GG Journal of Gékova Geometry Topology
T Volume 16 (2023) 65 — 97

Differential models for the Anderson dual to bordism

theories and invertible QFT’s, 11

Mayuko Yamashita

ABSTRACT. This is the second part of the work on differential models of the Anderson
duals to the stable tangential G-bordism theories IQC, motivated by classifications
of invertible QFT’s. Using the model constructed in the first part [Journal of Gokova
Geometry Topology, 16, (2023), 1-64], in this paper we show that pushforwards in gen-
eralized differential cohomology theories induces transformations between differential
cohomology theories which refine the Anderson duals to multiplicative genera. This
gives us a unified understanding of an important class of elements in the Anderson
duals with physical origins.
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This is the second part of the work on differential models of the Anderson duals to
the stable tangential G-bordism theories 7QY motivated by classifications of invertible
QFT’s. The generalized cohomology theory IQ¢ is conjectured by Freed and Hopkins
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[FH21, Conjecture 8.37] to classify deformation classes of possibly non-topological invert-
ible quantum field theories (QFT’s) on stable tangential G-manifolds. Motivated by this
conjecture, in the previous paper [YY21] by Yonekura and the author, we constructed

a model I QC?R of IQ% and its differential extension I QE‘;R by abstractizing properties of
partition functions for invertible QFT’s. This paper is devoted to their relations with
multiplicative genera. We show that pushforwards (also called integrations) in generalized
differential cohomology theories allow us to construct differential refinements of certain
cohomology transformations which arise from the Anderson dual to multiplicative genera
and the module structures of the Anderson duals. This gives us a unified understanding
of an important class of elements in the Anderson duals with physical origins. More-
over, having transformations in the differential level gives a more direct connection to
physical picture, since they can be regarded as transformations of QFTs without taking
deformation classes, recovering the information of partition functions.

First, we explain the motivations of the previous paper. As we recall in Section 2, the

differential group (I2§3)™(X) consists of pairs (w, h), where w € QY (X; H*(MTG;R))
where n is the total degree, and h is a map which assigns R/Z-values to differential stable
tangential G-cycles of dimension (n — 1) over X, which satisfy a compatibility condition
with respect to bordisms. The physical interpretation is that h is the complex phase of
the partition function of an invertible QFT. For example, given a hermitian line bun-
dle with unitary connection over X, the pair of the first Chern form and the holonomy
function gives an element for G = SO and n = 2 (Subsection 3.4.1). Similarly, given a
hermitian vector bundle with unitary connection, we can construct even-degree elements
for G = Spin® using the reduced eta invariants of twisted Dirac operators (Subsection
3.4.3): this theory is related to anomaly of spinor field theory. Then, a natural mathe-
matical question arises: what are these elements mathematically? It is natural to expect
a topological characterization of these elements. Questions of this kind also appears in
[FH21, Conjecture 9.70] (also recalled in Conjecture 3.50 below). This paper is devoted
to this question. Actually, these examples are special cases of the general construction in
this paper which we now explain.

Now we explain the general settings. In this paper, the tangential structure groups
G ={Gy, 84, pa}aecz-, (see Section 2) is assumed to be multiplicative, i.e., the correspond-
ing Madsen-Tillmann spectrum MTG is equipped with a structure of a ring spectrum.
Assume we are given a ring spectrum E with a homomorphism of ring spectra,

G: MTG — E.

such G is also called a multiplicative genus, and examples include the usual orientation
7: MTSO — HZ and the Atiyah-Bott-Shapiro orientations ABS: MTSpin® — K and
ABS: MTSpin — KO.

On the topological level, a ring homomorphism G: MTG — E gives pushforwards
in E for proper G-oriented smooth maps. Pushforwards in differential cohomology, or
differential pushforwards, are certain differential refinements of topological pushforwards.
Basically, they consist of corresponding maps in E for each proper map with a “differential
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FE-orientation”. The formulations depend on the context. To clarify this point, in this
paper we use the differential extension Eys of E constructed by Hopkins-Singer [HS05],
and use the formulation of differential pushforwards in that paper. Throughout this paper,
we assume that E is rationally even, i.e., E?*T1(pt) ® R = 0 for any integer k. In this
case, by [Upm15] there exists a canonical multlphcatlve structure on the Hopkins-Singer’s
differential extension EHS(— tp) associated to a fundamental cycle 1 € Z°(E;VS). The
theory of differential pushforwards gets simple in this case. This point is explained in
Subsection 3.1 and Appendix A. Of course our result applies to any model of differential
extension E of E which is isomorphic to the Hopkins-Singer’s model. Practically, most
known examples of differential extensions are isomorphic to Hopkins-Singer’s model (see
Footnote 2). The holonomy functions are examples of differential pushforwards in the
case 7: MTSO — HZ, and the reduced eta invariants are those for ABS: MTSpin® — K
by the result of Freed and Lott [FL10] and Klonoff [Klo08].

Let n be an integer such that E1~"(pt) ® R = 0. As we show in Subsection 3.3, the
above data defines the following natural transformation,

g: Biyg(—50m) © TE"(pt) — (19G) 7" (-, (1.1)

on Mfd°? (Definition 3.36).
The main result of this paper is the following topological characterization of the trans-
formation (1.1).

Theorem 1.2 (=Theorem 3.26). In the above settings, let X be a manifold and k be an in-
teger. For e € E&q(X;up) and B € IE™(pt), the element I(®g(e® B)) € (IQF)F+7(X) =
[XT AMTG, Xk I7Z] coincides with the following composition,

Xt AMTG L9 shp A B2 sk £y sktngg, (1.3)
Here we denoted e := I(€) € E*(X).

As we will see in Subsection 3.4, this result applies to the above mentioned examples
as follows.

Example 1.4 (Subsection 3.4.1). Set E = HZ with 7: MTSO — HZ. We have the
Anderson self-duality element gz € THZ%(pt). The transformation

O (— @) BAX;Z) — (1959)2(X) (1.5)

sends the class of a hermitian line bundle with connection [L,V] € H2(X;Z) to the

element (c;(V),Holy) € (IQ59)%(X). Applying Theorem 1.2, we see that its deformation
class coincides with the following composition,

c1(L)AT

X+ AMTSO S0 s2 gy A gz 2 s2 gy 21y,

Example 1.6 (Subsections 3.4.3 and 3.4.4). Set E = K with the Atiyah-Bott-Shapiro
orientations ABS: MTSpin® — K. We have the Anderson self-duality element vx €
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IK°(pt). The transformation
D aps(— @ k) K2F(X) = (IQ5R)2k(X). (1.7)

maps the class [W,h", VW 0] € K°(X) ~ K2¥(X) of hermitian vector bundle with

N2k
unitary connection to the element ((Ch(V") ® Todd)|ax,Tigw) € (IQSpinc) (X). Ap-
plying Theorem 1.2, we see that its deformation class coincides with the following com-
position,

X+ A MTSpin® LABS, ey po multi g Bott ok g Yic, 22k 17

~

In Subsection 3.4.4, we explain that this transformation can be interpreted as taking
anomaly theories of complex spinor field theories.

The paper is organized as follows. In Section 2 we recall the definition of the differential
models in [YY21]. Section 3 is the main part of this paper. We construct the natural
transformation (1.1) and prove Theorem 1.2 in Subsection 3.3. We explain some examples,
as well as relation with anomalies, in Subsection 3.4. As we explain in Subsection 3.1,
there are certain subtleties regarding the formulations of differential pushforwards. In
Appendix A, we collect the necessary results concerning differential pushforwards for
submersions when F is rationally even.

1.1. Notations and conventions

e By manifolds, we mean smooth manifolds with corners. We use the conventions
explained in [YY21, Subection 2.3].

e The space of R-valued differential forms on a manifold X is denoted by Q*(X).

e We deal with differential forms with values in a graded real vector space V*. In
the notation Q"(—;V'*®), n means the total degree. In the case if V'* is infinite-
dimensional, we topologize it as the colimit of all its finite-dimensional subspaces
with the caonical topology, and set Q™ (X;V*®) := C>(X; (AT*X ®r V*)"). This
means that, any element in Q"(X;V*®) can locally be written as a finite sum
> & ® ¢y with & € Q™ (X) and ¢; € V=™ for some m; for each i. The space
of closed forms are denoted by Q7 (—;V*®).

e For a manifold X and a real vector space V, we denote by V the trivial bundle
V=X xV over X.

e For a topological space X, we denote by px: X — pt the map to pt. We set
Xt = (X U{*}, {x}).

e For two topological spaces X and Y, we denote by pry : X xY — X the projection
to X.

o We set [ :=10,1].

e For a real vector bundle V' over a topological space, we denote its orientation
line bundle (rank-1 real vector bundle) by Ori(V). For a manifold M, we set
Ori(M) := Ori(TM).
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e For a spectrum { By, }nez, we require the adjoints F,, — QE, 1 of the structure ho-
momorphisms are homeomorphisms. For a sequence of pointed spaces {E/, }nez. .,
with maps $E!, — EJ, |, we define its spectrification LE' := {(LE"), }nez to be
the spectrum given by

(LE')y = g O ) .
k

e For a generalized cohomology theory E, we set V2 := E*(pt) @ R.
e The Chern-Dold homomorphism [Rud98, Chapter 11, 7.13] for a generalized co-
homology theory E is denoted by

ch: E*(=) — H*(—; Vg). (1.8)
e We use the axiomatic framework of generalized differential cohomology given in
[BS12] (also recalled in [YY21, Subsection 2.2]). We abuse the notations R, a and

I for the structure maps for general differential cohomology theories, following the
standard notations in those papers.

2. Preliminaries from [YY21]

In this section we recall necessary parts of the previous paper [YY21]. In [YY21],

we constructed a model [ Q(?R of a differential extension of the Anderson dual to the
tangential G-bordism homology theory IQ¢.

First we recall the definition of the Anderson duals to spectra (see [YY21, Section 2.1],
[HS05, Appendix B] and [FMS07, Appendix B]). The functor X + Hom(m.(X),R/Z) on
the stable homotopy category is represented by a spectrum denoted by I(R/Z). The An-
derson dual to the sphere spectrum, denoted by IZ, is defined as the homotopy fiber
of the morphism HR — I(R/Z) representing the transformation Hom(m.(—),R) —
Hom(m,.(—),R/Z). For any spectra E, the Anderson dual to E, denoted by IE, is defined
to be the function spectrum from E to IZ, IE := F(FE,IZ). This implies that we have
the following exact sequence for any spectra X.

oo = Hom(E,_1(X),R) = Hom(E,_1(X),R/Z) — IE"(X) (2.1)

— Hom(E,(X),R) & Hom(E,(X),R/Z) — --- (exact).
In [YY21] and the current paper, we are particularly interested in the Anderson dual
to the G-bordism homology theory. Here, G = {Ga, 84, pd}dez-, is a sequence of compact

Lie groups equipped with homomorphisms s4: G4 — Ggy1 and pg: G4 — O(d,R) for
each d, such that the following diagram commutes.

Pd

Gq 0(d,R)

L

Pd+1

Git1 —=O(d+ 1L, R)
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Here we use the inclusion O(d,R) < O(d + 1, R) defined by
110
A { 0T A ]
throughout this paper. Given such G, the stable tangential G-bordism homology theory
assigns the stable tangential bordism group (Q2¢).(—). It is represented by the Madsen-
Tillmann spectrum MTG, which is a variant of the Thom spectrum MG. For details see

for example [Frel9, Section 6.6]. In this paper we take MTG and MG to be a spectrum
as in [HS05, (4.60)]. The Anderson dual IQY fits into the following exact sequence.

oo = Hom(Q¢ (X),R) = Hom(Q¢ | (X),R/Z) — (IQ°)"(X) (2.2)
— Hom(Q% (X),R) — Hom(QS(X),R/Z) — --- (exact).

Now we proceed to recall the definition of IQ$;. In [YY21], we defined the relative
groups IQ§; (X,Y). But since we only deal with the absolute case X = (X, @) in this

paper, we concentrate on this case. To recall the definition of I QER, we first recall the
differential stable G-structures on vector bundles.

Definition 2.3 (Differential stable G-structures on vector bundles, [YY21, Definition
3.1]). Let V be a real vector bundle of rank n over a manifold M.

(1) A representative of differential stable G-structure on V is a quadruple g =
(d, P,V,9), where d > n is an integer, (P, V) is a principal G4-bundle with
connection over M and v: P x,, R ~ RY™™ @ V is an isomorphism of vector
bundles over M.

(2) We define the stabilization of such g by g(1) := (d+1, P(1) := P x4, G441, V(1),
(1)), where V(1) and (1) are naturally induced on P(1) from V and 1, respec-
tively.

(3) A differential stable G-structure g on V is a class of representatives g under the
relation § ~gtan g(1).

(4) Suppose we have two representatives of the forms g = (d,P,V,¢) and § =
(d, P,V,4'"), such that ¢ and 1)’ are homotopic. In this case, the resulting differ-
ential stable G-structures g and ¢’ are called homotopic.

If we forget the information of the connection V, we get the corresponding notion of
(topological) differential stable G-structures. For a differential stable G-structure g, we
denote the underlying topological structure by g*°P. Similar remarks apply to the various
definitions below.

We also recall the normal variant, which we use in Appendix A.

Definition 2.4 (Differential stable normal G-structures on vector bundles, [YY21, Defi-
nition 4.75]). Let V be a real vector bundle of rank n over a manifold M.

(1) A representative of differential stable normal G-structure on V is a quadruple
g+t = (d,P,V,%), where d > n is an integer, (P, V) is a principal Gy4_,-bundle
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with connection over M and t: (P x,,  R¥") @V ~R?is an isomorphism of
vector bundles over M.

(2), (3) We define the stabilization of such g+ in the same way as Definition 2.3, and a
differential stable normal G-structure g= on V is defined to be a class of repre-
sentatives under the stabilization relation.

(4) We define the homotopy relation between two such g’s also in the same way.

A differential stable tangential G-structure on a manifold M is a differential stable
G-structure on TM. Given a manifold X, a differential stable tangential G-cycle of
dimension n over X is a triple (M, g, f), where M is an n-dimensional closed manifold,
g is a differential stable tangential G-structure on M and f € C*°(M, X). Using these
cycles, we defined

e The abelian group CSv (X), consisting of the equivalence classes [M, g, f] of differ-
ential stable tangential G-cycles of dimension n over X, with the equivalence rela-
tion generated by isomorphisms, opposite relation and homotopy relation [YY21,
Definition 3.5].

e The Picard groupoid hBordfv (X), whose objects are differential stable tangential
G-cycles (M, g, f) of dimension n over X, and morphisms are the bordism classes
[VV, gw, fW] of bordisms (VV, gw, fW) : (M—7 g—, f—) — (M+7 9+ f—‘r) [YYQL Def-
inition 3.8].

By the theorem of Pontryagin-Thom we have an equivalence of Picard groupoids [YY21,
Lemma 3.10],

hBordS¥ (X) ~ ne1 (L(X+t A MTG)_,,). (2.5)

Here the right hand side denotes the fundamental Picard groupoid.
Let R¢, denote the G4 module with the underlying vector space R and the Gg4-action
by det o pg: G — {£1}. By the Thom isomorphism, we have

Ng := H*(MTG;R) (Sym*/%g}, ®r Re, )% ~ H*(MG;R) =: N&,. .

s
The fourth arrow in (2.2) gives the homomorphism

ch’: (IN9)*(X) — H*(X; N&) ~ Hom(Q¢ (X),R). (2.6)
By [YY21, Proposition 4.9] we have a canonical homomorphism
q: Vine = Na. (2.7)

The map q is isomorphism if Q& (pt) is finitely generated for all n.

Let V* be any Z-graded vector space over R. Given a vector bundle V' — M with a
differential stable G-structure g, we get a homomorphism of Z-graded real vector spaces
by the Chern-Weil construction [YY21, Definition 4.4 and Remark 4.10],

cwy: QY (M; H*(MTG; V")) = Q" (M; H*(MG; V")) — Q" (M; Ori(V) @r V*).  (2.8)
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Since the orientation bundle of a vector bundle and its normal bundle are canonically iden-
tified, for V' — M equipped with a differential stable normal G-structure g, we also get

ewgr: QY (M;H*(MTG; V) = Q" (M; H*(MG; V")) — Q*(M;Ori(V) @ V*).  (2.9)

For w € Q" (X; H*(MTG;V*)) we get a homomorphism

clo

cw(w) : Hothordel(x)((M—’ g9-, f—)’ (M+7g+7 f+)) -y (2'10)
W fwl = [ e (),
w

for each pair of objects (M, g+, f+) in hBordgil(X). In the following definition, we use
(2.10) in the case V* =R and n = N.

Definition 2.11 ((I?Zg{)* and (IQ§R)*, [YY21, Definition 4.15]). Let X be a manifold
and n € Zxg.
(1) Define (IQ53)"(X) to be an abelian group consisting of pairs (w, k), such that
(a) w is a closed n-form' w € Q7 (X; N&).

clo

(b) h is a group homomorphism h: CSY, (X) — R/Z.

n—1
(¢) w and h satisty the following compatibility condition. Assume that we are

given two objects (M_,g_,f_) and (M, gy, fy) in hBordSY,(X) and a
morphism [W, g, fw] from the former to the latter. Then we have

MMy, g1, f]) = WM, g, f-]) = ew(w)([W, gw, fw])  (mod Z).

Abelian group structure on (IQ;)"(X) is defined in the obvious way.
(2) We define a homomorphsim of abelian groups,

a: (X Ng) /Im(d) — (I9G)"(X)

a — (da,cw(a)).
Here the homomorphism cw(a): €SV, (X) — R/Z is defined by
ew(@)([M,g.7) 1= [ ew,(f*a) (mod 2)
M
We set
(19R)" (X) = (I2)" (X)/Im(a).
For n € Zcy we set (19G)™(X) = 0 and (12G)™(X) = 0.

We defined the structure homomorphisms R, a and I along with the S'-integration
map [ for IQS§;. One of the main results of [YY21] is the following.

1Recall that n is the total degree.
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Theorem 2.12 ([YY21, Theorem 4.51]). We have a natural isomorphism of functors
Mfd — Ab”,

(IQGR)" =~ (19°)

Moreover, the functor IQ(?R, along with the structure maps introduced in [YY21], is a
differential extension with S'-integration of the pair ((IQG)*,Ch’), where ch’ is defined
in (2.6).

3. Pushforwards in differential cohomologies and the Anderson
duality

This is the main section of this paper. The main part is Subsection 3.3, where we
construct the natural transformation (1.1) and prove Theorem 1.2. Subsections 3.1 and
3.2 are preparation for the construction and proof. We explain some examples, as well as
relations with anomaly, in Subsection 3.4.

3.1. Preliminary—Differential pushforwards in the Hopkins-Singer model

In this subsection, we briefly explain the differential extensions of generalized coho-
mology theories constructed by Hopkins-Singer and the differential pushforwards (called
integration in [HS05]) in that model. We explain it in more detail in Appendix A.

On the topological level, a ring homomorphism G: MTG — E gives pushforwards in
E for G-oriented proper smooth maps. For proper smooth maps p: N — X of relative
dimension r := dim N — dim X with (topological) stable relative tangential G-structures

g;°P, we get the corresponding pushforward map,

(P,gy")x: E*(N) = E*(X). (3.1)

In particular in the case X = pt, for a closed manifold M of dimension n with a stable
tangential G-structure g*°? ([YY21, Definition 3.2]), we get

(par, g°°P)w: E*(M) — E*~"(pt).

There are notions of differential refinements of the pushforward maps in E. For example
see [HS05, Section 4.10], [BSSW09, Section 2] and [Bunl3, Section 4.8 — 4.10]. Basically,
they consist of corresponding maps in E for each proper map with a “differential F-
orientation”. The formulations depend on the context. In this paper, we adopt the one
by Hopkins-Singer?.

Hopkins and Singer gave a model of differential extensions, which we denote by
E{IS(—;LE), for any spectrum FE, in terms of differential function complexes. In gen-
eral we choose a Z-graded vector space V*, and a singular cocycle 1p € Z°(E;V*®) =

2In particular we use the differential extension EHS- Practically this is not restrictive. We are assuming
FE is rationally even and multiplicative, so EHS is equipped with a canonical multiplicative structure by
[Upm15]. Thus, when the coefficients of E are countably generated, we can apply the uniqueness result
in [BS10, Theorem 1.7] to conclude that any other multiplicative differential extension (defined on the
category of all smooth manifolds) is isomorphic to EHS.
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limn Z"(E,;V*). Then for each n and for each manifold X, we get a simplicial complex
called differential function complez,

(En; Ln)X = (E; L)i(7

consisting of differential functions X x A® — (En;t,). This complex has a filtration
filts(E; 1), s € Z>o. The differential cohomology group is defined as (it is denoted by

n

E(n)™(X;¢) in [HS05]),
Eﬁs (X;1) := mofilto(E; )X,

In particular this means that an element in E‘ﬁs(X ;1) is represented by a differential
function (¢,h,w): X — (E,;tn), consisting of a continuous map c: X — E,, a closed
form w € Q7 (X;V*) and a singular cochain h € C"~(X;V*®) such that 6h = c*¢,, —w
as smooth singular cocycles.

A particularly important case is when V = V2 and v € Z°(E;V2) is the fundamental
cocycle, i.e., a singular cocycle representing the Chern-Dold character of E. In this case the
associated differential cohomology groups Eﬁs (X;p) satisfies the axioms of differential
cohomology theory in [BS10]. The isomorphism class of the resulting group is independent
of the choice of the fundamental cocycle tgp, with an isomorphism given by a cochain
cobounding the difference.

In [HSO05, Section 4.10], a differential pushforward is defined simply as maps of differ-

ential function spaces?,
G: (MTG_, N(En) Ve (tarra)—r U (t8)n) = (B i8)n—r (3.2)

refining the map MTGA (E,,)*" LZALNY 5PN (E,)+ 2% s B, Here we are taking V = Va3,
and the cocycle Vg(tmra) € Z°(MTG;V5) is obtained by applying Vg: Vire — Vi
on the coefficient of ty;7g. Then?, the map G associates to every proper neat map of
p: N — X of relative dimension r with a differential (tangential) BG-orientation g[I){S
with a map

(P 93+ Blis(Ns 1) = Biis” (X 1), (3:3)
called the differential pushforward map.
Remark 3.4. As we explain in Appendix A.2 and A.3, the definition of (the tan-
gential version of) differential BG-oriented maps in [HS05] differs from the differen-
tial stable relative G-structure in [YY21, Definition 5.12]. Fix a fundamental cocycle

ture € Z°(MTG; Viira). Given a proper smooth map p: N — X, a topological tan-
gential BG-orientation consists of a choice of embedding N — R* x X for some k, a

3This point is important in the proof of Proposition 3.21, which is the main ingredient of the proof of
the main result (Theorem 3.26). This is the reason why we want to use the Hopkins-Singer’s formulation.

1As we explain in Appendix A.2, this process needs some additional choices of cochains. By the

assumption that E is rationally even, the resulting map on the differential cohomology level does not
depend on the choices.
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tubular neighborhood W of N in RF x X with a vector bundle structure W — N, and a
classifying map W := Thom(W) — MTGj_,. A differential tangential BG-orientation
gzlfs consists of its lift to a differential function

t(ggs) = (C, h7 LU) : W — (MTGk—7'7 (LMTG)]{Z—T')7 (35)

Then the map (3.3) is given by (3.2) and the Pontryagin-Thom construction. The resulting
pushforward maps depend on the various choices.

Remark 3.6. However, using the assumption that E is rationally even, in the case
where p is a submersion the situation is simple. First of all, the relative tangent bundle
T(p) = ker(TN — TX) makes sense, and we restrict our attention to the case where
we are given a differential stable G-structure g, on T'(p) (as opposed to the more general
notion of differential stable relative tangential G-structure on p in [YY21, Definition 5.12]).
Then, associated to such g, there is a canonical set of choices of g?s which gives the same
map (3.3). We explain this point in details in Appendix A. We call such ggs a lift of g,
(Definition A.44). The map (3.3) defined by any choice of a lift gII,{S of g, is the unique
map denoted by

(P gp)s 1= (0.9,°)s: Eiis(N:08) = Eiis" (Xs ). (3.7)
We simply call it the differential pushforward map (Definition A.40 and Proposition A.45).

In the case where p: N — X is a submersion and equipped with a differential stable
G-structure g, on T'(p), there is also the corresponding pushforward map on the level
of differential forms. The Chern-Dold character (1.8) of the multiplicative genus G €
E°(MTG) is the element

ch(G) € HY(MTG;Vp). (3.8)

For example, for G = 7: MTSO — HZ, the Chern-Dold chacacter is trivial, 1. For
G = ABS: MTSpin® — K and G = ABS: MTSpin — K, the Chern-Dold characters
are the Todd polynomial and the A polynomial, respectively. Applying the Chern-Weil

construction in (2.8), we get the Chern-Dold character form for the relative tangent
bundle,

cwy, (ch(G)) € Qo (N; Ori(T(p)) @ V). (3.9)
Using this, the pushforward map on Q*(—; V) is given by

/ — ANewg, (ch(G)): Q" (N;VE) — Q"7"(X; Vg). (3.10)
N/X

Restricted to the closed forms, the induced homomorphism on the cohomology, H™(N; V2)
— H™"(X;Vg), is compatible with the Chern-Dold character (1.8) for E and the topo-
logical pushforward (3.1). The differential pushforward map in (3.7) is compatible with
the map (3.10) (tangential version of (A.19)).
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In particular, if X = pt, for every n-dimensional differential stable tangential G-cycle
(M, g) over pt, the differential pushforward map (3.7) is
(par,9)«: Exis(M;ep) — Eyg™ (pts ). (3.11)

As we explain in the last part of Appendix A.1, an important property of the push-
forward is the following Bordism formula, relating the pushforward of differential forms
(3.10) on the bulk and the differential pushforward (3.11) on the boundary.

Fact 3.12 (Bordism formula, [Bunl3, Problem 4.235]). For any morphism
(W, gw]: (M_,g_) — (M, gy) in hBordSY,(pt), the following diagram commutes.

~ Sy —Aewg(ch(9))
Eis(Wiip) Q(W;Var™ Q" (pt; V) .

l(iw@% i

A ~ (pm_,9-)+B(PM, 1 9+) ~
Eis(M_;1p) ® Efyg(My;1p) ki E*m+(pt)

R

Example 3.13. In the case G = 7: MTSO — HZ, the nontrivial degree of pushforwards
(Pris 9) s Hdim MAL(M:7Z) — f[l(pt;Z) ~ R/Z are called the higher holonomy function
which appears in the definition of Chern-Simons invariants. In terms of the Cheeger-
Simons model of HZ in terms of differential characters [CS85], it is given by the evaluation
on the fundamental cycle. In particular for the case dim M =1 it is the usual holonomy,
and the Bordism formula is satisfied because of the relation between the curvature and
the holonomy for U(1)-connections.

Example 3.14. In the case § = ABS: MTSpin® — K, Freed and Lott [FL10] con-
structed a model of K in terms of hermitian vector bundles with hermitian connec-
tions, and the refinement of pushforwards when dim M is odd, (par,g)«: K°(M) —
K=dmM(pt) ~ R/Z, is given by the reduced eta invariants. The Bordism formula is
a consequence of the Atiyah-Patodi-Singer index theorem.

3.2. Differential Pushforwards in terms of functors

As a preparation to the main Subsection 3.3, in this subsection we translate the data
of differential pushforwards into functors from hBord®¥ ().

Definition 3.15. In the above settings, let X be a manifold, ¥ be an integer and € €
EEo(X;tg). Let n be an integer with k +mn — 1 > 0. Then define the functor of Picard
groupoids,

Tgz: hBord(Y, | (X) — (VE-" 2 BLS"(pt; LE)) , (3.16)

by the following.
e On objects, we set

Tge(M, g, f) := (par, 9)+ F* () € Eig" (pt: i) (3.17)
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e On morphisms, we set

Tg o(W, 9w, fw]) := ew(R(€) A ch(G)) (W, 9w, fw])-
Here R(€) € QF_(X;Vp) is the curvature of € and we use (2.10).

clo

The well-definedness of the functor follows by the Bordism formula in Fact 3.12.
As is easily shown by the Bordism formula, the formula (3.17) defines the homomorphism
Tge: CEFY (X)) — Eig™ (bt ip). (3.18)

As expected, the transformation (3.16) is induced by the first arrow in (3.27). To show
this, first remark that for any spectrum F and its any fundamental cycle ¢, the forgetful
functor gives the equivalence of Picard groupoids,

T<1(Fep)ht) = m<i (Fn), (3.19)

where the left hand side means the simplicial fundamental groupoid, whose objects are

differential functions t,¢ : pt — (F'; t7)n, and morphisms are bordism classes of differential

functions t;: I — (F;tp),. The right hand side is the fundamental groupoid for the space

F,,, which is equipped with the structure of a Picard groupoid by [HS05, Example B.7].
We have a functor of Picard groupoids®,

ev: m<1 (Ejep)it,) — (Vb?" 4 Eﬁg”(pt;LE)) , (3.20)

given by assigning the element [ty] € Eﬁg”(pt; tg) for an object and the integration of
the curvature R([t;]) € QL-"(I;V3) for a morphism.

clo

Proposition 3.21. The functor (3.16) of Picard groupoids is naturally isomorphic to the
following composition,

hBordkc_fn_l(X) ~ 1 (L(XTAMTG)1—k—n) LN m<1(Bi—n) — (VL?” 4 Eﬁgn(pt; LE)),
(3.22)

where the first arrow is the equivalence in (2.5), and the last arrow is the composition of
(3.19) and (3.20).

Proof. Choose a differential function ¢(€): X — (E;(tg)r) representing e. For each
object (M,g, f) in hBordeanil(X ), choose a Hopkins-Singer’s differential G-structure
¢"S lifting g. By the discussion in Appendix A.2 and its tangential variant in Appendix

A.3, we get a functor

hBOfdeIn,l(X) — ng((Ek)+ ANMTG_g_n; (LE)k U Vg(LMTg)lfk,n)pt). (323)

5The right hand side is the Picard groupoid associated to the homomorphism a: VE” — Eﬁg"(pt; LE)
of abelian groups. In general, a homomorphism J: A — B between abelian groups associates a Picard

groupoid (A 3> B), whose objects are elements of B, and a morphism from b to b’ is given by an element
a € A such that ¥ — b= 9(a).
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Indeed, for objects, given (M, g, f) with the chosen lift g denote the underlying
embedding and tubular neighborhood by M C U C RY. We have differential func-
tions f*t(€): M — (E;ig)r and t(¢"): U — (MTG; 1) N—(kin—1)- Applying the
(MTG-version of the) left vertical arrow of (A.28) to them and using the open em-
bedding U < R¥ (the Pontryagin-Thom collapse), we get the differential function
pt = (Ex AMTG1 k—n; (tE)r U Vg (trra)1—k—n)-

For morphisms [W, gw, fw]: (M—,9-,f-) = (M4, g+, f+), choose any representative
(W, gw, fw) and smooth map pw: W — I (not necessarily a submersion) so that it
coincides with a collar coordinates of each objects (M, g+, f+) near the endpoints, re-
spectively. The structure gy induces gp,, , in particular the topological structure g;,C‘;E’, on
pw. Take any Hopkins-Singer’s differential tangential BG-oorientation gg‘f/ (Appendix
A.3) for pyy which coincides with the chosen lifts at the boundary, and whose underlying
map classifies g;‘;},’. Then applying the same procedure as that we did for objects above,
we get a differential function I — (Ex A MTG1—_k—n; (tg)r U Vg(trre)1—k—n) Which re-
stricts at the boundary to the ones assigned to objects above. Since any of the choices
we have made is unique up to bordisms, the resulting morphism in the right hand side of
(3.23) is uniquely determined. This gives the desired functor.

By Definition 3.15 and Proposition A.45, the functor 7 & coincides with the composi-
tion of (3.23) with

mer (B A MTGy s ()i UVaonrraiokn)™) & maa(Brp)it,)  (3:24)
=, (V,;” 2 E}{g”(pt;LE)) :
The f\act that it is naturally isomorphic to (3.22) is just the cosequence of the fact that €
and G are refinements of e and G, respectively. This completes the proof. O
3.3. The construction and the proof

In this main subsection, we state and prove the main result of this article. Let G
be a multiplicative tangential structure groups, E be a rationally even ring spectrum
and G: MTG — E be a homomorphism of ring spectra. Fix an integer n such that
E17"(pt) ® R = 0. We construct a natural transformation

g: Efis(—; 1) @ TE™(pt) — (125)" " (-), (3.25)

on Mfd°? (Definition 3.36).
The main result of this paper is the following topological characterization of the trans-
formation (3.25).

Theorem 3.26 (=Theorem 1.2). In the above settings, let X be a manifold and k be an in-
teger. Fore € EEq(X;up) and B € IE™(pt), the element I(®g(e® B)) € (IQC)F+(X) =
[X+ AMTG,X**"17) coincides with the following composition,

eNG multi

X+t AMTG L9y shp A p 2 shp By shingy, (3.27)
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Here we denoted e := I(€) € E¥(X).
As a preparation, we show that there exists a canonical homomorphism®
s: TE"(pt) — Homer, ((VE_” 2 BL5"(pt; LE)) (R — R/Z)) , (3.28)

where Homgy, denotes the group of chain maps of complexes of abelian groups. Indeed,
by [HS05, (4.57)], we have a canonical isomorphism”

ker (R; Eg(—ip) — Q5 (— VE')) ~ B*"Y(—R/Z). (3.29)

Here, for any abelian group G, the cohomology theory E*(—;G) is represented by the
spectrum EG := E A SG, where SG is the Moore spectrum. As explained there, this
is because the differential function complexes can be fits into the homotopy Cartesian
square [HS05, (4.12)]. Applied to pt and * = 1 — n, we get the identification

Eﬁg"(pt; tg) = ker (R: E’%Ign(pt; LE) — Vé‘") ~ E7"(pt;R/Z). (3.30)

An element g € TE™(pt) = [E, X" IZ] induces the element O € [EG,X"IZ A SG] for any
G, and using IZASR ~ HR and IZASR/Z ~ IR/Z, we get the induced homomorphisms
on pt, which we also denote as

Pr: Vg™ = E7"(pt;R) = R, (3.31)
Bz B (0t 0m) 2o BT (P R/Z) > R/Z, (3:32)

The homomorphism (3.31) coincides with the one obtained by the map IE™(X) —
Hom(E, (X),R) in (2.1). The homomorphism (3.28) is given by mapping § to the pair
(Br; Br/z). The well-definedness follows by the construction.

On the other hand, by [HS05, Corollary B.17]® (also see [YY21, Fact 2.6] and the
explanations there), we have an isomorphism for any spectra E,

IE"(pt) ~ moFunpic (7<1(E1-p), (R = R/Z)), (3.33)
where moFunp;. means the group of natural isomorphism classes of functors of Picard
groupoids. By (3.19), (3.20) and (3.33), we get a homomorphism

ev, : moFunpic ((VE_" Z Eﬁg"(pt; LE)> , (R — ]R/Z)) — TE™(pt). (3.34)
It directly follows from the definition of the identification (3.29) that we have
id =ev,os: IE"(pt) — IE"(pt). (3.35)
6The existsnce of a canonical pairing 1 E~"(pt) ®E%I§"(pt; tg) — R/Z is used in [FMSO07, Proposition
6], in particular in the last arrow of the second line of the proof of that proposition. They do not state
any condition on F, but they use the assumption Vblj*" = 0 implicitely.
"This isomorphism does not follow from the axiom of differential cohomology theory in [BS10]. For

more on this point, see [BS10, Section 5].
8Note that there is an obvious typo of the degree in the statement of [HS05, Corollary B.17].
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Definition 3.36 (®g). In the settings explained in the beginning of this subsection, for
each manifold X we define a homomorphism of abelian groups

Og: Efig(X;p) @ TE™(pt) — (I9G,)* (X)), (3.37)

by the following. For € € Efg(X;1p) and 8 € IE™(pt), set ®g(€ ® ) := (Br(R(E) A
ch(G)), Bryz 0 Tge) € (IQG;)*™(X), where
e the element fg(R(€) A ch(G)) € QT (X; N&) is obtained by applying (3.31) on

clo

the coefficient of R(e) A ch(G) € QX (X; H*(MTG; V).

clo

® Bryz 0 Tge is the composition of (3.18) and (3.32).

The fact that the pair (Sr(R(€) Ach(G)), Br/z(Tg,e)) satisfies the compatibility condition
follows from the well-definedness of (3.28) and the fact that Ty . in Definition 3.15 is a
functor.

Now we prove Theorem 3.26.

Proof of Theorem 3.26(=Theorem 1.2). We use the argument in [YY21, Subsection 4.2].

Recall that, for an element (w, h) € (IQ§R)" (X) we associated a functor
Flon: hBord$Y ,(X) — (R — R/Z) in [YY21, (4.46)]. In the proof of [YY21, Theorem
4.51], the natural isomorphism

IQ¢ ~ 105, (3.38)

where for the former we use the model of IZ by [HS05, Corollary B.17], was given as
follows. Using the equivalence (2.5), we have

(196)V (X) = moFunpic (wSl(hBord%i (X)) = (R = R/Z)) .
The map (3.38) is given by mapping the isomorphism class of the functor Fi, ) to
I(w, h) € (IQG)N (X).

Now fix e € EI’EIS(X; tg) and B € TE™(pt). By Definitions 3.36 and 3.15, the functor
associated to ®g(e ® B) coincides with the following composition.

Tge

o6 Senm 5(8)=(Br,Br,z)
Fog@ep): hBord(y, (X)) =5 (VE % Eg (pt;LE)) SN

(R — R/Z).
(3.39)

Combining this with Proposition 3.21 and (3.35), we see that, under the equivalence
hBord[Y, | (X) ~ <1 (L(X* AMTG)1—j—y), (3.39) coincides with

Tl (LX T AMTG) ) LY ney (Brp) 2 (R = R/Z),

up to a natural isomorphism. This completes the proof of Theorem 3.26. O
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3.4. Examples
3.4.1. The holonomy theory (1) : [YY21, Example 4.54]

Here we explain the easiest example of the “Holonomy theory (1)” which appeared in
[YY21, Example 4.54]. This corresponds to the case E = HZ, G = 7: MTSO — HZ is
the usual orientation, and n = 0.

Recall that, given a manifold X and a hermitian line bundle with unitary connection
(L, V) over X, we get the element

(e1(V), Holy) € (T959)2(X). (3.40)

On the other hand, in the case E = HZ we have the canonical choice of an element in
THZO(pt), namely the Anderson self-duality element vz € IHZ%(pt). Thus we have the
homomorphism

—

O (— @ym): HA(X;Z) — (IN59)%(X).

—2
Using the model of HZ in terms of hermitian vector bundles with U(1)-connections (for
example see [HS05, Example 2.7]), the pair (L, V) defines a class [L, V] € H?(X;Z). We
have the following.

Proposition 3.41. We have the following equality in (@)Q(X),
(Cl (V)a HOIV) = (I’T([La V] & rYH) (342)

Moreover, the element I(c1(V),Holy) € (IN5Q)%(X) coincides with the following compo-
sition,

c1(L)AT
—_—

Xt AMTSO S2HZ A HZ 25 527, 21y 52217,

Proof. The last statement follows from (3.42) and Theorem 3.26. The equality (3.42)
follows from the fact that the self-duality element vy induces the canonical isomorphism
H(pt;Z) ~R/Z and H°(pt;Z) ~ R, together with the following well-known facts about

—

HZ (for example see [HS05, Section 2.4]). The element [L, V] € I?Q(X; Z) satisfies
YH © R([L7VD = C](V) € QQ<X)7

and, given a map f: M — X from an oriented 1-dimensional closed manifold (M, g), the
pushforward (pas, g)«: H?(M;Z) — H'(pt; Z) VTH> R/Z

v o (par, 9)«f*[L, V] = Hol pry.
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3.4.2. The classical Chern-Simons theory : [YY21, Example 4.56]

Here we explain the classical Chern-Simons theory which appeared in [YY21, Example
4.56]. This is essentially a generalization of Subsection 3.4.1, corresponding to the case
E=HZ7Z,G=71: MTSO — HZ is the usual orientation, and n = 0.

Recall that, given a compact Lie group H and an element A € H"(BH;Z), the cor-
responding classical Chern-Simons theory of level A is defined by choosing an (n + 1)-
classifying object (£,8,Vg) in the category of manifolds with principal H-bundles with
connections, and fixing an clement A € H ™(B;Z) lifting A. Then we have the element

(1® Ar, hes; ) € (I3 7)™ (pt), (3.43)
whose equivalence class in (I QigXH )" (pt) does not depend on the lift A

Proposition 3.44. The element I(1 ® Ar,hcs;) € (IQ(SigXH)”(pt) coincides with the
following composition,

ANAT multi

BH*™ AMTSO 225 s"HZ A HZ 25 " H7Z, 2 S I7.
Proof. The classifying map induces an equivalence
<1 (L(BT A MTSO),,_1) ~ n<1(L(BHY A MTSO),,—1).

Moreover, by the pullback of the universal connection V¢ it is refined to a functor of
Picard groupoids,

hBord3® | (B) = hBord3° 5 (pt) (3.45)
which is naturally isomorphic to the above one under the equivalences
hBordS© | (X) ~ mey (L(XT A MTSO), ).

‘We have the element

—

®-(A @) € (IQ5Q)"(B). (3.46)

Recall that an element (w, h) € (IQ§;)"(X) associates a functor F, ) . hBordSY, (X) —
(R — R/Z) by [YY21, (4.46)]. We claim that the functors assomated to the ‘elements
(3.46) and (3.43) are related by

F(1®/\nevhcsi)

F, - hBordSC, (B) 222 hBordSOXH (pt) — 3, (R - R/Z).

o, (X®vH) "

Indeed, this follows from the fact that the Chern-Simons invariants are given by the
pushforward in differential ordinary cohomology [YY21, (4.58)]. Applying Theorem 3.26
to the element (3.46), we get the result. O
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3.4.3. The theory of massive free complex fermions : [YY21, Example 4.62]

Here we explain the example of the theory on massive free complex fermions which
appeared in [YY21, Example 4.62]. This example corresponds to the case £ = K, G =
ABS: MTSpin® — K and n = 0.

Recall that, given a hermitian vector bundle with unitary connection (W, V") over a
manifold X, we get an element

— 2k — 2k
((Ch(VY) @ Todd) ok, Tigw ) € (migm ) (X) ~ <m§f{“ ) (X).

On the other hand, in the case E = K we have the canonical choice of an element in
IK°(pt), namely the self-duality element vz € IK°(pt). Thus we have the homomor-
phism

Paps(— ®vi): K2 (X) — (I@C)%(X). (3.47)

Using the model of K in terms of hermitian vector bundles with unitary connections by
Freed-Lott ([FL10]), we have the class [W, k", VW 0] € K°(X) ~ K?¢(X).

Proposition 3.48. We have the following equality in (Iﬂignc)% (X)),
((Ch(VY) @ Todd) |2k, figw) = ®ass([W,h”, V0] @ vk ). (3.49)

Moreover, the element I((Ch(V"W) ® Todd)|ak, Tow ) € (IQSP)2k(X) coincides with the
following composition,

X A MTSpin® LABS, g\ g multl, e Bott sk g Y 512k 17,

Proof. The last statement follows from (3.49) and Theorem 3.26. Denote the Bott element
by u € K~2(pt). The equality (3.49) follows from the fact that the self-duality element
ik induces the canonical isomorphism K (pt) ~ R/Z and K°(pt) ~ Z, together with the
following facts about K in [FL10]. The element [W, 2", VW 0] € K°(X) satisfies

R([W,h¥®,VF,0]) = Ch(VY) € Q°(X;ViZ) = Q°(X; Rlu,u™)),

and, given a map f: M — X from an oriented (2k — 1)-dimensional closed manifold with
a physical Spin‘-structure (M, g), the pushforward (pas,g)«: K°(M) — K=2k*1(pt) is
given by

(pars 9)u F W, Y VW 0] = igw (M, g, f) - uF € K=2+1(pt) = (R/Z) - u*.
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3.4.4. An interpretation of Subsection 3.4.3 - Taking anomaly theories of free
spinor field theories

Here we explain an interpretation of the result in Subsection 3.4.3 in terms of anomalies
of free spinor field theories.

We briefly recall the explanation in [Frel9, Lecture 11] and [FH21, Section 9] about
free spinor field theory and its anomalies. A real spinor representation S of Spin; ;_; and
a (contractible) choice of nonnegative symmetric invariant bilinear pairing T': S x S —
RY4=1 determine an d-dimensional possibly anomalous theory called the free real spinor
field theory Fisry. The spinor representation S gives an element [S] € mo_qKO.

An anomalous d-dimensional field theory is formulated as a boundary theory of (d+1)-
dimensional invertible field theory called the associated anomaly theory, which is classified
by (IQ2%)%+2. In this case the relevant structure group is G = Spin. As explained in the
references, the anomaly theory associated to F{g ry has partition function given by suitable
fraction of exponentiated reduced eta invariants, depending on d mod 8.

Freed and Hopkins suggested the following conjecture.

Conjecture 3.50 ([Frel9, Conjecture 11.23], [FH21, Conjecture 9.70]). The (d + 1)-
dimensional anomaly theory associated to the d-dimensional free real spinor field theory
Fs,ry correponds to the element in (IQSP) 442 (pt) given by the following composotion.

MTSpin 2055, sd=2pc0 & o MU, yd-2 ) €0, ydt2ry, (3.51)

Here ABS: MTSpin — KO is the Atiyah-Bott-Shapiro map and yxo € IKO*(pt) is the
Anderson self-duality element for the KO-theory.

The composition 3.51 is the special case of the composition (3.27) for X = pt. But
actually at this point we do not have a proof for Conjecture 3.50, since we do not have
the complete understanding of the pushforward in differential K O-theory. Before explain-
ing the details, let us explain the complexified version where we can actually show the
corresponding statement using the result in Subsection 3.4.3.

In the complexified settings, we have the corresponding story. A complex spinor rep-
resentation S gives a class [S] € mo_gK ~ m_s_¢K. In this case nontrivial classes appears
only when d is even, so we focus on this case.

Proposition 3.52 (Complex version of Conjecture 3.50). The (2k—1)-dimensional anom-
aly theory associated to the (2k — 2)-dimensional free complex spinor field theory Fisr)
correponds to the element in (IQSP™°)2#(pt) given by the following composotion.

MTSpin® 285, sk pe p o multhy 522k g 7, 512k gy, (3.53)

Proof. We apply the result in Subsection 3.4.3 for X = pt. In this case, we simply
have K2F(pt) = K?!(pt) ~ Z and (IQSPin®)2k(pt) o~ (IQSPn")2k(pt). We know from
Proposition 3.48 that, in the case [S] € K2¥(pt) is the generator, the composition (3.53)
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equals to the element

(Todd|ag, 77) € (IQ5P°)2k (pt) (3.54)
This is indeed the anomaly theory for Figr), whose partition function is given by the
exponentiated eta invariants. O

As we see from the proof, our result can be useful even when X = pt. The general
case of nontrivial X can be regarded as giving the parametrized version. Also we see
that the proof uses the knowledge of pushforward in differential K-theory as reduced eta
invariants.

Let us go back to the real case. We can apply Theorem 1.2 to deduce that the compo-
sition (3.51) gives the element?

Bans ([S] ® 7i0) € (TSP (). (3.55)

The remaining problem is to understand this element, which is equivalent to understand-
ing the pushforward in differential K O-theory. As far as the author is aware of, we do
not have the enough understanding of this pushforward to verify Conjecture 3.50.

Remark 3.56. In the examples in this subsection, we used the Anderson self-duality
elements in IE™(pt) for E = HZ, K, KO. However, the results in this subsection do not
use the self-duality, and indeed there are many other interesting examples given by non-
self-duality elements in T E™(pt). For example, in the analysis of anomalies of the heterotic
string theories in [TY21], we encounter such examples when E = TMF and F = KO((q))
with the Witten genus G = Wit: MTString — TMF and G = Witgpin: MT'Spin —
KO((q))-

Appendix A. Differential pushforwards for proper submersions

As mentioned in Subsection 3.1, there are certain subtleties regarding the formulations
of differential pushforwards. In this appendix, we explain that there is a nice theory
on differential pushforwards for proper submersions under the assumption that F is ra-
tionally even. The author believe that the results in this Appendix well-known among
experts. It is convenient to start with multiplicative differential extensions E which are
not necessarily the one given by the Hopkins-Singer. The minimal requirements for the
differential extension £ are,

e for real vector bundles V' — X over manifolds, the properly supported differential
cohomology groups

Eopyx (V) (A1)

are defined with a module structure over E*(X ), so that they refine properly
supported cohomologies and forms.

9In the case d —2 = 0 (mod 4), we have KO* (pt) = KO9~2(pt). In other cases, since KO%~2(pt)
——d-2
is 0 or Z/2, we have KO%~2(pt) ~ KO (pt) canonically.
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e If we have a vector bundle W — N and we have an open embedding ¢: W — V
in the total space of another vector bundle V' — X, we have the corresponding
map

bic ESYOP/N(W) - E;rop/X(V)v
refining the topological and form counterparts.

e We have the desuspension map,

desusp: Egmp/x(Rk x X) — E**(X),
refining the topological and form counterparts.
SAince we are assuming F is rationally even, the Hopkins-Singer’s differential extension
E}s(—;tp) admits a canonical multiplicative structure by [Upm15], and the above prop-
erties are also satisfied.

A.1. The normal case

In this subsection we explain the normal case. The content of this subsection basically
follows the unpublished survey by Bunke [Bunl3, Section 4.8-4.10]. Let G and E be
multiplicative with E rationally even, and assume we are given a homomorphism of ring
spectra,

G: MG — E, (A.2)

where MG is the Thom spectrum. Then for each real vector bundle V' of rank r over a
topological space X equipped with a stable G-structure g*°P, we get the Thom class v €
E"(V), where we denote V := Thom(V'). Its multiplication gives the Thom isomorphism
E*(X) ~ E**"(V). Its Chern-Dold character is an element ch(v) € H"(V;V2). We set

Td(v) := /V/X ch(v) € HY(X;0ri(V) @r V2).

Definition A.3 (Differential Thom classes, Td(7), homotopy). Let V' be a smooth real

vector bundle over a manifold M of rank r equipped with a stable G-structure g*°P.
(1) A differential Thom class U € E;mp/M(V) is an element such that

I(9) € EL,, /0 (V) is the Thom class for (V,g*P).

(2) For such a U, we define

Td(V) = R(®) € Q% (M;Ori(V) ®r V). (A.4)

V/M
(3) A homotopy between two differential Thom classes 7y and 7 is a differential Thom
class vy € E" I x V) for pry,V with Ur| 1y = s for i = 0,1 such that

prop/(IxXM) (
Td(i/\]) = pr*MTd(ﬁO) (A5)
The homotopy class of ¥ is denoted by [7].
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In particular, if 7y and 7y are homotopic, we have Td(7p) = Td(v;). Thus we use the
notation Td([]) € QY (M;Ori(V) ®g V2).

clo

Lemma A.6. Let M and (V,g*P) be as before, and v be the Thom class for (V, g*°P).
Assume we are given an element w € QY (M;Ori(V)®g V2) such that Rham(w) = Td(v).

clo

(1) There exists a differential Thom class U with Td(V) = w.
(2) The set of homotopy classes [V] of differential Thom classes with Td([V]) = w is
a torsor over
H=Y(M;O0ri(V) @g V2)
Td(v) Ua(E-1(M))

(A7)

Proof. The proof is in [Bun13, Problem 4.186], and essentially the same proof appears in
[GS21, Proposition 49] in the case of KO-theory. We need the orientation bundles here
because we allow G to be un-oriented. O

If V is equipped with a stable differential G-structure g, applying the Chern-Weil
construction (2.8) to ch(G) € HY(MG;Vy), we have

v, (ch(G)) € O, (M; Ori(V) @z V). (A8)

This satisfies Rham(cwy(ch(G))) = Td(v).

For (V,gy) of rank r represented by gy = (d, P,V,9: P x,, R ~ R @ V) with
d > r+1, we associate a differential stable G-structure grgy on R@V which is represented
by (d, P,V,1: P x,, R? ~ Rl (R V)). For a topological stable G-structure g%fp,
we define g%oegv in the same way.

If we have a homotopy class of diffential Thom classes [Vrgv] for (R @V, gﬁ@%’v% the

integration B
J
R
top

defines a well-defined homotopy class of differential Thom classes for (V, gy,"). Moreover,
by Lemma A.6, the above integration gives a bijection between the sets of homotopy
classes of diffential Thom classes for (R ¢V, gﬁ%’v) and for (V, g;°P).

Proposition A.9. ' There exists a unique way to assign a homotopy class [D(g)] of
differential Thom classes U(g) € Eé?EISYM(V) to every real vector bundle with differential
stable G-structure (V,g) — M such that the following three conditions hold.

(1) It is compatible with pullbacks.

(2) We have [o[0(grev)] = [P(gv)]-
(3) We have cw,(ch(G)) = Td([V(9)]).

101n the proof we use the assumption that E is rationally even. However, by a small modification
of the proof, this assumption can be weakened to H~1(MG; V5) = 0. As a result, the results in this
subsection hold under this weaker condition. The same remark applies to Proposition A.35.
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Moreover, the resulting homotopy class [V(g)] only depends on the homotopy class (Defi-
nition 2.3 (4)) of differential stable G-structure g.

Proof. By the condition (2), it is enough to consider only (V, g) such that g is represented
by a representative of the form g = (rank(V'), P, V,4), i.e., without stabilization.

The proof basically follows that for [Bun13, Problem 4.197]. Suppose we have (V, g) of
rank r over M with dim M = n with a representative g = (r, P,V,4). Take a manifold
B with an (n + 1)-connected map B — BG,.. We can factor the classifying map for P as

M i> B — BG,. with f smooth. Take a G,-connection Vz on the pullback P — B of the
universal bundle, and denote by the resulting differential G-structure on V :=P xg, R”
by gy. We have maps fp: P — P and fy: V — V covering f. We may assume that gy

pulls back to g by (f, fp, fv).

The difference of any two choices of the homotopy classes [P(gy )] of differential Thom

classes on (V, gy) is measured by an element in {fi;:((f\jg;ﬁs&@iﬂﬁ‘%))) by Proposition A.6.

The pullback map f*: H=1(B;Ori(V) ®g V&) — H~Y(M;Ori(V) ®r V2) is zero because
B — BG,. is (n+ 1)-connected and we have H ! (BG,; (EG, xg, Rg,) ®r V&) = 0 since
E is rationally even. Thus, taking any homotopy class [7(gy)] of differential Thom classes
for (V, gy), the pullback

fvv(gv)] (A.10)

defines a homotopy class of differential Thom classes for (V, g) which does not depend on
the choice of [(gy)]. By the condition (1) and (2), we are forced to define the required
homotopy class as

w(g)]l == fv[P(gv)], (A.11)

by taking any [v(gy)] on (V, gv).

We need to check that the element (A.11) does not depend on the other choices made
above. But this easily follows from the cofinality of such choices. Namely, given two
choices with the underlying manifolds f;: M — B; for i« = 1,2, we may take another B
with maps g;: B; — B so that g1 o fi = g2 o fo, and other data on B which pulls back to
those given on B;. From this, we conclude that the elements (A.11) defined using B; and
By coincide with the one defined using B, so the element (A.11) is well-defined. By the
arguments so far, they satisfy the required conditions and the uniqueness.

For the last statement, changing a differential stable G-structure g on V' to a homotopic
one amounts to changing the vector bundle map fy : V — V by a homotopy while fixing
f and fp in the above procedure. Pulling back the homotopy class [U(gy)] by such a
homotopy, we get a homotopy of differential Thom classes between the differential Thom
classes pulled back at the endpoints. This completes the proof. ([l

Now we turn to differential pushforwards for proper submersions. Let p: N — X be a
proper submersion between manifolds of relative dimension r, and assume it is equipped
with a differential stable normal G-structure g]j- (Definition 2.4) on the relative tangent
bundle T'(p). Take a representative ﬁpl = (k, P,V,¢) of gpL. It induces a differntial stable
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G-structure on P X¢, . RE=" which we denote gp, represented by gp = (k—r P, V,id).
By Proposition A.9 we have a differential Thom class whose homotopy class [U(gp)] is
canonically determined,

D(gp) € EF ", (P xg, . RF) (A.12)

prop/N

If we stabilize k to k41, the homotopy classes of (A.11) are related as Proposition A.9 (2).

Now, choose an embedding ¢: N < R¥ x X over X (i.e., pry ot = p) for k large enough,
a tubular neighborhood W of N in R* x X with a vector bundle structure W — N so
that it is a map over X (this is possible because p is a submersion). Replacing k larger
if necessary, choose an isomorphism ¢y : W ~ P xg,  R¥™" of vector bundles over N

o @id
so that the isomorphism (P xg, . R*¥") @ T(p) Yw By ® T(p) ~ R" is homotopic

to ¢. The isomorphism ¥y induces a differential stable G-structure gy on W, and the
element (A.12) induces a differential Thom class on (W, gw) denoted by

Dgw) = iy P(gp) € EET (V). (A.13)

We consider the composition,

mn Plgw)  Pntk—r Lx Tn+k—r d n—r
E™(N) =5 B T(W) L ERERC(RE x X) <25 EMT(X), (A.14)
where the first map uses the module structure of the properly supported E7 and the
middle arrow is induced by the open embedding W — RF x X.

Proposition A.15. The composition (A.14) only depends on the differential stable nor-
mal G-structure g, on T(p).

Proof. The above procedure includes the following ambigiuities : the choice of T(gp)
representing [U(gp)] and the choice of the data of embedding with a tubular neighbor-
hood and an isomorphism yy. The independence on iy directly follows from the last
statement of Proposition A.9.

First we show the independence on the choice of U(gp), with the other data fixed. Since
its homotopy class [P(gp)] is fixed by Proposition A.9, any two choices 7;(gp), ¢ = 0,1,
are connected by a homotopy Uy € Eﬁ;;/(lxN)(I x (P xg,_, R¥=7)). Its pullback by vy
gives a homotopy Vrxw = 5, U1 between the corresponding differential Thom classes on
(W, gw). Denote the inclusion by i;: N ~ {t} x N < I x N for t = 0,1. Consider the

following commutative diagram,

RUIxw) i p—r Jxwysaxx) Jirxy/x

(L x N3 V) T rhon (1 W Vi) — I quen(1 s X vg) DO gn o1 (X V) -

R Rw R

=~ Vrxw St k—r (desusp)o(idr xt)sx =~ iy —ig ~
E™MI x N) ————= Bl (I x W) ————— E"7"(I x X) ——— E""(X)
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The commutativity of the middle square is because the vector bundle structure W — N
is a map over X. The commutativity of the right square is by the homotopy formula
([BS10, Lemma 1]).

Take any element @ € E™(N). Then the image of prié € E™(I x N) under the
composition of the bottom arrows in (A.16) is equal to the difference of the elements
in E”’T(X) obtained by applying to € the composition (A.14) using Vy(gp) and 71 (gp).
By the commutativity of (A.16), it is enough to check that the element R(prie) €
Q1 (I x N;V2) maps to zero under the composition of the top arrows in (A.16). Indeed,
since W — N is a map over X, we can factor the upper middle horizontal integration in
(A.16) on I x N, and the result is equal to

[ ] pricR@ A [ R@rw), (A17)
(IxX)/X JIxN)J(TxX) (IxW)/(IxN)

and by (recall (A.5))

/ R(Vrxw) = Td(Vixw) = pryTd(vo(gp)),
(IXW)/(IxN)

so (A.17) is equal to
/ o [ R@) ATd(Bo(gp)) = O,
(IxX)/X N/X

as desired. Thus we conclude that, fixing the data of an embedding with a tubular
neighborhood, the composition (A.14) only depends on the homotopy class [V(gp)].

Now counsider the stabilization of the embeddings, increasing k to (k 4+ 1) and W to
R @® W. By the condition (2) in Proposition A.9 and the result so far, we also conclude
that the composition (A.14) is invariant under this stabilization.

The desired independence of (A.14) on the remaining choices is also proved in a parallel
way, by choosing corresponding objects on the cylinder so that they restrict to stabiliza-
tions of the given ones on the endpoints. This completes the proof of Proposition A.15.

O

Thus we define the following.

Definition A.18. Let p: N — X be a proper submersion of relative dimension r,
equipped with a differential stable normal G-structure gf; on the relative tangent bundle
T(p). We define the differential pushforward map,

(P, gy )w: E"(N) = E"77(X)

to be the composition (A.14). This does not depend on any choices by Proposition A.15.
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By the construction, the following diagram commutes.

R
/\
Q"~L(N; V) /im(d) —*— E"(N) —— E"(N) Q. (N V2)
J/IN/X —new,y 1 (ch(9)) J{(p,g;)* l(p,g;,mp)* le/X —Aew, 1 (ch(9))
QnL(X;Ve) /im(d) —%= EnT(X) —L> BT (X) QUoT(X V)

T— k7
(A.19)
In this sense, Definition A.18 refines the pushforwards on E* and Q*(—; V2).

An important property of differential pushforwards is the Bordism formula [Bunl3,
Problem 4.235], which says that if we have a bordism (W, g3;): (M_, g%) — (M4, 97),
the differential pushforwards at the boundary can be computed by the integration of the
characteristic form on the bordism. Its normal variant is stated in the form we use in this
paper as Fact 3.12. To prove it, we need to consider differential pushforwards for proper
maps which is not submersions, namely boundary defining functions W — I. The result
easily follows by the homotopy formula ([BS10, Lemma 1]). For the details of the proof
we refer [Bunl3, Problem 4.235].

A.2. Differential pushforwards in Hopkins-Singer’s differential exten-
sions

Now we turn to the Hopkins-Singer’s differential extensions. As we explain, the defini-
tion of differential pushforwards in [HS05] differs from the one in Subsection A.3. In this
subsubsection, we clarify their relation in the settings of our interest (Proposition A.33).

Fix fundamental cocycles tp € Z°(E; V) and g € Z°(MG; V) for E and MG,
respectively. Since FE is rationally even, the Hopkins-Singer’s model Ef_‘ls(—; tg) admits a
canonical multiplicative structure by [Upm15]. We briefly explain it here. We only explain
the even-degrees. The remaining cases are induced by requiring the compatibility with
the Sl-integration. Let n and m be even integers, and denote by pinm: En A Ey — Enym
a multiplication map. We need to choose a reduced cochain ¢, € Ccrntm—1 (E,NEp; VE)
so that

0Cnm = tn Ulm — My lntm- (A.20)

Since E is rationally even, we have H"*™~1(E, A E,,; V%) = 0 by the proof of [BS10,
Lemma 3.8]. Thus any two choices of such cochains ¢,,, differ by a coboundary. Using
Cnm We get the map of differential function spaces ([HS05, Remark 4.17]),

(Bp A B (tg)n U (tg)m)™ — (B p)M, (A.21)

n—+m?

for any manifold M. Also choose a natural cochain homotopy B: Q"(—) ® Q™(—) —
Cntm=1(~) cobounding the difference between A on forms and U on singular cochains
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as in [HS05, (3.8)], [Upml5, Section 6]. Any two such choices are naturally cochain
homotopic. It induces the map

(B;ee)n’ % (Bsip)m — (Bn A Bms (g)n U (tE)m)™, (A.22)
for any M. Combining (A.21) and (A.22), we get the multiplication map,
- Efg(M;up) ® Efs(Miip) — Efd™ (M ). (A.23)

This does not depend on any of the choices above. For a real vector bundle V' — M, in
the same way we get a map using the properly supported differential functions ([HS05,
Section 4.3])

(Esep)n! X (Bseg)y, = (Bip)) sm, (A.24)
which gives the module structure,
. Eﬁs(M, LE) ® E}‘Ins,prop/M(V; LE) — Eﬁ;,glrop/M(V; LE). (A25)

As we mentioned in Subsection 3.1, Hopkins-Singer’s normal differential BG-orientations
are defined in terms of differential functions to (M G;taq). A differential pushforward is
defined by fixing a map of differential function spaces

G: (MG_, NE)TVo(tma)—r Utr) = (B ig)n_r (A.26)

whose underlying map factors as MG_,. A (E,,)" LZEENY RN (BT £ E,_,. Here
Vg: Vg — V2 is induced by G, so that Vg(tyme) € Z°(MG; V) represents ch(G). We
can take a cg € C~1(MG;V2) so that dcg = G*1p — Vg(tme), and it is determined up to
coboundary because H 1 (MG;V2) = 0. We may take (A.26) to be the composition

(A.21)

G\: (MG N (En)+§ Vo(tma)—r U (tE)n) = (BE—r A Eyp; (Lg)—r U (LE)n) — (E5LE)n—r,

(A.27)

where the first map uses c¢g. Let V' — M be a real vector bundle, and consider the
following diagram.

(MG; )Y, x (B;ep)M (E;p)Y, x (B;ig)M

T e

(MG A(Ep) 5 Vg (tara)—r U (t)n) ——= (B_y A En; (t) —r U (t2)n)Y —= (E; )Y,

g
(A.28)

Here the top horizontal arrow uses cg, the left vertical arrow uses the cochain homotopy
B, and the remaining arrows are as before. The two triangles commute. The square does
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not commute on the level of differential function spaces, but we can easily check that the
difference is a coboundary so the induced maps on the differential cohomology level,

(MG)ys prop/as (Vitma) © Eqg (M 1p) — Eﬁs oropym(Vite) (A.29)
are the same. Using the top factorization of (A.28), we see that (A.29) factors as
(MG)yg prop/as (Vitme) ® Exg(M;1p) — EHg propym (Vi) ® Efig(M;ep)  (A.30)

- EHS prop/M(V LE)

To put them into the picture in Subsection A.1, apply the discussions there in the case
E=MGand G =id: MG — MG. Assume that we have a proper submersion p: N — X
equipped with a differential stable normal G-structure ng on the relative tangent bundle
T(p), represented by ﬁj; = (k,P,V,v¥). A Hopkins-Singer’s normal differential BG-
orientation ([HS05, Section 4.9.2]) gIJ;’HS consists of choices of an embedding N — R* x X
over X, a tubular neighborhood with a vector bundle structure W — N, an isomorphism
Yw: W =~ P xg,_, RF™" as in Subsection A.1 (in general W — N is not required to
be a map over X), and a lift of a classifying map for the induced G-structure (W, gwp)
on W — N to a differential function #(g,~ HSY: W — (MGr—p; (tarc)k—r). Then, the

J_,HS) tOP)

differential function t(g, represents a differential Thom class for (W, g

(Hor™9)) € (MG)fgh on/w (Wi ta1c), (A.31)

where we denoted by ((c, h,w)) the differential cohomology class represented by a differ-
ential function (¢, h,w). Now we define the following.

Definition A.32. Let p: N — X be a proper submersion between manifolds of relative
dimension r, and assume it is equipped with a differential stable normal G-structure ng
on T(p). A Hopkins-Singer’s normal differential BG-orientation ng’HS is said to be a lift
of g;- if, in the notations above,

e The vector bundle structure W — N is a map over X, and
e The homotopy class [(t(g;"%))] of the differential Thom class (¢(gy"%)) is the
one associated to gy by Proposition A.9 (applied to E = MG).

In particular, this means that,
Wy (ch(idara)) = Td ({t(g-1))) ::/ R ({t(g-19))) .
W/N
where ch(idye) € HO(MG; Vie)-
Now assume we are given an element e € Efjq(N;tg). Then, in [HS05, Section 4.10]
the differential pushforward of € is formulated as follows. Take a differential function

t(e): N — (E;u), representing €. Apply the left bottom composition of (A.28) for
the vector bundle W — N to the pair (t(g;"%),%(€)) to get a differential function in

(E; LE)n+k .. By the open embedding W — R* x X we get a differential function in
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(E, LE)ﬂs:zi(w and this represents the desired element (p,gpL’HS)*é\ € Eggr(X;LE). By
the discussion so far, the result is the same if we use the top right composition in (A.28),
and it is given by the composition (A.30). Then we see that the above definition of
(p, gy19).€ exactly translates into the definition of differential pushforwards (A.14) in

the Subsection A.1. Thus we conclude that

Pr0p0s1t10n A.33. In the settings of Definition A.32, the dzﬁerentzal pushforward map
(. gp )« EHS(N LE) — EHgT(X tg) in Definition A.18 applied to EHS(* LE) coincides

with the differential pushforward map (p, ng HS), in [HS05] as long as we use 9y LHS lifting

i
gy
A.3. The tangential case

Now we explain the tangential variants of the last Subsections A.1 and A.2. The
constructions and verifications are parallel to the normal case, so we go briefly.
In this case, we are given a homomorphism of ring spectra,

G: MTG — E, (A.34)

where MTG is the Madsen-Tillmann spectrum. MTG is constructed as a direct limit of
Thom spaces of stable normal bundles to the universal bundles over approximations of
BGy’s, so classifies vector bundles with stable normal G-structures. Then for each real
vector bundle V' of rank r over a topological space X equipped with a topological stable
normal G-structure g*°P, we get the Thom class v € E"(V), whose multiplication gives
the Thom isomorphism E*(X) ~ E*T"(V).

We formulate the notion of differential Thom classes as a differential refinements of
the Thom classes, as well as differential forms Td(7) and homotopies in the same way
as Definition A.3. By the exactly the same proof, the classification result of differential
Thom classes corresponding to Lemma A.6 also holds in the case here. The Chern-Dold
character for (A.34) is an element ch(G) € HO(MTG;VE). If V.— M is equipped with
a stable normal G-structure g-, the characteristic form (A.8) is replaced by the form
cwyi (ch(G)), where we use the Chern-Weil construction in (2.9). Then, the same proof
as that of Proposition A.9 shows the following.

Proposition A.35. There exists a unique way to assign a homotopy class [U(g*)] of
differential Thom classes D(g*) € E;?QISYM(V) to every real vector bundle with differential
stable normal G-structure (V,g+) — M such that the following three conditions hold.

(1) It is compatible with pullbacks.

(2) We have [o[0 gREBV)] (g7 )]-

(3) We have cw,1(ch(G)) = Td([D(gh)]) == fV/M R(0(gh))-
Moreover, the resulting homotopy class [U(g*)] only depends on the homotopy class (Def-
inition 2.4 (4)) of differential stable normal G-structure g=.

Let p: N — X be a proper submersion between manifolds of relative dimension 7,
equipped with a differential stable G-structure g, on the relative tangent bundle T'(p)
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represented by g, = (d, P,V,1). Choose an embedding 1: N — R* x X over X for k
large enough, a tubular neighborhood W of N in R¥ x X with a vector bundle structure
W — N so that it is a map over X (this is possible because p is a submersion). Then we
get an isomorphism

Yw: (Pxg, RY@W =R @ T(p) @ W ~ R~k (A.36)

of vector bundles over N. As a result, we get a differential stable normal G-structure
giy; on the vector bundle W — N, represented by g5, = (d — n + k, P, V,¢w). For g,
Proposition A.35 assigns a differential Thom class whose homotopy class is canonically
determined,

Do) € BT (W), (A.37)
We consider the composition,
-n "’;(gL ) Sn+k—r [ —r desus Sn—r
E™(N) —=% EXEe 0(W) < EnEE L (RY x X) = E"7(X). (A.38)

The following proposition can be shown in the same way as Proposition A.15.

Proposition A.39. The composition (A.38) only depends on the differential stable G-
structure g, on T(p).

Proposition A.39 allows us to define the following.

Definition A.40. Let p: N — X be a proper submersion between manifolds of relative
dimension 7, equipped with a differential stable G-structure g, on the relative tangent
bundle T'(p). We define the differential pushforward map,

(p,gp)-: E"(N) = E"7(X)
to be the composition (A.38).

Now we turn to the Hopkins-Singer’s models as in Subsection A.2. Take fundamental
cocycles tp and tppe for E and MTG, respectively. As explained there, EI*{S(—;LE)
admits a canonical multiplicative structure. In the normal case, a differential pushforward
is defined by a map of differential function spaces

G: (MTG_, N(En) 5 Ve(tarra)—r Ute) = (B tp)n—r- (A.41)

whose underlying map factors as MTG _,. A (E,)T gnid, E_ N (E,)T A B By
the same argument to the normal case, the map (A.41) induces the map of differential
cohomologies for any real vector bundle V- — M,

(MTG)gg propyna(Vitnre) ® Efg(Msep) = Egg oo (Vite) ® Efis(Msep)  (A42)

= Eﬁg’;rop/M(V; LE).
Let p: N — X be a proper submersion between manifolds of relative dimension r,
equipped with a differential stable G-structure g, on the relative tangent bundle T'(p) rep-

resented by g, = (d, P, V,¢). A Hopkins-Singer’s tangential differential BG-orientation
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gzl,{s consists of choices of an embedding N C R* x X, a tubular neighborhood W, a vector

bundle structure W — N as in the first part of this subsection (in general W — N is
not required to be a map over X), and a lift of a clasblfylng map for (W, gL tOp) of the
induced normal structure to a differential function ¢(¢5®): W — (MTGr—r; (trrra)k—r)-

)

Then, the differential function t(g S) represents a dlfferentlal Thom class for (W, gL top)

(Hgy)) € (MTG)g" oo/ (Wi tarrcr)- (A.43)
Now we define the following.

Definition A.44. In the above settings, Hopkins-Singer’s tangential differential BG-
orientation gll){s is said to be a lift of g, if, in the notations above,

e the vector bundle structure W — N is a map over X, and
e the homotopy class [(t(¢5®))] of the differential Thom class (t(g;®)) is the one
associated to gg, by Proposition A.35 (applied to E = MTG).

In particular, this means that,

cwge (ch(idyre)) = Td ([t(gfs)]) = /W/N R ([t(ggs)]) )

where ch(idyre) € HO(MTG; Viire)-

Let us take e € EﬁS(N; tg). By the same procedure as in the last paragraph of
Subsection A.2, the tangential variant of [HS05, Section 4.10] using the map (A.41) and
the open embedding W — R* x X produces the element (p, ggs)*’e\ € Eﬁgr(X; tg). We
get

Proposition A.45. In the settings of Definition A.44, the dz[ferentml pushforward map
(D, gp)s: EHS( iLE) = Eng(X tg) in Definition A.40 applied to EHS( Lg) coincides
with the tangential variant of the differential pushforward map (p, gp 8), in [HSO5] as long
as we use gpS lifting gp.

Thus we conclude that the differential pushforward maps in Definition A.40 for E;IS (=;tE)
comes from maps between differential function spaces (A.41). As we mentioned in Foot-
note 3, this is the reason why we want to use the Hopkins-Singer’s formulation.
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