINGDOM

90

Email address: wilhelm.klingenberg@durham.ac.uk



	1. Introduction and results
	2. Complete convex planes after Toponogov
	3. Fredholm regularity of the associated Riemann-Hilbert problem
	4.  Neutral Kähler geometry of TS2
	4.1. The neutral Kähler surface and submanifolds
	4.2. The second fundamental form of a positive surface
	4.3. Angles between positive surfaces

	5.  Mean curvature flow in TS2
	5.1. The unparameterized flow
	5.2. Evolution equations for a positive surface
	5.3. Boundary conditions

	6.  Existence results for the I.B.V.P.
	6.1. Short-time existence
	6.2. Long-time existence
	6.3. Existence of a holomorphic disc

	7. Proof of Theorem 1.1
	References

