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Finite group actions on symplectic Calabi-Yau
4-manifolds with b; > 0

Weimin Chen

ABSTRACT. This is the first of a series of papers devoted to the topology of sym-
plectic Calabi-Yau 4-manifolds endowed with certain symplectic finite group actions.
We completely determine the fixed-point set structure of a finite cyclic action on a
symplectic Calabi-Yau 4-manifold with b3 > 0. As an outcome of this fixed-point set
analysis, the 4-manifold is shown to be a T2-bundle over T2 in some circumstances,
e.g., in the case where the group action is an involution which fixes a 2-dimensional
surface in the 4-manifold. Our project on symplectic Calabi-Yau 4-manifolds is based
on an analysis of the existence and classification of disjoint embeddings of certain
configurations of symplectic surfaces in a rational 4-manifold. This paper lays the
ground work for such an analysis at the homological level. Some other result which
is of independent interest, concerning the maximal number of disjointly embedded
symplectic (—2)-spheres in a rational 4-manifold, is also obtained.

1. Introduction and the main results

In this paper, we study symplectic finite group actions on symplectic Calabi-Yau 4-
manifolds with b > 0. (Recall that a symplectic 4-manifold M is called Calabi-Yau if
Ky is trivial.) Our starting point is the recent construction in [7] (see also [32]), where to
each symplectic 4-manifold M equipped with a finite symplectic G-action, we associate
a symplectic 4-manifold, denoted by Mg, and an embedding D — Mg of a disjoint
union of configurations of symplectic surfaces. Roughly speaking, the 4-manifold Mg
is constructed by first de-singularizing the symplectic structure of the quotient orbifold
M /G along the 2-dimensional singular strata, making the underlying space |M /G| into a
symplectic 4-orbifold with only isolated singularities. Then Mg is taken to be the minimal
symplectic resolution of the symplectic 4-orbifold [M /G|, and D is simply the pre-image
of the singular set of the original orbifold M/G in M¢g. See [7] for more details. The
idea is to recover the G-action on M, in particular the 4-manifold M, by analyzing the
embedding D — M. With this understood, it was shown (cf. [7], Theorem 1.9) that if
M is Calabi-Yau, then Mg is either of torsion canonical class, or is a rational 4-manifold,
or an irrational ruled 4-manifold over T2. Moreover, M is of torsion canonical class if
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and only if the quotient orbifold M /G has at most isolated Du Val singularities (cf. [7],
Lemma 4.1). Our basic observation is that, when Mg is rational or ruled, it is possible
to effectively recover the original 4-manifold M by analyzing the embedding D — M.
Moreover, as it turns out, one can also derive new constraints on the fixed-point set
structure of the G-action from non-existence results for the embedding D — M.

As an initial step toward understanding the topology of symplectic Calabi-Yau 4-
manifolds endowed with a symplectic finite group action, we consider first the case where
the 4-manifold M has b; > 0, and determine the fixed-point set structure of a finite cyclic
action on M. As a result of our analysis, we obtain the following

Theorem 1.1. Suppose M is a symplectic Calabi-Yau 4-manifold with by > 0 which is
endowed with a finite symplectic G-action. If the resolution Mg is irrational ruled, or
Mg is rational and G = Zy, then M must be diffeomorphic to a T?-bundle over T? with
homologically essential fibers.

We remark that in Theorem 1.1, M is in fact diffeomorphic to a hyperelliptic surface
in the case of G = Zo and Mg is rational. On the other hand, we note that in the
case of G = Zy, Mg is rational or ruled if and only if the fixed-point set M contains a
2-dimensional component. We state this special case in the following

Corollary: Let M be a symplectic Calabi- Yau 4-manifold with by > 0, which is equipped
with a symplectic involution whose fized-point set contains a 2-dimensional component.
Then M must be diffeomorphic to a T?-bundle over T? with homologically essential fibers.

R. Inanc Baykur [2] informed us that he has examples of symplectic Calabi-Yau 4-
manifolds with by = 2 and 4, which are constructed using symplectic Lefschetz pen-
cils, and which come with a natural symplectic involution whose fixed-point set contains
a 2-dimensional component. Our theorem shows that these symplectic Calabi-Yau 4-
manifolds all have the standard smooth structure.

To put Theorem 1.1 in a perspective, recall that symplectic 4-manifolds can be clas-
sified into four classes according to their symplectic Kodaira dimension x*, which is a
smooth invariant and takes values in {—00,0,1,2}. (The classification is analogous to
the classification in complex surface theory, but the relevant definitions are given in com-
pletely different ways. For Kéahler surfaces, the two classifications coincide. See [27].)
Furthermore, as a culmination of the seminal works of Gromov, McDuff, and Taubes
[23, 33, 42], the case of k* = —o0 is completely determined: these symplectic 4-manifolds
are precisely the rational or ruled surfaces.

Much effort has also been devoted to the next case, i.e., k* = 0. First, based on
Taubes’ theory [42], T.-J. Li (cf. [27]) showed that a minimal symplectic 4-manifold M
with £° = 0 is either Calabi-Yau (i.e., K is trivial), or a double cover of M is Calabi-Yau.
Note that a symplectic Calabi-Yau 4-manifold is spin. Using the Bauer-Furuta theory of
spin 4-manifolds, together with Taubes’ theorem [42] and the classical Rochlin Theorem,
the following homological constraints were obtained, see [1, 27, 28, 34]:
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e A symplectic Calabi-Yau 4-manifold M either has the integral homology and
intersection form of a K3 surface, or has the rational homology and intersection
form of a T?-bundle over T?; in particular, 0 < by (M) < 4, and if by (M) > 0,
M has zero Euler number and signature. (If M is non-Calabi-Yau but a double
cover of M is Calabi-Yau, then M is an integral homology Enriques surface.)

e In addition, for the case of by (M) = 4, the cohomology ring H*(M;R) is isomor-
phic to H*(T*;R) (cf. [39]).

The above homological constraints are in sharp contrast to the flexibility known in
higher dimensional symplectic Calabi-Yau manifolds, see e.g., [14]. Using a covering
trick, one can also obtain interesting constraints on the fundamental group (as well as
homotopy type in the case of b; > 0) of a symplectic Calabi-Yau 4-manifold (cf. [16]),
e.g., in the case of by = 0, the fundamental group has no subgroup of finite index.

As for examples, besides K3 surfaces, all orientable T2-bundles over T2 are symplectic
Calabi-Yau 4-manifolds (cf. [21, 27]). (A topological classification of T?-bundles over T
is given in [40].) We remark that not all T?2-bundles over T2 admit a complex structure,
and not all T%-bundles over T have homologically essential fibers (cf. [21]). If a complex
surface is a symplectic Calabi-Yau 4-manifold, then it is either a K3 surface, a complex
torus, a primary Kodaira surface, or a hyperelliptic surface. With this understood, the
following has been an open question (cf. [12, 27]):

Does there exist a symplectic Calabi-Yau 4-manifold other than the known examples,
i.e., a T?-bundle over T? or a K3 surface?

We remark that the basic smooth invariants in 4-manifold theory (e.g., the Seiberg-
Witten invariants) are ineffective in distinguishing homeomorphic symplectic Calabi-Yau
4-manifolds. As a result, one hopes to construct new examples which have different
topological invariants such as the fundamental group. On the other hand, concerning
characterizing the diffeomorphism types of symplectic Calabi-Yau 4-manifolds, Theorem
1.1 is the first result of such kind (under a finite symmetry condition). Finally, for
connections of this question with hypersymplectic structures and Donaldson’s conjecture,
we refer the readers to the recent article [15].

With the preceding understood, the idea of our project is to specialize in symplectic
Calabi-Yau 4-manifolds M which admits a G-action such that Mg is rational or ruled,
and through D — Mg, to gain insight about the topology of M. Note that with Theorem
1.1, the case where M is irrational ruled is settled.

Now we state the results on the fixed-point set structure of a finite cyclic action on
symplectic Calabi-Yau 4-manifolds with b3 > 0. We shall separate the prime order and
non-prime order cases.

Theorem 1.2. Let G be a cyclic group of prime order, and let M be a symplectic Calabi-
Yau 4-manifold with by > 0, equipped with a non-free symplectic G-action. Then the
fizxed-point set structure of the G-action and the symplectic resolution Mg must belong to
one of the following cases:
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(1) Suppose Mq has torsion canonical class. Then either G = Zo or G = Zs. In
the former case, G either has 8 isolated fixed points, with by(M) < 4 and Mg
being an integral homology Enriques surface, or has 16 isolated fixed points, with
b1(M) = 4 and Mg being an integral homology K3 surface. In the latter case
where G = Zs, the fized point set consists of 9 isolated points of type (1,2), with
b1(M) =4 and Mg being an integral homology K3 surface.

(2) Suppose Mg is irrational ruled. Then G = Zs or Zs, the fized point set consists
of only tori with self-intersection zero, and Mg is a S?-bundle over T?.

(3) Suppose Mg is rational. Then G = Zo, Z3 or Zs. The fized-point set structure
and Mg are listed below:

(i) If G = Za, the fized point set consists of one or two torus of self-intersection
zero and 8 isolated points, and Mg = CP?#9CP2, by (M) = 2.
(ii) If G = Zg, there are three possibilities, where by(M) = 2 in (a), (b), and
bi(M)=41in (c):
(a) the fized point set consists of 6 isolated points, where exactly 3 of the
fized points are of type (1,1), and Mg = CP?#10CP2;
(b) the fized point set consists of one torus with self-intersection zero and
6 isolated points, where exactly 3 of the fized points are of type (1,1),
and Mg = CP24#10CP?;
(c) the fized point set consists of 9 isolated points of type (1,1), and
Me¢ = CP2#12CP2.
(iii) If G = Zs, the fized point set consists of 5 isolated points of type (1,2), and
Mg = CP?#11CP2, by (M) = 4.

Theorem 1.3. Let G be a cyclic group of non-prime order, and let M be a symplectic
Calabi- Yau 4-manifold with by > 0, equipped with a symplectic G-action such that no
subgroups of G act freely on M. Suppose Mg is rational or ruled, but for any prime order
subgroup H, My has torsion canonical class. Then G = Zy or Zg. Moreover,
(i) If G = Zy, there are two possibilities:
(a) the G-action has 4 isolated fixed points, where exactly 2 of the fized points
are of type (1,1), and 4 isolated points of isotropy of order 2, with
Mg = CP2#11CP2; in this case, by (M) = 2,
(b) the G-action has 4 isolated fized points, all of type (1,1), and 12 isolated
points of isotropy of order 2, with Mg = CP2#13CP2; in this case,
by(M) = 4.
(ii) If G = Zs, there are two possibilities, where in both cases, by (M) = 4:
(a) the G-action has 2 isolated fized points, all of type (1,3), and 2 isolated points
of isotropy of order 4 of type (1, 3), and 12 isolated points of isotropy of order
2, with Mg = CP?4#11CP2;
(b) the G-action has 2 isolated fized points, all of type (1,5), and 2 isolated points
of isotropy of order 4 of type (1,1), and 12 isolated points of isotropy of order
2, with Mg = CP2411CP2.
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Remarks: (1) Let n be the order of G (prime or non-prime). An isolated fixed point ¢
is said to be of type (1,b) (where 0 < b < n) if there is a generator g of G such that the
induced action of g on T, M has eigenvalues exp(27mi/n) and exp(2mib/n) (with respect
to a complex structure on T, M compatible with the symplectic structure on M). More
generally, an isolated point ¢ is of isotropy of order m of type (1,b) (where 0 < b < m)
if there is a generator g of the isotropy subgroup G4 at ¢, such that m = |G,| and the
induced action of g on T,M has eigenvalues exp(2mi/m) and exp(2wib/m). Note that if
G = Zy or the isotropy order m = 2, ¢ is always of type (1,1).

(2) In light of Theorem 1.1, it remains to determine M when Mg is rational and
G # Zo. Examining the cases in Theorems 1.2 and 1.3 where M is rational, we see that
either by (M) = 2 or by (M) = 4. In particular, if M admits a complex structure, then M
must be either a hyperelliptic surface or a complex torus.

(3) We point out that for all the cases where M is rational, the fixed-point set struc-
tures can be realized by holomorphic actions (either on a hyperelliptic surface or a com-
plex torus). Explicit examples realizing the fixed-point set structures listed in Theorem
1.2(3)(iii) and Theorem 1.3(ii) (where G = Z5 or Zg) can be found in Fujiki [18], Table 6
(examples for the remaining cases can be easily constructed by hand).

For a large part, the proofs of Theorems 1.2 and 1.3 employ the standard techniques
in group actions, i.e., the Lefschetz fixed point theorem and the G-signature theorem,
coupled with the standard results in symplectic topology of rational and ruled surfaces
and the topological constraints of minimal symplectic 4-manifolds with £* = 0 through the
use of Mg. Some of the cases also require the use of G-index theorem for Dirac operators
and Seiberg-Witten theory. These traditional methods are quite efficient in determining
the fixed-point set structure for the isolated fixed points, however, for the 2-dimensional
fixed components, these methods have their natural limitations. The reason is that the
2-dimensional fixed components (particularly the tori of self-intersection zero) often do
not make any contribution in the various G-index theorem calculations, hence cannot
be detected by these methods. (See [10], Section 3, for a summary of these traditional
methods.)

With this understood, in order to obtain further constraints on the 2-dimensional fixed
components (as well as for a proof of Theorem 1.1), we shall analyze the embedding of D
in Mg. It turns out that the main difficulty occurs when Mg is rational.

To explain this aspect of the story, we let (X,w) be a symplectic rational 4-manifold,
where X = CP24#NCP2. We fix a reduced basis H, Ey, Es,--- , Ex of (X,w) (a more
detailed discussion on reduced bases will be given in Section 3). Then for any symplec-
tic surface in X, its homology class A can be expressed in terms of the reduced basis
H7E1,E2,"' ,ENS

N
A=aH - bE;, wherea€Z,b; € L.

i=1
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The numbers a,b; are called the a-coefficient and b;-coefficients of A. By the adjunc-
tion formula, the numbers a and b; are bound by a set of equations involving the self-
intersection number A2 and the genus of the surface. It follows easily from these equations
that for each fixed value of the a-coefficient, there are only finitely many possible values
for the b;-coefficients. However, for each given symplectic surface, there is no a priori
upper bound for the a-coefficient of its class A, although one can show that there is a
lower bound for the a-coefficient (cf. Lemmas 3.3 and 3.4).

Now suppose D is a disjoint union of configurations of symplectic surfaces embedded
in X, where its components are denoted by F}j. The first step in approaching the problem
of existence and classification of D — X is to look at the classes of the components F}, in
a given reduced basis. This process often involves a case-by-case examination, hence it is
important that for each component Fy, there are only finitely many possible homological
expressions. Such a finiteness can be achieved by bounding the values of the a-coefficient
of each F}, as the self-intersection number Fk2 and the genus of F} are all pre-determined
by D — X.

In the present situation, ¢1(Kx) is supported in D. More precisely,

a(Kx) = chFk, where ¢, € Q and ¢, < 0.
k

Ase(Kx) = —3H+Z£\Ll E;, the a-coefficient of ¢1 (K x) equals —3. It follows easily that
for those components Fj, with ¢ # 0, the a-coefficient is bounded from above. However,
if F, is a (—2)-sphere, which is either disjoint from the other components, or appears in a
configuration of only (—2)-spheres, then ¢, = 0 and there is no bearing on the a-coefficient
of Fy, from ¢1(Kx).

It turns out that we can remedy this issue by imposing an auxiliary area condition.
More concretely, let A be the class of a symplectic (—a)-sphere where @ = 2 or 3. If
the area condition w(A4) < —c1(Kx) - [w] is satisfied, then A must take the following
expression in a given reduced basis:

A=aH—-(a—1)E;;, —E;,—---—FE

J J J2a+a

In particular, the a-coefficient of A has an upper bound in terms of N:
1
a< i(N - )

(See Lemma 3.6.) On the other hand, for the problem of existence and topological classi-
fication of embeddings of D in X, one can always freely impose such an area condition by
working with a different symplectic structure (cf. Lemma 4.1). Thus in principle, at least
for the problem we have at hand, we have developed the necessary tools in this paper
to classify the possible embeddings D — Mg at the homological level. In particular, by
choosing an appropriate symplectic structure w on M, there are only finitely many pos-
sible homological expressions for the components of D with respect to any given reduced
basis of (Mg, w). In forthcoming papers, we shall further develop techniques in order to
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understand the possible embeddings D — Mg beyond the homological level. (See [8] for
more discussions.)

In the course of the proof of Theorem 1.1, we also discover the following result which
is of independent interest.

Theorem 1.4. Let X = CP?#NCP? where N =7, 8 or 9. There exist no N disjointly
embedded symplectic (—2)-spheres in X.

We remark that by a theorem of Ruberman [37], there exist N disjointly embedded
smooth (—2)-spheres in X = CP?#NCP? for any N > 2. On the other hand, for N =7
and 8, there exist N homology classes Fi, Fy,--- , Fy € Hy(X), where F; - F; = 0 for any
i # j, and each individual F; can be represented by a symplectic (—2)-sphere (cf. Lemma
5.1). The above theorem says that these homology classes can not be represented simul-
taneously by disjoint symplectic (—2)-spheres. For N = 9, the corresponding homology
classes do not exist (cf. Lemma 5.1).

The proof of Theorem 1.4 relies on a recent theorem of Ruberman and Starkston,
which asserts that the combinatorial line arrangement coming from the Fano plane has no
topological C-realization (cf. [38]). Our result and method raises naturally the following
interesting

Question: For each N > 2, what is the mazimal number of disjointly embedded symplectic
(—2)-spheres in the rational 4-manifold CP2#NCP2?

We point out that for any NV > 3 and odd, there always exist N —1 disjointly embedded
symplectic (—2)-spheres in CP2#NCP2. So for N = 7 and 9, the maximal number is 6
and 8 respectively.

As for the proof of Theorem 1.1, the case where G = Zs and Mg is rational is the most
delicate one. Here the key technical result, stated as Lemma 5.1, is a classification of all
possible homological expressions (in a reduced basis) of the classes of any given set of 8
disjointly embedded symplectic (—2)-spheres in the rational elliptic surface CP249CP?,
where the symplectic structure on CP2#9CP? is chosen to obey a certain set of delicate
area constraints on the (—2)-spheres (such a symplectic structure always exists by Lemma
4.1). The proof of Theorem 1.4 also relies on this technical result.

The organization of the paper is as follows. In Section 2, we give an examination
of the fixed-point set structure using the traditional methods in group actions, coupled
with some standard results and techniques in symplectic 4-manifolds and Seiberg-Witten
theory. Section 3 is occupied by a study of symplectic surfaces in rational 4-manifolds.
We begin by deriving some basic constraints on the a, b;-coefficients of a class A which is
represented by a connected, embedded symplectic surface. The later part of the section
focuses on the classes of symplectic spheres; in particular, it contains Lemma 3.6, which
gives an upper bound on the a-coefficient of a symplectic (—2)-sphere or (—3)-sphere under
an area condition. In Section 4, we begin by proving a lemma (i.e., Lemma 4.1) which
allows us to freely impose certain auxiliary area conditions. This lemma, especially when
combined with Lemma 3.6, proves to be very critical in our analysis of the embedding
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D — Mg. We then prove several non-existence results concerning certain symplectic
configurations in rational 4-manifolds. These results are used to further remove some
ambiguities concerning 2-dimensional fixed components in Section 2. In Section 5, we
give proofs of the main theorems.

2. The fixed-point set: a preliminary examination

We give a preliminary analysis of the fixed-point set structure, using mainly the tra-
ditional methods. For the reader’s convenience, we shall begin with a brief review of the
various G-index theorems that will be frequently used in this section. To this end, let
M be a symplectic 4-manifold equipped with a symplectic G-action, where G is cyclic of
order n. For any nontrivial element g € G, the fixed-point set Fixz(g) of g consists of a
disjoint union of symplectic surfaces {Y;} and isolated points {g;}. In general, Fiz(g)
depends on g, but when G is of prime order, Fixz(g) coincides with the fixed-point set
M€ of the G-action. The local action of g near Fiz(g) is determined by a set of weights
{ci},{(a;,b;)} (where 0 < ¢;,a;,b; < |g|) as follows. Along each fixed symplectic surface
Y;, the symplectic structure on M determines a complex structure on the normal bundle
of Y;. With this understood, the action of g on the normal bundle of Y; is given by
multiplication of exp(2mic;/|g|). Likewise, at each isolated fixed point g¢;, the action of
g on the tangent space at ¢; has eigenvalues exp(2mia;/|g|), exp(2mib;/|g|) with respect
to a complex structure compatible to the symplectic structure on M. We recall that
an isolated point ¢ € M is of isotropy of order m of type (1,b) if ¢ € Fixz(g) for some
element g € G of order |g| = m with weights (1,b). (Note that when m = n, the order
of G, ¢ € MY is an isolated fixed point of G.) We remark that ¢ € M corresponds to an
isolated Du Val singularity in M /G precisely when b = m — 1.

The fixed-point set F'iz(g) and the associated weights {c¢;}, {(a;,b;)} play a prominent
role in the various G-index theorems, which we review next. See [10] and the references
therein for more details. We begin with the Lefschetz fixed point theorem and the G-
signature theorem. Recall that the Lefschetz number L(g, M) is defined, for any g € G,

as
4

L(g, M) = Z(*l)kﬁ(meM;R)),
k=0

where t7(g| g+ (ar;r)) stands for the trace of the induced action of g on HF(M;R). Likewise,
the number Sign(g, M) is defined as

Sign(g, M) = tr(glg2+w) — tr(glm2- (miw));

where for the action of g on H% T (M;R) and H*>~ (M;R), we fix a G-invariant Riemannian
metric on M and look at the action of G on the space of self-dual and anti-self-dual
harmonic forms respectively. With this understood, the Lefschetz fixed point theorem
states that

L(g, M) = x(Fiz(g)) = ZX(Yi) +#{q},
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and the G-signature theorem states that

Sign(g, M Z cot cot Z csc? 2

Igl

We remark that when G is of prime order n = p, one can sum over all the nontrivial
elements ¢ € G and obtain the following (weak) version of the Lefschetz fixed point
theorem

p-x(M/G) = x(M) + (p— 1) - x(M),

and the G-signature theorem

p- Sign(M/G) = Sign(M) + Zdequ + Z defy;,
j i

14+2% ) (145
where defy, = X1 snecarmt Gamian def.

ture defects.

Next we review the G-index theorem for Dirac operators, where we further assume that
M is a spin 4-manifold and G is of an odd prime order n = p. In this case, it was shown
in [10] that the G-action on M must be spin; in particular, the orbifold M/G is spin.
With this understood, we fix a G-invariant Riemannian metric on M and let D be the
corresponding Dirac operator. Then KerD and CokerD) are complex G-representations.
For any nontrivial element g € G, we write

KerD = @g;(ﬁv,j, CokerD = @i;éVk_,

=1 y2 which are called the signa-

where V7, V,” are the eigenspaces of g with eigenvalue pf := exp 2’“’”. Then the Spin
number Spin(g, M) is defined as

p—1

Spin(g, M) = Z dku’;, where d = dimg¢ V,:r —dim¢ V.

k=0
Since both KerDD and CokerD are quaternion vector spaces, and the quaternions i and j are
anti-commutative, it follows that Vbi are quaternion vector spaces, and that multiplication
by j maps Vki isomorphically to iji i for k > 0. This implies that dy is even and dy, = dj,_1,
for £ > 0. Finally, we note that dy equals the index of the Dirac operator on the spin
orbifold M/G.

The following formula for Spin(g, M) is given in Lemma 3.8 of [10], assuming that the

weights of the action of g near Fixz(g) = {YZ} u {qj} are {¢;}, {(a;, b-)}:

1 i
Spin(g, M) = — Z(—l)k(g’qf)z csc(ap ) + Z 1)k, v X csc(ﬂ) cot(

; p p

C;TT

),

where k(g,¢;) is given by the equation k(g,q;) - p = 2r; + a; + b; for 0 < r; < p, and
k(g,Y;) is given by the equation k(g,Y;) - p = 2r; + ¢; for 0 < r; < p. This concludes the
review of the G-index theorems to be used in this section.
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With the preceding understood, for the rest of this section, we assume that M is Calabi-
Yau with b7 > 0; in particular, M is spin. Furthermore, we assume that no subgroups of
G act freely on M. We shall denote by g; the genus of the symplectic surface Y;. Then the
adjunction formula, together with the fact that c¢;(Kjs) = 0, implies that Y;? = 2g; — 2
for each 1.

The following homological constraints on M will be frequently used: 2 < by (M) < 4,
and x(M) = Sign(M) = 0, which implies

by (M) = by (M) = by (M) — 1.

Finally, recall from [7], Theorem 1.9 and Lemma 4.1, that M¢ is of torsion canonical
class if M/G has at most isolated Du Val singularities; otherwise, M¢ is either a rational
surface, which occurs precisely when by (M/G) = b1(Mg) = 0, or Mg is a ruled surface
over T? and by (M/G) = by (Mg) = 2. We note that the above homological constraints on
M apply to Mg as well when M is of torsion canonical class and by (M¢g) = b1(M/G) > 0.
When Mg is of torsion canonical class and by (Mg) = 0, we note that either x(Mg) = 12
(where Mg is a homology Enriques surface) or x(Mg) = 24 (where Mg is a homology
K3 surface).

Now we begin with our analysis on the fixed-point set structures. First, we observe
the following lemma.

Lemma 2.1. Suppose by(M) = 2 or 3, and G is of prime order p such that M¢ has
torsion canonical class. Then p =2 and MC consists of 8 isolated points. Furthermore,
bi(M/G) =0 and bj (M/G) = 1.

Proof. Since Mg has torsion canonical class, M /G has only isolated Du Val singularities
(cf. [7], Lemma 4.1). By the Lefschetz fixed point theorem,

p-x(M/G) = x(M) + (p—1) - #MC.
With x(M) = 0, and observing that the resolution of each singular point of M/G is a
chain of p — 1 spheres, we obtain the following expression

x(Ma) = X(M/G) + (p— 1) - #M = (p— 1)(% 1) #ME.

On the other hand, note that x(Mg) = 0, 12, or 24. It is clear that x(Mg) > 0, as
ME # 0, so that x(Mg) = 12 or 24. We also note that by (Mg) = 0 in these two cases.
Moreover, since by (M) = 2 or 3, we have b (M/G) < b (M) = by(M) —1 < 2, so
that x(Mg) = 12 must be true. The equation (p — 1)(% + 1) - #M% = 12 has only
one solution: p = 2 and #M% = 8. Finally, note that by (M/G) = b(Mg) = 0, and
by (M/G) = b3 (Mg) = 1. This finishes off the proof. O

2.1. The case where b; =2

We first assume G is of prime order p. Let g € G be a generator of G. Let {g;} be the
set of isolated fixed points and set z := #{q;}, and let {Y;} be the set of 2-dimensional
fixed components, with g; the genus of Y;.

10
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We begin with the case where M is irrational ruled. Note that this happens exactly
when by (M/G) = 2 = by(M), which means that the action of G on H!(M;R) is trivial.

Lemma 2.2. Suppose G is of prime order and Mg is irrational ruled. Then the fized-
point set MC consists of a disjoint union of tori of self-intersection zero.

Proof. We begin by observing b, (M) = b;(M) — 1 = 1, so that either b, (M/G) = 0
or by (M/G) = 1. We claim b, (M/G) = 1. To see this, suppose to the contrary
that by (M/G) = 0. Then G = Zy must be true. With this understood, with
by (M) =b(M)—1=1and bj (M/G) = bJ (Mg) = 1, the Lefschetz fixed point theorem
gives

d(2-2g)+2=L(g,M)=2-2x2+1—-1=-2,
and the G-signature theorem gives

ZY2 Sign(g, M) =1—(-1) =2.

With Y2 = 2g; — 2 for each 4, it follows easily that z = 0, i.e., there are no isolated fixed
points. As a consequence, we note that the underlying space of M/G is smooth, and it is
simply the resolution Mg, which is an irrational ruled 4-manifold by the assumption. But
this implies that by (M/G) = by (Mg) > 1, contradicting the assumption by (M/G) = 0.
Hence we must have b, (M/G) = 1. With by (M/G) = 1, it follows easily that L(g, M) =0
and Sign(g, M) = 0.

The equation L(g, M) = 0 implies z = >,(2g; — 2) = Y., Y;>. Suppose to the
contrary that z > 0. Then there must be a component Y; such that Y;> > 0. Since
by (M/G) = bf (Mg) = 1 as Mg is irrational ruled, it follows easily that there can be
only one such component. As a consequence, by replacing g with a suitable power, we
may assume that the weight of the action of g along the component Y; with Y;> > 0 equals
1 (i.e., ¢; = 1if Y2 > 0). It follows from the G—signature theorem that

Sign(g, M) = 7200ta]—-7r +che

> Z csc? - sCQ(%))-YiQ,

where we use the fact that z = Y, ¥;? and cot( ; )- cot( T) < csc ( ) for each j. Since
¢; = 1 when Y;? > 0, it follows easily that 3, (csc?(“") — csc () - Y2 > 0. This leads
to a contradiction that Sign(g, M) > 0, hence z = 0 must be true

With z = 0, Mg is simply the underlying manifold |M /G|, which must be a S2-bundle
over T? as b, (M/G) = 1. It remains to show that each Y; is a torus. This follows easily
by observing that »°.(2¢g; —2) = z = 0, and that g; > 0 for each i. The latter is true
because if Y; is a sphere, then Y;> = —2, so that Y; descends to a (—2p)-sphere in Mg.
But Mg is a S%-bundle over T2, it does not contain any (—2p)-sphere. This finishes off
the proof. a

11
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Next we consider the case where Mg is rational; note that this happens exactly when
b1(M/G) = 0. With by (M) = 2, the action of G on H'(M;Z)/Tor is given by elements
of SL(2,Z). It follows easily that G is either Zs or Zs.

Lemma 2.3. Suppose Mg is rational and G = Zo. Then G has 8 isolated fixed points.
Furthermore, {Y;} # 0 and Y, Y? = 2(1 — by (M/Q)).

Proof. For G = Zs, we first observe that the G-Signature theorem gives
1—tr(glgz-) = Sign(g, M) = ZYf = Z(Qgi —2).

%

On the other hand, the Lefschetz fixed point theorem implies that
2+ (2-20)=L(g, M) =2—4x (1) + L+ tr(glg=-) =8 = > (2: — 2).

It follows that z = 8. Finally, >, V> = 1 — tr(g|g=-) = 2(1 — by (M/G)) because
by (M) = 1. Note that {Y;} # 0 because Mg is rational. This finishes the proof. O

Lemma 2.4. Suppose M¢ is rational and G = Zs. Then G has 6 isolated fized points,
ezactly three of which are of type (1,1). Furthermore, Y ,Y? =0, and at most one of the
components in {Y;} is a sphere.

Proof. First of all, observe that by (M/G) =1 as G = Z3, and consequently,
1
L(g,M)=2—-4x (—5)—1—1—}—1:6, Sign(g,M)=1-1=0.

If we let x,y be the number of isolated fixed points of G which are of type (1,1) and type
(1,2) respectively, then the Lefschetz fixed point theorem and the G-Signature theorem
imply, respectively, that
1 1 4
2—-2g)=6and — —x+-y+--» Y2=0.
x—l—y-&-;( i) an 3x+3y+3 ; f

With Y? = 2g; — 2, we eliminate the variable z and obtain 2y + 3%, Y;> = 6. On the
other hand, observe that b, (M/G) = 1 implies that there is at most one component
Y; such that Y, < 0 (note that these are precisely the spherical components in {Y;}).
Consequently, it is easily seen that Y, ;> > —2, and with this, it follows easily that y = 0
or 3 are the only possibilities, where z =8 or 3 and ), Y2 = 2 or 0 respectively.

It remains to eliminate the possibility that =8, y = 0 and ), ¥;*> = 2. To this end,
we observe that the G-action is spin because the order of G is an odd prime (cf. [10]).
Moreover, the index of the Dirac operator on the spin orbifold M /G must be zero because
by (M/G) = by (M/G) =1 (cf. Fukumoto-Furuta [19], Corollary 1). We shall prove the
index is nonzero, thus eliminating the case + =8, y =0 and ), Y2 =2.

First, let D be the Dirac operator on M. Then as G = Zgs, it follows easily from
Index D = —%Sign(M) = 0 that Spin(g, M) = %do, where dy equals the index of the
Dirac operator on M/G.

12
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Next we compute Spin(g, M) using the G-index theorem for Dirac operators (cf. [10],
Lemma 3.8). In order to apply the formula for Spin(g, M), we note that for a type (1,1)
isolated fixed point g;, the number k(g, ¢;) = 2, and for a type (1, 2) isolated fixed point
gj, k(g,¢;) = 1. On the other hand, it is easy to check that k(g,Y;) = ¢; for any Y;. With
these understood, it follows easily that the Spin number

. 11 1, 1 1 1
Spin(g, M) = —gx—i—gy—i—zi:(—gYi ) =-3 ><8+§ xO—é X 2=-3.
Consequently, dy = %Spin(g, M) = —2, which is nonzero. This finishes the proof. O

Finally, we consider the case where G is of non-prime order n. We assume that Mg is
rational or ruled, and that for any subgroup H of prime order, My has torsion canonical
class.

First, by Lemma 2.1, the order n must be a power of 2; more precisely, n = 2¥ > 2.
Furthermore, b, (M/G) = 0, so that M must be rational. Finally, note that the action
of G on HY(M;Z)/Tor is given by elements of SL(2,Z). It follows easily that n = 4.

With the preceding understood, we fix a generator g of GG, and let H be the subgroup
of order 2 generated by h := g>. Then by our assumption, My has torsion canonical
class. By Lemma 2.1, MH consists of 8 isolated fixed points. Since M is contained in
MH | the action of G has no 2-dimensional fixed components.

To proceed further, note that there are two possibilities: by (M/G) = 0 or 1. Consider
first the case where by (M/G) = 0. In this case, L(g,M) =2—-4x04+1—-1= 2, so
the G-action has 2 isolated fixed points. Examining the induced action of G on M*, the
remaining 6 fixed points of H are of isotropy of order 2, and consequently, the orbifold
M /G has 5 singular points — two of order 4 and three of order 2. Let x,y be the number
of fixed points of G of type (1,1) and type (1, 3) respectively. Note that the resolution of
a type (1,1) fixed point in Mg is a (—4)-sphere and the resolution of a type (1, 3) fixed
point is a linear chain of three (—2)-spheres. A point of isotropy of order 2 gives rise to
a (—2)-sphere in Mq. As a result, we have

by (Mg) =by (M/G)+x+3y+3=z+3y+3.

On the other hand, ¢ (Kay) = Y., —3E;, where E; are the (—4)-spheres in Mg coming
from the resolution of type (1,1) fixed points of G (cf. [7], Proposition 3.2). Thus
c1(Kng)? = Y, B2 = —x. Since Mg is rational, we have ¢;(Kyg)? = 9 — by (Mg),
which is —z = 9 — (z + 3y + 3). It follows that y = 2, and © = 2 — y = 0. But this is
a contradiction as it implies that ¢;(Kjp,) = 0. Hence the case where by (M/G) =0 is
eliminated.

For the case where b, (M/G) = 1, it is easy to see that L(g, M) = 4, so the G-action
has 4 isolated fixed points. A similar calculation results

by (M) =+ 3y +3 and ¢, (K, )? = —.

It follows easily that x = y = 2. We summarize our discussions in the following
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Lemma 2.5. Suppose M¢ is rational or ruled, but for any subgroup H of prime order,
My has torsion canonical class. Then Mg must be rational, and G is of order 4. Fur-
thermore, the fized-point set MC consists of 4 isolated points, exactly two of which are of
type (1,1), and there are 4 isolated points of isotropy of order 2 in M.

2.2. The case where b; =3

Assume M is rational or ruled. We first observe that G must be Zy, which, with
by (M) = by (M) —1=2and bj (M/G) = 1, follows easily by Lemma 2.1.

Lemma 2.6. Suppose M¢ is rational or ruled. Then G must be of order 2. Moreover,

(i) if Mg is irrational ruled, then the fized-point set MC consists of a disjoint union
of tori of self-intersection zero;

(ii) if Mg is rational, then the fived-point set MG contains 8 isolated points, and the
2-dimensional fized components {Y;} # 0 and Y, Y? = 2(1 — by (M/Q)).

Proof. Since Mg is rational or ruled and G = Zs, {Y;} # 0. We denote by z the number
of isolated fixed points and let 1 # g € G. Then by the G-Signature theorem,

DY = Sign(g, M) = (1= 1) = tr(glme) = —tr(glm-).

First, consider case (i) where M is irrational ruled. In this case, by (M/G) = 2, so the
Lefschetz fixed point theorem implies that

z+ Z(z —2g:) =L(g,M)=2-2x (14+1—=1)+ (1 —1) +tr(glgz-) = tr(glg=-)-

With Y;? = 2g; — 2 for each 1, it follows immediately that 2 = 0. As a consequence, M is
simply the underlying manifold of M/G. This immediately ruled out the possibility that
by (M/G) = 0, because as an irrational ruled 4-manifold, Mg has non-zero b, .

Next, assume by (M/G) = 1. In this case, by the same argument as in Lemma 2.2,
each Y; is a torus of self-intersection zero and Mg is a S?-bundle over T2.

Finally, we rule out the possibility that by (M/G) = 2. In this case, Y, V? =
—tr(g|g2-) = —(14 1) = —2, so that there must be a Y; which is a (—2)-sphere. On the
other hand, b, (M/G) = 2 implies that Mg is a S>-bundle over 72 blown up at one point.
The descendent of Y; is a symplectic (—4)-sphere in Mg, to be denoted by C. To derive
a contradiction, let F' and E be the fiber class and the exceptional (—1)-class of Mg
respectively. Note that ¢ (K, ) - F = —2 and ¢; (K, ) - E = —1. With this understood,
since m2(Mg) is generated by F and E, we write C = aF + bE. Then —4 = C? = —p?
and 2 = ¢1 (K, ) - C = —2a — b, giving either C = —2F + 2F or C = —2FE. Note that
in both cases, C' has a negative symplectic area. Hence the possibility b, (M/G) = 2 is
ruled out.

For case (ii) where M¢ is rational, by (M/G) = 0. In this case, the Lefschetz number
Ligy,M)=2-2x(-1-1-1)+(1—1)+tr(g|g2-) = 8+tr(g|g2-), which implies z = 8.
The assertion Y, V;? = 2(1 — by (M/G)) follows easily from the fact that tr(g|g=-) =
2(by (M/G) —1). This finishes the proof. O
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2.3. The case where b1 =4

The fact that the cohomology ring H*(M;R) is isomorphic to that of T# (cf. [39]) plays
a crucial role in the analysis of the fixed-point set structure in this case. In particular, this
fact has the following two corollaries: (1) it allows us to express the action of G on the
entire cohomology H*(M;R) in terms of its action on H(M;R), and (2) since the Hurwitz
map wa(M) — Hy(M) has trivial image, the fixed-point set MY does not have any
spherical components. With the help of the adjunction formula, this is equivalent to the
statement that all the 2-dimensional fixed components have nonnegative self-intersection.

For the first point above, to be more concrete, let ¢ € G be any nontrivial element.
Since the action of g on M is orientation-preserving, the representation of g on H'(M;R)
splits into a sum of two complex 1-dimensional representations. This said, there is a
basis {a;}, i = 1,2,3,4, of H'(M;R) such that a; Uas UazUay € HY(M;R) is positive
according to the natural orientation of M. Furthermore, we assume that the span of
a1, as and the span of ag, a4 are invariant under the action of g, and with respect to the
orientation given by the above order, the action of g is given by a rotation of angle 61, 65
respectively.

Lemma 2.7. With g,01,02 as given above, the following hold true:

(1) 2(cosby + cosbsy),4 cos by cosby € Z.

(2) The Lefschetz number L(g, M) = 4(1 — cos61)(1 — cos ).

(3) The representation of g on H>(M;R) (resp. H>~(M;R)) splits into a trivial 1-
dimensional representation and a 2-dimensional one on which g acts as a rotation
of angle 01 + 05 (resp. 01 — 63). Consequently,

Sign(g, M) = 2(cos(f1 + 02) — cos(f; — 63)) = —4sin 6 sin bs.
Proof. Let v1 := a3 Uag, v := a1 Uay, 73 := as Uag, and 4 := as Uay. Then a
straightforward calculation gives
g-(1Uag) =a1 Uag, g-(azUay) = az Uay,
g -1 = cos 61 cos fa7y1 + cos 01 sin Oay2 + sin Oy cos Hays + sin 61 sin O34,
g+ y2 = — cos By sin O37y; + cos 01 cos Bay2 — sin By sin O3 + sin 67 cos Oo4,
g -3 = —sinfy cosOyy; — sin by sin Oay2 + cos 0 cos Oay3 + cos 67 sin Oa74,
and
g - v4 = sin by sin oy, — sin 61 cos Oay5 — cos 01 sin O27y3 + cos 01 cos O2y4.

The action on H3(M;R) can be similarly determined. From these calculations we deduce
easily that

L(g, M) =2 —4(cosf; + cosbz) + (2 + 4 cos by cosbz) = 4(1 — cos 61)(1 — cos bs).

In order to understand the action of g on H**(M;R) and H?~ (M;R), and to compute
Sign(g, M), we note that H*T(M;R) is spanned by f3;, i = 1,2, 3, where

Bi=aiUas+azUay, Po=aUaz—asUay, B3 =a;Uag+ asUas.
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Likewise, H%~(M;R) is spanned by 3/, i = 1,2, 3, where
ﬁi = a1 Uag — az U ay, ﬁé = 1 UCE3+CE2U044, B§:a1Ua4—a2Ua3.

With this understood, the action of g on H**(M;R) and H*~(M;R) is as follows: both
p1 and B are fixed by g, and g acts on the span of B2, 85 and the span of g5, 55 as a
rotation of angle 01 + 02, 1 — 05 respectively. It follows in particular that Sign(g, M) :=
tr(g|gz.+) — tr(g|ge.-) is given by

Sign(g, M) = 2(cos(01 + 02) — cos(0; — 63)) = —4sin 0 sin bs.

Finally, note that tr(g|g1(arr)) = 2(cos @1 + cos ), hence 2(cos 61 4 cos ) € Z. With
this, L(g, M) = 4(1 — cos 61)(1 — cosf3) € Z implies that 4 cos 0 cos by € Z as well. This
completes the proof of the lemma. O

With Lemma 2.7 at hand, we shall first examine the fixed-point set structure when G
is of prime order.

Lemma 2.8. Suppose G is of prime order p > 1. Then the following hold true.

(1) Either b3 (M/G) = 1 or by (M/G) = 3. Moreover, Mg has torsion canonical
class if and only if by (M/G) = 3 and by (M/G) = 0.

(2) If Mg has torsion canonical class, then p =2 or p = 3, where in the former case,
the fized-point set M consists of 16 isolated points, and in the latter case, M©
consists of 9 isolated points of type (1,2).

(3) If Mg is irrational ruled, then MS consists of a disjoint union of tori of self-
intersection zero.

(4) If Mg is rational, then p # 2 and p < 5.

Proof. For (1), note that by Lemma 2.7, b5 (M/G) = 3 if and only if 6; + 6 = 27 for
a generator g of G. If 1 + 6 # 2m, then bj (M/G) = 1. Hence either b (M/G) = 1
or by (M/G) = 3 as claimed. It remains to show that if Mg has torsion canonical class,
then b (M/G) # 1 but by (M/G) = 0. To see this, suppose Mg has torsion canonical
class. Then the same argument as in Lemma 2.1 shows that x(M¢g) = 12 or 24, and
bi(M/G) = 0. If b (M/G) = 1, then x(Mg) = 12, and as in Lemma 2.1, p = 2 must be
true. With p = 2 and b;(M/G) = 0, the angles 61,62 in Lemma 2.7 must be both equal
to 7. But this implies that b5 (M/G) = 3, contradicting the assumption of b3 (M/G) = 1.
Hence part (1) is proved.

Part (2) follows readily from the same argument as in Lemma 2.1. Note that when
x(Mg) =24, p = 2,3 or 5. The case of p = 5 can be further eliminated by the (weak
version) G-signature theorem.

For part (3), if M is irrational ruled, then by (M /G) = 2. This means that in Lemma
2.7, one of the angles 61,602 must be 0. As a corollary, L(g, M) = Sign(g, M) = 0 for any
nontrivial element g € G, and b, (M/G) = 1. With this understood, part (3) follows by
the same argument as in Lemma 2.2.

Finally, for part (4) we assume Mg is rational. Then b (M/G) =1 and by (M/G) = 0,
so that by Lemma 2.7, p # 2. On the other hand, assume p > 5. We fix a generator

16



Finite group actions on symplectic Calabi-Yau

g € G such that in Lemma 2.7, the angles 6; = 27” and 0, = 2‘17” for some 0 < g<p—1

(note that ¢ # p — 1 as b (M/G) = 1). Then it follows easily from p > 5 that L(g, M) =
4(1—cos61)(1 —cos 62) satisfies the bound L(g, M) < 7. With this understood, we appeal
to the following version of Lefschetz fixed point theorem

p-x(M/G) = x(M) + (p—1) - L(g, M),
where x(M) = 0 and L(g, M) € Z. It follows easily that L(g, M) is divisible by p, and

with p > 5 and L(g, M) < 7, we have L(g, M) = p. A further examination easily removes
the possibility that p = 7. Hence p < 5. This finishes the proof of the lemma. ]

In the next two lemmas, we shall determine the fixed-point set structure where Mg is
rational and G = Zs or Zs. Let g € G be a generator.

Lemma 2.9. Assume Mg is rational and G = Zs. Then the fized-point set MC consists
of 9 isolated points of type (1,1), plus possible 2-dimensional components {Y;} which are
tori of self-intersection zero.

Proof. We observe that since M is rational, by (M/G) = 0, which implies that the angles
61,05 in Lemma 2.7 are both nonzero. Furthermore, by (M/G) = 1 and G = Zs, which
implies 6; = 0. Tt follows easily that L(g, M) =9 and Sign(g, M) = —3.

With this understood, let x,y be the number of isolated fixed points of type (1,1)
and type (1,2) respectively. Then the Lefschetz fixed point theorem and the G-signature
theorem imply that

1 1 4
“N'v2—9and —Zz4+-y+- V2=_3
T+y 21: i an 3x+3y+3zi: i
Combining the two equations, we get x + %y = 9. It is easy to see that the solutions are
x=9,y=0o0rz =4,y =3. In the former case, ), Y? = 0, while in the latter case,

>, Y2 = —2. The latter case is not possible since Y;?> > 0 for all 4. For the same reason,
we must have Y;? = 0 for all i in the former case. By the adjunction formula, each Y; is
a torus. This finishes the proof. (I

Lemma 2.10. Assume Mg is rational and G = Zs. Then the fized-point set MC consists
of 5 isolated points of type (1,2), plus possible 2-dimensional components {Y;} which are
tori of self-intersection zero.

Proof. We shall first apply the Lefschetz fixed point theorem and the weak version of
the G-signature theorem. To this end, recall from the proof of Lemma 2.8(4), that
L(g,M) =5 and x(M/G) = 4. The latter easily implies that Sign(M/G) = 0. On the
other hand, note that the signature defect for an isolated fixed point of type (1,1), (1,2)
(the same as (1,3)) and (1,4) is —4, 0, 4 respectively (cf. [9]). Thus if we let z,y, z be
the number of fixed points of type (1,1), (1,4) and (1, 2) respectively, then

2
~-1
x+y+z—ZYf:5and—4x+4y+Z5TYf=0.

3
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Combining the two equations, we have = + 3y + 2z = 10. Note that = + y 4+ z must be
odd, because Y, Y;? = > .(2g; — 2) is even. It follows that z must be odd. The solutions
of z,y,z and ), Yi2 are listed below:

(1) 2=8,y=0,z=1,and ), Y? =4,
(2) z=5,y=1,z=1,and ), Y? =2,
(8) z=2,y=2,z=1,and ), Y? =0,
( ) x:4ﬂy:072:37andzfiy;2:2a
(5) z=1,y=1,2=3,and ), Y? =0,
(6) 2=0,y=0,z=5. and >, Y =0.

Next we shall first eliminate cases (1),(2), and (4) where >, Y;? # 0 by computing
with the G-index theorem for Dirac operators, using the formula for the Spin number
Spin(g, M) in Lemma 3.8 of [10]. To this end, we divide the isolated fixed points {g;}
of each type and the fixed components {Y;} into two groups, I and II, according to the
following rule: for type (1,1), group I consists of fixed points ¢; with (aj, b;) = (1,1) or
(4,4) (and the rest are group II), for type (1,4), a fixed point g; belongs to group I if
(aj,b;) = (1,4), and to group II if (a;j,b;) = (2,3), and for type (1,2), group I consists
of fixed points ¢; with (a;j,b;) = (1,2) or (3,4), and group II consists of fixed points g;
with (aj,b;) = (2,4) or (1,3), and finally, for a fixed component Y;, it belongs to group
I if and only if ¢; = 1 or 4. With this understood, the contribution to the Spin number
Spin(g, M) from an isolated fixed point g; takes values as follows:

*i csc? T if gj is in group I and of type (1, 1),

—i csc? 2—" if g; is in group II and of type (1,1),

%csc z 1f g; is in group I and of type (1,4),

411 csc? %’T if q] is in group II and of type (1,4),

%csc 5 ¢ csc ZZ if g; is in group I and of type (1,2),

7T

— 1 csc Zese 2F if g; is in group II and of type (1,2),
and the contribution from a fixed component Y; takes values as follows:
° —%Yf csc £ cot ¢ if Y; is in group I,
1Y csc 2 cot 2 if Y; is in group I1.
If we denote by i, yi, 2k, for k = 1,2, the number of fixed points ¢; belonging to group

L, 11, of type (1,1), (1,4), and (1, 2) respectively, and we denote by w1, ws the sum of Y2
for Y; belonging to group I, II respectively, then the Spin number

2
1 o5 kT k k 2
Spin(g, M) = 1 g Yk — x)) csc? 5 + (—=1)Fwy, csc ?W cot g + (21 — 22) csc g cse g)

k=1

Now the key observation is that for g2, the contributions to the Spin number for group

I and group II switch values. It follows easily then, with the identities Zk L csc? k; =4
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and Zizl(— VF esc Br k“ cot, k“ = —2, that

2
1 1 5
Spin(g, M) + Spin(g®, M) = —rp——wp)=y—c— =Y Yi=—2) Y2
pin(g, M) + Spin(g®, M) ;(yk T = Hwk) =y =@ 221: ; 221: ;
(Note that 23, Y;*> = z —y from the weak version of G-signature theorem.) On the other
hand, recall that in the definition of Spin number

Spin(g, M) = do + dyji + dopi® + dsp® + dap?, where p = exp(27i/5),

one has dy = dy, do = d3. As Spin(g?, M) = do + d1p® + dop* + d3p + dap?, it follows
easily that

ZW Spin(g, M) + Spin(g?, M) = 2dy — dy — ds.

Finally, dy + di + do + ds + dy = Ind D = —Sign(M)/8 = 0. It follows immediately that
do= -3, Y. The integer dy is the index of Dirac operator on the spin orbifold M/G,
which equals 0 because b, (M/G) = by (M/G) = 1 (see Fukumoto-Furuta [19], Corollary
1). This rules out the cases (1),(2),(4), where dy = — 3, Y;* # 0.

The above calculation also shows that in the remaining cases, dy = di; + do = 0.
Moreover, note that each Y; is a torus with Y;? = 0. In particular, w; = wq = 0.

To deal with the remaining possibilities, we use the Mod p vanishing theorem of Seiberg-
Witten invariants (cf. [35]). We shall first compute with the G-signature theorem (not
the weak version). First, recall that x(M/G) = 4, so that by (M/G) = 1 is true. It follows
that in Lemma 2.7, the angles 6; # +605. Without loss of generality, we assume 6, = 2?“
and 6y = —” in Lemma 2.7. With this we have
-2 s 27

= ) = —2(cos B + cos ?)

On the other hand, we observe that the same division of fixed points or components into
group I or group II works here too. With this understood, noting that w; = wy = 0, it
follows easily from the G-signature theorem that

Sign(g, M) = 2(cos 6€7r — cos

2
k 2
Sign(g, M) = ;(yk — ) cot? % + (22 — 21) cot % cot ?ﬂ

Next we observe that Sign(g?, M) = 2(cos £2* — cos =4%) = —Sign(g, M), and moreover,

for g2 the contributions to the Sign number for group I and group II switch values. Taking
the difference Sign(g, M) — Sign(g?, M), and using the identities (see Lemma 6.4 in [10])
9 T

cot2§—cot22—7r—csc 7—03022—#—4(30‘51(:ot2—7r
5 55 5 557

we obtain
2T

. T
Sign(g, M) = (2(y1 — y2 + 22 — x1) + (22 — 21)) - cot = cot =
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jus

Now finally, observing the identity 5cot  cot 2% = 2(cos £ + cos 2F) = —Sign(g, M), we

obtain the following constraint
2(y1 — Yo+ w2 — 1) + 22 — 21 = 5.

With these preparations, we examine the remaining cases (3), (5) in more detail. First
consider case (3), where x = y = 2, z = 1. Observe that y; — yo + x2 — x; is always even.

It follows easily that zo — 21 = —1 and y1 — 1 = —(y2 — x2) = —1 in this case. For case
(5) where x = y = 1, z = 3, note that y; —ys +x2 —x1 = £2. It follows that z0 —2; = —1
and y; —x1 = —(y2 — 22) = —1 as well.

Next we check this against the formula for the Spin number Spin(g, M). To this end,
we will use the following identities:

s 2T T 27 T s 27 27 T 27
cscgcsc? =4 cot gcot 5 cscgcotg +csc€cot€ = 6 cot, gcot 5
which can be easily verified by direct calculation. Now with this understood, note that

on the one hand, the definition of the Spin number gives
Spin(g, M) = id F=2d (cosﬁ + cos 27r) = 5d, cot — cot 2n
p g, P 3% 1 5 5 1 5 5 )

and on the other hand, we have from the formula in Lemma 3.8 of [10] that

) 1 9 T 9 2m T 27
Spin(g, M) = 4( esc” o + csc 5 + csc £ OS¢ — )=0.
It follows immediately that in cases (3), (5), we have d; = 0, and as a result, d = 0 for
all k=0,1,--- ,4.

With the preceding understood, recall that the condition in the Mod p vanishing the-
orem of Seiberg-Witten invariants (cf. [35]) is 2dy < 1 —bf + b¢ for any k= 0,1,--- .4,
where bf = by (M/G) = 0 and b = b5 (M/G) = 1 (note that since by(M/G) = 0, the
fixed-point set J¢ in the Mod p vanishing theorem consists of a single point, i.e., [0], so
the integers {k!} in the theorem are given by {dy} for any [, and the integer d(c) = 0).
With dj = 0 for all k, the above condition in the Mod p vanishing theorem is satisfied,
so the Seiberg-Witten invariant for the canonical Spin® structure (which is induced by a
spin structure on M) vanishes (mod 5). But by Taubes’ theorem [42], the Seiberg-Witten
invariant equals 1, which is a contradiction. Hence cases (3), (5) are ruled out. This
finishes the proof. O

It remains to consider the case where G is of non-prime order, Mg is rational or ruled,
but for any prime order subgroup H, My has torsion canonical class. Let n be the order
of G. Then by Lemma 2.8, n = 2¥3!. We first note that n # 6. This is because if n = 6,
then G = Zy x Z3, and with the assumption that for any prime order subgroup H, My
has torsion canonical class, it follows easily that Mg has torsion canonical class as well,
which is a contradiction. Consequently, either & > 1 or [ > 1 in n = 2*3!. Finally, note
that for any nontrivial element g € GG, the angles 6,605 in Lemma 2.7 are both nonzero.
In particular, b1 (M/G) = 0, and Mg must be rational.
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First of all, we have

Lemma 2.11. Suppose G = Z4 and for the order 2 subgroup H, My has torsion canonical
class. Then there are two possibilities:
(1) b3 (M/G) = 3, and the G-action has 4 isolated fived points, all of type (1,3), and
12 isolated points of isotropy of order 2.
(ii) Mg is rational, and the G-action has 4 isolated fized points, all of type (1,1), and
12 isolated points of isotropy of order 2.

Proof. Fix a generator g € G. It is easy to see that in Lemma 2.7, either 6, = —05 or
61 = 5. So either by (M/G) =3, by (M/G) =1, or bj (M/G) =1, by (M/G) = 3. In any
case, we have xy(M/G) = 6. Finally, observe that L(g, M) = 4 in both cases.

On the other hand, by examining the action of G on M, which consists of 16 isolated
points, and with L(g, M) = 4, it follows easily that M/G has 10 isolated singularities.
With x(M/G) = 6, it follows that x(M¢g) > 12, so that if M has torsion canonical class,
then b3 (M/G) = 3 must be true. Case (i) follows immediately.

Suppose Mg is rational, and let x,y be the number of fixed points of type (1,1)
and (1,3) respectively. Then note that each type (1,1) fixed point contributes a (—4)-
sphere in Mg, which in turn contributes —1 to ¢; (K )% The other singular points of
M/G contribute zero, hence c;(Kps.)?> = —x. On the other hand, note that x(Mg) =
X(M/G) +x+3y+6 =12+ x + 3y. As Mg is rational, ¢1 (K, )? = 12 — x(Mg), which
implies y = 0. Hence x = 4, and case (ii) follows. This finishes the proof. O

Now finally, we have

Lemma 2.12. Suppose Mg is rational, but for any prime order subgroup H, My has
torsion canonical class. Then the order n of G must either 4 or 8. Moreover, if n = 8,
then the G-action falls into one of the following two cases:

(i) the G-action has 2 isolated fixed points, all of type (1,3), 2 isolated points of
isotropy of order 4 of type (1,3), and 12 isolated points of isotropy of order 2;

(ii) the G-action has 2 isolated fized points, all of type (1,5), 2 isolated points of
isotropy of order 4 of type (1,1), and 12 isolated points of isotropy of order 2.

Proof. Tt is easy to check that if G contains an element g of order 9, 12, or 16, then for the
angles 01, 05 of g in Lemma 2.7, the integrability conditions in Lemma 2.7(1) are violated.
It follows easily that k < 3 and I =0 in n = 2¥3!, i.e., n =4 or 8.

With the preceding understood, suppose n = 8. We fix a generator g such that 6, = %’r,

0y = 2%‘1 in Lemma 2.7, where ¢ is odd and 0 < ¢ < 8. We note that ¢ # 1 or 7, for
otherwise, the integrability conditions in Lemma 2.7(1) are violated. On the other hand,
let H be the subgroup of order 4 generated by g?. Then by Lemma 2.11, there are two
cases, (i) and (ii), as listed therein.

Suppose we are in case (i) of Lemma 2.11 where My has torsion canonical class. In this
case, b (M/H) = 3, which easily implies that ¢ = 3 in 6. As a corollary, L(g, M) = 2,
and b3 (M/G) = b, (M/G) = 1, so that x(M/G) = 4. Examining the action of g on M
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with L(g, M) = 2, it follows easily that M /G has 6 isolated singular points, where two of
them have isotropy of order 8, one of isotropy of order 4, and three of isotropy of order
2. Now we determine the action of g at the two fixed points. We note that the minimal
resolution of a singular point of order 8 of type (1,3) in Mg is a pair of (—3)-spheres
intersecting transversely and positively at one point. Its contribution to c¢;(Kas,)? is
easily seen to be —1. All other types of singular points of M/G are Du Val singularities,
so make zero contribution. On the other hand, the minimal resolution of a singular point
of order 8 of type (1,7) in M is a linear chain of seven (—2)-spheres, so its contribution
to x(Mg) is 7. With ¢1 (K. )? = 12 — x(Mg), it follows easily that there cannot be any
fixed point of g of type (1,7). This finishes the discussion on case (i).

The analysis for case (ii) of Lemma 2.11, where My is rational, is completely analogous,
hence omitted. This finishes the proof. (|

3. Symplectic surfaces in a rational 4-manifold

Let (X,w) be a symplectic rational 4-manifold where X = CP?#NCP2. We shall
denote the canonical line bundle of (X,w) by K, to indicate the dependence on w. We
also use Kx when the dependence on w needs not to be emphasized.

We begin with the definition of reduced bases of (X,w). To this end, let Ex be the
set of classes in H2(X) which can be represented by a smooth (—1)-sphere, and let
E, = {F € &x|aa(K,) - E = —1}. Then each class in &, can be represented by a
symplectic (—1)-sphere (cf. [29]); in particular, w(E) > 0 for any E € &,,.

Definition 3.1. A basis H, Ey,--- , Ex of H?>(X) is called a reduced basis of (X, w) if
the following are true:

e it has a standard intersection form, i.e., H> =1, E? = —1 and H - E; = 0 for any
i, and E; - E; = 0 for any ¢ # j;

o F; €&, for each i, and moreover, if N > 3, the following area conditions are sat-
isfied: w(EN) = mingeg, w(F), and for any 2 < i < N, w(E;) = mingeg, w(E),
where & :={E € E,|E-E; =0 Vj > i} for any i < N;

° Cl(Kw) = —3H—|—E1 +EN

Without loss of generality, we assume w(E;) > w(Es3). Then the following constraints
on the symplectic areas are straightforward from Definition 3.1.
o w(H) >0, and w(E;) > w(E;) for any i < j;
o forany i # j, H—E;, — E; € &,, so that w(H — E; — E;) > 0;
e w(H—E; — E; — E}) >0 for any distinct ¢, j, k.
Reduced bases always exist, see [31] for more details. We remark that a reduced basis is
not necessarily unique, however, the symplectic areas of its classes

(W(H),w(En), -+, w(EN))

uniquely determine the symplectic structure w up to symplectomorphisms, cf. [25].
Secondly, we recall the following technical result concerning reduced bases, which will
be used in Section 5.
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Lemma 3.2. (cf. [25]) Let N > 2. Then for any w-compatible almost complex struc-
ture J, any class E € &, of minimal symplectic area can be represented by an embed-
ded J-holomorphic sphere. In particular, for N > 3, the class En in a reduced basis
H,Ey, - ,EN can be represented by a J-holomorphic (—1)-sphere for any J.

With the preceding understood, we fix a reduced basis H, Ey,--- , Ex of (X,w). Then
for any A € H?(X), we can write

N
A=aH — Z b;E;, where a,b; € Z.
i=1

We first derive some general constraints on the coefficients a and b; when A is represented
by a connected, embedded symplectic surface, particularly, when A is the class of a
symplectic (—a)-sphere for o > 1. These constraints are consequences of the fundamental
work of Li-Liu [30] and Li-Li [26] on symplectic rational 4-manifolds.

First of all, a few useful facts. For a generic w-compatible almost complex structure
J, the class H and any class F € &, can be represented by a J-holomorphic sphere (cf.
[29]). In particular, this implies that for any E € &, where E # E;; 1 < i < N, the
coefficients in £ = aH — Zi\; b;E; satisfy a > 0, b; > 0 for all ¢ by the positivity of
intersection of J-holomorphic curves. Similarly, if A = aH — Zi\;l b;E; is the class of a
connected, embedded symplectic surface with A2 > 0, then by choosing an w-compatible
almost complex structure J such that the symplectic surface is J-holomorphic, we see
easily that @ > 0 and b; > 0 for all .

The situation is more subtle when A% < 0 and A is not a class in &,. We begin with
the following lemma.

Lemma 3.3. Suppose A = aH — Zf\;l b;E; is the class of a connected, embedded sym-
plectic surface of genus g.

(1) Ifa >0, then b; > 0 for all i.
(2) The a-coefficient of A satisfies the following inequality: (a — 1)(a —2) > 2g, with
“=7if and only if b; =0 or 1 for all .

Proof. For part (1), we begin by noting that the genus g of the symplectic surface repre-
senting A is given by the adjunction formula

1
g= 5(142 +a(Ky,)-A)+1.

Suppose to the contrary that a > 0 but by < 0 for some k. Then we consider the reflection
R(Ey) on H%(X) defined by the class Ej, where

R(E)B = B+2(B- Ey)Ey, VB € H*(X).

If we let A be the image of A under R(E}) and write A = aH — Zf\il b;E;, then & =
a, by = —=by > 0, and b; = b; for all ¢ # k. It follows easily that A2 = A? and
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c1(Ky) - A—ci(K,) - A= 2b, > 0. Finally, since R(E}) is induced by an orientation-
preserving diffeomorphism of X (cf. [26]), the class A is represented by a smoothly
embedded, connected surface of genus g.

Now the condition a > 0 enters the argument. Pick a sufficiently small € > 0, and let
e:=H— va:l ¢E; € H*(X,R). Then a > 0 implies that e - A = a — Zfil eb; > 0 for
sufficiently small € > 0. On the other hand, we claim that e lies in the symplectic cone
associated to the symplectic canonical class ¢1(K,,). To see this, we only need to verify
that (i) €2 = 1— Ne? > 0, which is obviously true when € > 0 is sufficiently small, and (ii)
e-E > 0 for any class E € &, (cf. [30]). To see (ii) is true, we write £ = uH — ZZ]\LI v B;.
Then w? = Y ,v? —landu > 0,and e- E = u—€) ,v;. If E = E; for some [, then
e-E=€>0.Ifu>0,thene-E= /) ,v2—1—¢€),v; >0 when e > 0 is sufficiently
small. Hence the claim that e lies in the symplectic cone associated to the symplectic
canonical class ¢1(K,).

Now the fact that e- A > 0 together with the fact that e lies in the symplectic cone
associated to the symplectic canonical class ¢1(K,,) imply the following inequality on the
symplectic genus n(A) of A (cf. [26], Definition 3.1, p. 130):

n(A) > (A2 + ¢1(K,) - A) + 1.

1
2

On the other hand, the minimal genus is bounded from below by the symplectic genus

(cf. [26], Lemma 3.2). Thus g > n(A), which implies that ¢1(K,) - A > c1(K,) - 4, a
contradiction. This finishes off part (1) of the lemma.
For part (2), the adjunction formula A% + ¢;(K,,) - A + 2 = 2g gives

N N
a2—Zb?—3a+Zbi—|—2:2g.
i=1 i=1

With Zi\; b? — Zfil b, = Zf\il bi(b; —1) > 0, we obtain easily (a —1)(a —2) > 2g, with
“=” if and only if b; = 0 or 1 for all i. This finishes off part (2), and the proof of the
lemma is complete. O

The following lemma deals with the case where the a-coefficient of A is negative.

Lemma 3.4. Let A =aH — Eivzl b;E; be the class of a connected, embedded symplectic
surface of genus g such that a < 0. Then

(1) the symplectic surface representing A must be a symplectic (—a)-sphere where
a>2,ie g=0 and A> < —2, and
(2) the expression A= aH — Zf\;l b, E; must be in the following form:

A=aH+ (la|+1)Ej, — Ej, —---— Ej_, where s = a —2|al,

in particular, 2|a| < a. Moreover, Ej, = Eq and w(E1) > w(E;) for any i > 1.
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Proof. Let b; = max(0, —b;) and b;” = max(0, b;), and consider the class

N
A=laH =Y (b +b])E;.

i=1

Since b; = |b;| when b; < 0 and equals 0 otherwise, and bj = b; when b; > 0 and equals 0
otherwise, it follows easily that A is the image of —A under the action of the composition
of the reflections R(E}), where k is running over the set of indices such that by > 0. In
particular, A is represented by a smoothly embedded surface of genus g. As in the proof
of the previous lemma, e := H — Zf\il €F; lies in the symplectic cone associated to the
symplectic canonical class ¢1(K,,) when € > 0 is sufficiently small. Furthermore, as a # 0,
we have e - A > 0, so that

R _
g>n(A) > 5(142 +e1(Ky) - A)+ 1,

where 7(A) denotes the symplectic genus of A (cf. [26]). The above inequality is equivalent

to
N

—3lal+ ) (b +b7) < —A*+29-2.
i=1
On the other hand, the adjunction formula for A gives the equation —3a + Zfil b; =
—A? + 29 — 2, which implies easily, when combined with the above inequality, that
SN bF < —A% 429 — 2. 1t follows that YN, b7 < 3|al.
Note that the adjunction formula A2 + ¢;(K,,) - A + 2 = 2g also implies easily that
N
29+ bi(bi— 1) =a’—3a+2=(a—1)(a—2) = (|la| + 1)(Ja| +2).
i=1
(The last equality is due to the assumption that a < 0.) It follows that b; < |a| + 1 for
each 4, and moreover, if b, = |a| + 1 for some ¢, then g = 0, and for any j # 4, b; =0
or 1. With this understood, we shall next exclude the possibility that b; < |a| for any 1,
using the constraints of symplectic areas for a reduced basis.
Suppose to the contrary that b; < |a| for all . Then we will write A as follows:

N N
A=—(lalH = > by E;) =Y b E;.
i=1 i=1

Since b; < |a] for all ¢ and Zfil b, < 3lal, the class |a|H — Zfil b; E; can be written as
a sum of classes of the form H, H — E;, H — E; — E;, or H — F; — E; — E, where distinct
indices stand for distinct classes. Since all these classes have non-negative symplectic

areas, it follows that w(A) < 0, which is a contradiction. Hence

A=aH + (la| + 1)E;, — Ej, —--- — E;,, where s = —A* — 2|a].
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In particular, A? = —2|a| — s < —2, and moreover, 2|a| < —A?. Finally, if there is a class
E,; such that w(Ej,) < w(E;), then

w(aH + (la| + D Ej,) < —(la| = DYw(H — Ej,) — w(H - Ej, — E;) <0,

which implies that w(A) < 0. It follows easily that E;, = E;, and w(Eq) > w(E;) for any
¢ > 1. This finishes the proof. O

In the rest of this section, we shall be focusing on the possible homological expressions
of a symplectic (—«)-sphere, in particular, for & = 2 and 3. The constraints in Lemmas
3.3 and 3.4 allow us to easily determine all the possible expressions of the class A of a
symplectic (—a)-sphere in terms of the reduced basis H, E1, - - - , Ey when the a-coefficient
of A is relatively small, say a < 3.

To this end, write A = aH — Zfil b; E;, and observe that in the following equation

N

D bi(bi 1) =a®—3a+2=(a—1)(a—2)

i=1
which is satisfied by the coefficients a, b; of A, the left-hand side is always a nonnegative,
even integer. In particular, when a = 1 or 2, b; must be either 0 or 1. For a = 0, the
area condition w(A) > 0 implies that exactly one of the b;’s equals —1 and the rest are
either 0 or 1. For a = 3, exactly one of the b;’s equals either 2 or —1, however, the latter
possibility is ruled out by Lemma 3.3. The rest of the b;’s are either 0 or 1. We summarize
the discussions in the following

Observation: Let A = aH — Zi\il b;E; be the class of a symplectic (—a)-sphere where
a < 3. Then A must take the following expression

AZG,H—(CL—I)Ejl—Ej —-'~—E

J2a+a "

If @ > 3 but is small, the possibilities for the values of b; can be easily determined.
However, when «a is large, though there are only finitely many solutions for the b;’s for a
fixed value of a, it is in general impossible to determine all the possible solutions for the
b;’s. Finally, note that there is no a priori upper bound for the a-coefficient in terms of
N and a.

With this understood, the following technical lemma plays a key role in determining
the expression of A when the a-coefficient is large, for the case where @ = 2 or 3.

Lemma 3.5. Let A =aH — Zil b; E; be any class which satisfies
A? = —q, ¢|(K,) - A=a—2, where a =2,3.
If a > 3, then there are at least o + 7 terms in A with non-zero b;-coefficient.

Proof. We begin by recalling a reduction procedure useful in this kind of problems. For
any distinct indices ¢, j,k, we set H;;, := H — E; — E; — Ej,. Then H,jj, satisfies the
following conditions:

H'ij = _2a Cl(Kw) : H@]k = O, and W(szk) 2 0.

,
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Furthermore, there is a reflection R;;;, on H 2(M) associated to H;j,, which is defined by
the following formula:

Rijk(A) = A+ (A . Hijk:)Hijka VA € H2(X)
To ease the notation, let A := R;j,(A). Then it is easy to see that
1212 = Az,Cl(Kw) . A = Cl(Kw) . 147 and A . Hijk =-A. Hij

The last equality implies that
Finally, note that the operation R;j; will decrease (resp. increase) the a-coefficient in
the expression of A if and only if A - H;j, < 0 (resp. A - Hyj, > 0), where A- Hyjj, =
a — (b; +bj + by). See [31] or [3] for further discussions on this reduction procedure.

With the preceding understood, let A = aH — Zf\il b;E; be any class satisfying the
conditions in the lemma, i.e., A2 = —q, ¢;(K,) - A = a — 2, where a = 2,3, and assume

a > 3. Suppose to the contrary that A has no more than « + 6 terms in the expression
with non-zero b;-coefficient.

Claim: There are distinct indices i,j,k such that (i) b;,b;,b, are positive, and (i)
A - H;jp, :a—(bi—l-bj + b)) < 0.
Proof of Claim: We shall prove by contradiction. But first, we observe that there are

at least 3 terms in A with the b;-coefficient positive. To see this, note that the conditions
A? = —q, ¢1(K,) - A = a — 2 easily imply that

N
Zbi(bi 1) =(a—1(a—2).

Since a > 3, it follows that for any ¢, if b; > 0, then b; < a — 1 must be true. Therefore, if
there were at most 2 terms in A with the b;-coefficient positive, then Ef\il b <2(a—1),
which contradicts —3a + Zf\il bi=c1(Ky) - A=a—2.

With the preceding understood, suppose the claim is not true. Then it follows that
bi+b; + b, < a holds true for any distinct indices ¢, j, k, where b;, b;, by, are not necessarily
positive or non-zero. Consider first the case where o = 2. Pick a b;-coefficient, say by,
such that b, > 0. Then we have

N N
D b= bi+bs—bs<3a—bs<3a—1,

=1 i=1

which is a contradiction to —3a + Zf\;l bi = a—2 =0. A similar argument also confirms
the claim for o = 3. This finishes off the proof of the claim.

Now going back to the proof of the lemma, we pick the indices i, j, k given by the claim
above, and perform the operation R;ji to reduce A to A := R;j;(A), which continues to
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obey the conditions on A, i.e.,
A% = —q and 1 (Ky) - A=a-2.
Set ¢ := b; + bj + by, — a. We shall derive an upper bound on c¢. To this end, note that
bl — 1) + by (b; — 1) + bi(bx — 1) < (a— 1)(a— 2).
Using the inequality 3(b7 + b2 4 b7) > (b; + b; + by)?, we obtain
2 12 4 32
! (bi+b§+bk 1)< b; +bgj +h bi+b§+bk < %(a—l)(a—Z).
Since a > 3, this gives % 1< f( 2), and consequently, ¢ < v/3(a —2) +3 —a.
It follows that the a-coefficient of A, denoted by @, will be at least 2, because
d=a—c>(2-V3)a+2V3-3>(2-V3)x4+2V/3-3=5-2V3> 1.

Finally, because b;, b;, b, are non-zero, this operation does not introduce any new terms
with non-zero b;-coefficient, so A continues to have no more than a + 6 terms in its
expression with non-zero b;-coefficient.

After finitely many steps, we will arrive at a class, continuing to be denoted by A,
whose a-coefficient lies in the range 2 < a < 3. We may assume A is the first class
whose a-coefficient lies in this range; in particular, the a-coefficient of the previous class,
denoted by A, obeys a > 3. We shall examine A according to the value of @ below.
To this end, we denote by b; the b;-coefficients of A. Then it is helpful to observe that
b + b +bhy—da=—-c< 0, because of the relation A- Hijp, = —A- Hyjy,.

bi +b; + by,

Suppose @ = 2. Then A = 2H — E; — -+ — Ej, ., The condition a > 3 requires
that in this case we must have ¢ > 2, and consequently, bi + b +b,—a=—c< —2.

Since the b;-coefficients of A are non-negative and a = 2, it follows that b; = b] =D, =0
and ¢ = a = 2 must be true. In particular, the indices i, j, k are not appearing in the
expression of A, and it follows that A takes the form

A=4H — 2E; — 2E; — 2E; — Ej, — -+ — E

Ja+4r

where j, # i, j, k

which has o + 7 terms with non-zero b;-coefficient, contradicting the assumption.
Suppose @ = 3. Then the expressions for A are

A=3H-2E;, - —Ej, ,,o0 A=3H~E;, —-—E;_ +Ej_,,.

Ja+6
The latter case is ruled out immediately as A has a+ 9 many terms with non-zero b;-
coefficient. For the former case, we note that with a =3, ¢ > 1, b + b + bk <3—-1=2.
It follows easily that the following are the only possibilities for b;, b7 byt

(bi,bj7bk) = (2,0,0),(1,1,0),(1,0,0),(0,0,0).

With this understood, note that b; = b+ cfor | = 1,7, k. Since at least one of bi, bj, by,
is zero, it follows that the number of terms in the expression of A with non-zero b;-
coefficient is at least 1 more than the number of terms with non-zero b;-coefficient in A.
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Now A has a + 6 many terms of non-zero b;-coefficient, so A must have at least a + 7
many terms, which is a contradiction. This completes the proof of the lemma. O

With the preceding understood, we now state a lemma which is of fundamental im-
portance for our project on symplectic Calabi-Yau 4-manifolds. The key observation is
that, when combined with Lemma 3.5, the area condition w(A4) < —e¢1(K,,) - [w] will give
severe constraints on the a, b;-coefficients of A; in particular, it implies an upper bound
on the a-coefficient of A in terms of N for the case of @« =2 or 3.

Lemma 3.6. Let A = aH — Efil b, E; be the class of a symplectic (—a)-sphere where
a =2 or3, such that w(A) < —c1(K,,) - [w]. Then A must be of the following form

A:aH—(a—l)Ejl—Ej —"'—E

J2a+a
In particular, a < 3(N — «).

Proof. 1t suffices to only consider the situation where a > 3. First, note that by Lemma
3.3, b; > 0 for all i. If we let bj' = max(1,b;), then b;’ = b; when b; > 0 and bj' =1 when
b; = 0. Next we observe that —3a + Zivzl b; = o — 2. Let n be the number of b;’s which
are non-zero. Then because n > « + 7 by Lemma 3.5, we have

N N
S -1)=> bi-n=3a+a-2-n<3(a-3)
i=1 i=1

On the other hand, we claim that there must be one b; such that b; = a — 1. Suppose
to the contrary that this is not true. Then for each 1, bj —1 < a— 3 must be true. With
this understood, note that the class (a —3)H — Y, (b — 1) E; can be written as a sum of
classes of the form H, H — E;, H — E; — Ej, or H — E; — E; — E},, where distinct indices
stand for distinct classes, because Zf\le(bjr —1) < 3(a—3), and for each i, by —1 < a—3.
However, observe that we can write

N N
A=—c1(Ky)+ (a—3)H =Y (b —1)E;+ ) max(0,1—b;)E;,
=1

i=1

from which it follows easily that w(A) > —c;1(K,,) - [w], contradicting the area assumption
in the lemma. Hence the claim.

Now we observe that in the equation ZZI\; bi(b; — 1) = (a—1)(a — 2) which is satisfied
by the a, b;-coefficients of A, if b; = a — 1 for some i, then the rest of the b;’s are all equal
to either 0 or 1. With this understood, the equation —3a + Zfil b; = a — 2 implies that
the number of b;’s equaling 1 must be 2a + o — 1. It follows immediately that A must
take the expression

A:aH—(a—l)Ejl —Ej2 —"‘—E

J2a+a "
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We remark that if A is the class of a symplectic (—a)-sphere whose a-coefficient satisfies
a > 3 and there are at least o 4+ 7 terms in the expression of A having non-zero b;-
coefficients, then the same proof shows that the condition w(A) < —c;1(K,,) - [w] would
imply that A also takes the special expression in Lemma 3.6. However, in general it is
not true that there are always at least a 4+ 7 terms having non-zero b;-coefficients in the
expression of a symplectic (—a)-sphere. For example, the following class, which has only
10 terms with non-zero b;-coefficients, can be represented by a symplectic (—4)-sphere
(cf. 13]): A=6H —2E;, —2E;, —--- —2E;

4. Nonexistence of certain symplectic configurations

In this section, we give several results concerning nonexistence of certain configura-
tions of symplectic surfaces in rational 4-manifolds. To prove these results, we examine
the possible homological expressions of the components in the configurations in a certain
reduced basis, using the constraints established in Section 3, and show that the configu-
rations can not exist even at the homology level. These nonexistence results will then be
used in Section 5 to eliminate several possibilities of the fixed-point set structure obtained
in Section 2 concerning the 2-dimensional fixed components, which have resisted all the
known obstructions available so far.

First, we prove a lemma which allows us to impose certain auxiliary area conditions.

Lemma 4.1. Let (X,w) be a symplectic 4-manifold, and let D = U;D; C X, where
each D; = U;Cy; is a configuration of symplectic surfaces intersecting transversely and
positively according to a negative definite plumbing graph T';. Then for any given collection
of positive real numbers {a;;}, there exists a 6o > 0, such that for any choice of {J;} where
0 < §; < dg, there is a symplectic 4-manifold (X,LD) with D C X, which has the following
significance:

e D = 1;D; is a set of symplectic configurations in (X,dz), and there is a diffeo-

morphism ¥ : X — X which is identity on D, such that *c(K,) = ¢1(Kg),
o the w-symplectic area of each surface C;; equals 6;a;;, i.e., 0(Cij) = 6;a4;.

Proof. First of all, we may assume without loss of generality that the intersections of
C;; are w-orthogonal, because we can always slightly perturb the symplectic surfaces to
achieve this (cf. [22]). With this understood, since the plumbing graph T'; is negative
definite, each configuration D; has a regular neighborhood U; such that L; := 9U; is a
convex contact boundary (in the strong sense), cf. [20]. Furthermore, by a theorem of
Park and Stipsicz [36], the contact structure on L; is the Milnor fillable contact structure
(cf. [4]). We denote by «; the contact form on L;, where w = da; on L;. It is clear that
we can arrange so that {U;} are disjoint in X.

Now for any given collection of positive real numbers {a;;}, let (U/,w}) be a convex
regular neighborhood of D; = U;C;; constructed in [20] such that w}(C;;) = a;;. Fixing
an identification OU] = L;, we let o denote the contact form on L; such that w] = do on
L;. Then by [36], o, = e/iq; for some smooth function f; on L;. With this understood,
we set g > 0 by the condition d; ' := max; {Sup,cr, efi@1,
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Given any {0;} where 0 < §; < g, we set C; := logd;. Then it is easy to see that

C; + fi(x) <0 for any x € L;. With this understood, we let
Wi :={(z,t) € L; X R|C; + fi(z) <t <0},

given with the symplectic structure d(efo;). We define (U;,&;) to be the symplectic 4-
manifold obtained by gluing (U, §;w;) to W; via the contactomorphism sending x € L; =
oU! to (z,C; + fi(x)) € W;. Note that each (U;,&;) has a convex contact boundary
oU; = L; where ©; = da; on L;. With this understood, we define (X,&) to be the
symplectic 4-manifold obtained by removing U;U; from X and then gluing back U;U;
along U;L;. It is easy to see that there is a diffeomorphism v : X — X which is identity

on D, such that ¢*c; (K,,) = ¢1(Ky), and the @-symplectic area of each surface C;; equals
d;a;5. This finishes the proof of the lemma. O

The second lemma contains two useful observations. In particular, the first observation
implies that in a configuration of symplectic surfaces there is at most one symplectic sphere
with negative a-coefficient.

Lemma 4.2. (1) Let Ay, Ay be the classes of two symplectic spheres whose a-coefficients
are negative. Then Ay - A < 0.

(2) Let B = aH — vazl b;E; be a nonzero class satisfying B?> = ¢;(K,)-B = 0. If
a > 0, then a > 3. Moreover, for a = 3, the following are the only possible expressions
for B:

B=3H-E; — - —Ej.
Proof. For (1), let aj,as be the a-coefficients of Ay, Ay respectively, which are negative
by assumption. Then it follows easily from the expression in Lemma 3.4 that
A - Ay <ajag — (|a1| + 1)(|a2| + 1) = —(|a1| + |(12| + 1) < 0.

For (2), we first note that B # 0 and B2 = 0 imply easily that a # 0 in B. With this
understood, we note that the conditions B? = ¢;(K,,) - B = 0 are equivalent to

N N
az—Zb? = —3a+Zbi =0.
i=1 i=1

It follows easily that a(a — 3) = Z@Z\; bi(b; — 1) > 0. With the assumption that a > 0, it

follows immediately that a > 3. Moreover, if a = 3, each b; must be either 0 or 1, from
which the expression of B follows easily. This finishes the proof of the lemma. O

With these preparations, we now prove the aforementioned nonexistence results.

Proposition 4.3. Let {B;} be a nonempty set of disjoint symplectic surfaces in X =
CP2#10CP2, where there is at most one spherical component, and Fy, Fy, F3 be a disjoint
union of symplectic (—3)-spheres in the complement of B;, such that

2 1
CI(KX) = —5231 — §(F1 +F2 +F3)
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Suppose Fy1, Fyo are a pair of symplectic (—2)-spheres in the complement of B; and
Fy, Fy, F3, such that Fy, Fyo intersect transversely and positively at one point. Then
{B;} must consist of one component which is a torus.

Proof. First of all, since ¢;(Kx) is represented by F, Fy, F3 and B;, which are disjoint
from the two (—2)-spheres Fy 1, Fyo, it is clear that, by Lemma 4.1, we may assume
without loss of generality that the following area condition holds:

OJ(F471) = w(F4’2) < —Cl(Kx) . [w]

Then by Lemma 3.6, the a-coefficients of Fy;, Fyo lie in the range 0 < a < 4, and
moreover, their classes take the special form in Lemma 3.6. Furthermore, again by Lemma
4.1, we can also arrange so that F}, Fy, F3 have the same area, which is sufficiently small,
so that w(Fy) < w(B;) for each i, k.

With this understood, we next derive some basic information about B;. First, ¢1(Kx) =
—23.Bi — 3(Fy + F» + F3) implies that ¢1(Kx)? = §Y,B? — 1, and with X =
CP?#10CP?, it follows easily that >, B? = 0. On the other hand, if we denote by g; the
genus of B;, then the adjunction formula applied to each B; gives us f%B? +B? = 2g; -2,
which is equivalent to B? = 6(g; — 1) for each i. In particular, B? < 0 if and only if B;
is spherical, hence by our assumption, there is at most one component B; with B? < 0,
and such a component must be a (—6)-sphere.

With the preceding understood, we observe that the proposition follows readily if there
is no B; such that Bi2 < 0. Under this condition, it is easy to see that each B; must be a
torus. To see that there is only one component in {B;}, we note that by Lemma 4.2(2),
the a-coefficient of each B; is at least 3. On the other hand, each B; contributes at least
% x 3 = 2 to the a-coefficient of —c1(Kx), which equals 3, while the total contribution
from Fy, Fy, F5 to the a-coefficient of —c;(Kx) is at least % x (=1) = —% by Lemmas
3.4(2) and 4.2(1). Hence the claim. Therefore, it boils down to show that there is no B;
such that B? < 0.

Suppose to the contrary that there is a component, call it By, such that B? < 0. Since
by (X) = 1, there must be exactly one B;, call it By, such that B > 0, and the rest
of the B;’s have B? = 0 hence are tori if there is any. Furthermore, as By is a (—6)-
sphere, By must be a genus-2 surface with B = 6. By a similar argument analyzing the
contributions of B; to the a-coefficient of —¢; (K x ), using Lemmas 3.3 and 4.2, it follows
easily that By, Bs are the only components in {B;}. Finally, note that the sum of the
a-coefficients of Fy, Fy, F3 is at most 3.

Case (1): Suppose a = —2 in By. Then by Lemma 3.4(2), we can write By =
—2H 4 3E; — E, for some E,. We consider the possibilities for the classes of F, Fy, F5.
Note that by Lemma 4.2(1), a > 0 in Fy, Fy, F3. Consequently, a < 3 in Fy, F», F3.
Suppose a = 3 in one of them, say F}. Then B; - F1 = 0 easily implies that

h=3H—-2E,—-E;, —---—FE

189
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where E,, does not show up in F;. But this is a contradiction:
w(Fl - Bl) = w(5H - 5E1 - Ei1 — = Eig) +W(Ep) >0

as the class bH — 5Fy — E;; — -+ — E;, can be written as a sum of classes of the form
H - FE; — Ej and H — E; — E; — Ej, which all have nonnegative areas. If a = 2 in Fj,
then one can check easily that F; - By < 0 is always true. If ¢ = 1 in Fj, then F; must
take the form Fy = H — Ey — E, — E; — E, for some E,, E,. In particular, since Fj, F3
are disjoint from Fj, we must have a # 1 in Fy, F3. It follows that both Fy, F3 should
have a = 0. Since the sum of the a-coefficients of F}, F», F5 is always an odd number, it
follows that the sum must equal 1. Consequently, we must have

h=H-F -E,—-E;,—E,,
and both Fy, F3 have zero a-coefficients. It follows that the sum of the a-coefficients of
B, By equals 4, so that a = 6 in Bs.
To proceed further, we write B, = 6H — 2221 b;E;. Note that By has genus 2, so that
c1(Kx) By + B2 =2 x2—2=2. With B? = 6, this implies that

10 10
—184+> bi+6=2, 36— » b7 =6.
=1 =1

Consequently, 2121 b;i(b; — 1) = 16, and as a result, note that b; < 4 for each 7. On the
other hand, By - By = 0, which gives —12 4 3b; — b, = 0. Since b; < 4, we must have
b, = 0 and by = 4. Then %, b;(b; — 1) = 16 — 4 x 3 = 4 implies that in by, - - , by,
there are exactly two of them equaling 2; the rest are either 1 or 0. With Fj - B, = 0, it
follows easily that

By =6H —4F, - E,— E, - 2E;, —2E;, — E;; —--- — E;,.
With this understood, we note that
2(B1+ Bs) + Fy =9H —3E, —3E, — 3E, — 3E, — 4E;,, —4E;, —2E,, —--- — 2E;.
This implies that without loss of generality,
K =E, -E,—-F, F=E,—FE,  —FLE;.

With the preceding understood, let A be the class of any of the (—2)-spheres Fj 1,
Fy 2. Then recall that because of the area condition we imposed at the beginning, the
a-coefficient of A lies in the range 0 < a < 4, and its expression must be of the form
specified in Lemma 3.6. With this understood, if ¢ = 4 in A, then

A=4H -3E;, — E;, —---— Ej,,,
containing all 10 F;-classes. It is easy to see that A-F5 # 0, which rules out this possibility.
If a = 3 in A, then we can write A = 3H —2E;, — E;, —--- — Ej,. Then B;-A =0

implies that F;, = E; must be true, and F), is not contained in A. With this understood,
A-F, = A-F; =0 implies that one of the F;-classes in each pair (E;,, E;,), (E;i;, Ei,)
can not appear in A. Together with E,, there are 3 Ej;-classes not contained in A, which
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is a contradiction as there are only 10 Ej;-classes in total. If a = 2 in A, then it is easy to
see that A - B; < 0. Hence we must have either a =1 ora=01in A. If a =1 in A, then
A - B; = 0 implies that A contains both E; and E,. But this leads to A - F} < 0, which
is a contradiction. This shows that A = E, — E; for some E, E;. It is easy to check that
there are only 3 possibilities: £, — E,., E;, — E;,, and E;, — E;,. We just showed that the
classes of Fy 1, Fi2 must be from the three classes above. But they mutually intersect
trivially with each other, contradicting the fact that Fyq - F4o = 1. Hence Case (1) is
ruled out.

Case (2): Suppose ¢ = —1in By. Then By = —-H +2E, — E, — E, — E, for some
E.,Ey,, E.. Again by Lemma 4.2(1), a > 0 in Fy, F5, F5. If a = 3 in Fy, then it is
easy to see from Fj - B; = 0, that F; must appear in F; with coefficient —2, and two
of B, Iy, E, can not appear in F;. But F) contains 9 F;-classes and there are totally
10 Fj-classes, which is a contradiction. If @ = 2 in Fj, then F; - By = 0 implies that

Fy=2H—-F, - E;, —---— E;,. But this gives a contradiction
UJ(Fl — Bl) = UJ(SH— 3E1 — Ei1 — e _Eie) +W(Em +Ey +Ez) > 0,
as the class 3H — 3E, — E;, —--- — E;, can be written as a sum of classes of the form

H — E; — E; — E, which all have nonnegative areas. Consequently, a =1in F; anda =0
in Fy, F3, where
h=H-F-E,—-FE,—F,
for some E,, E,. By the same argument as in Case (1), the sum of the a-coefficients of
B, By equals 4, so that a = 5 in Bs.
Let B, =5H — 21101 biE;. Then a(Kx)- Ba+ B2 =2 and B? = 6 imply that

—15+Zb +6=2, 25—2192—6

As we argued in Case (1), Bs must have the followmg expression:
By=5H—-3FE,-FE,-FE,—-FE,-2F;, - L, - E;

11 12 13

—E.

e
After computing 2(B; + Bs) + Fi, we see that E,, F;, must be the E;-classes in Fy, F3
which has a (+1)-coefficient. It follows then

F,=E,—E,—E;,, F3=E; —E;, —E,

without loss of generality.
With the preceding understood, let A be the class of any of the (—2)-spheres Fy 1,
Fyo. If a =4 in A, we have A - F5 # 0 which is not allowed as in Case (1). If a = 3 in

3

A, then we can write A = 3H — 2E;, — E;, —--- — Ej,. Then B; - A = 0 implies that
E;, = E; must be true, and exactly one of E,, E,, E, appears in A. With F5 - A =0, we
see that E, is contained in A. But this leads to A - F; = —2, which is a contradiction.

To proceed further, we rule out @ = 2 in A by a similar argument as in Case (1). Now
suppose ¢ = 1 in A. Then B; - A = 0 implies that £; and exactly one of E,, E,, F,
appears in A. Then A - F; = 0 implies A must contain F,. But we then get A- F; <0
which is a contradiction. This leaves only two possibilities for A: E,, — E,, E;, — E;

13 *
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But these two classes intersect trivially, contradicting Fy ;1 - Fy o = 1. Hence Case (2) is
also eliminated.

Case (3): Suppose a = 0 in B;. Then since a > 4 in By, we see immediately that the
sum of the a-coefficients of Fy, Fy, F3 is either 1 or —1. In the former case, a = 4 in Bs.
If we write By = 4H — 2321 b;E;, then ¢1(Kx) - By + B3 =2 and B3 = 6 give

By =4H —2E; — E;, —---— E;,.

But B takes the form of By = E;, — E;, — -+ — E;,. The fact that there are totally
10 FE;-classes implies easily that By - By < 0. In the latter case, a = 5 in Bs. But
then by Lemma 3.4(2), exactly one of Fy, F5, F3 has a = —1. Suppose it is Fy. Then
Fy = —H +2F;. Tt is easy to see that I} - By is always odd because the a-coefficient of
By is 5. This rules out Case (3).

Case (4): Suppose a = 1 in By. Then a =4 in By and F; = —H + 2FE;. But note
that B; - F is always odd, hence this is not possible. This rules out Case (4).

Case (5): Suppose a > 1 in By. Then with a > 4 in Bs, the total contribution of
Bi, By to the a-coefficient of —3¢; (K x) is at least 12. But the a-coefficient of —3¢; (Kx)
is 9, so F1, Fy, F5 must contribute —3 to a-coefficient of —3¢; (K x). This is not possible
by Lemmas 3.4(2) and 4.2(1). Hence Case (5) is eliminated.

The above discussions show that there is no component B; with BZ < 0. Hence the
proposition is proved. (Il

Proposition 4.4. Let Fy, Fy,--- , Fy be a disjoint union of symplectic (—3)-spheres in
a rational 4-manifold X, and let {B;} be a set of disjoint symplectic surfaces, possibly
empty, which lie in the complement of Fi, Fs,--- , Fy, such that

1 2
ci(Kx) = —g(F1 + I+ -+ Fy) — gZBi-
i

Then {B;} must be empty if each B; is a torus of self-intersection zero.

Proof. We shall prove by contradiction. Suppose {B;} # (), where each B; is a torus with
B? = 0. We first note that ¢1(Kx)? = =3+ § >, B? = =3, so that X = CP?#12CP2.
Again, by analyzing the contributions of B; to the a-coefficient of —c;1(Kx), it follows
easily that there is only one component in { B; }, and moreover, the sum of the a-coefficients
of F,---,Fy can be at most 3.
With the preceding understood, the following is the key observation:
The maximal number of disjoint symplectic (—3)-spheres in CP2#12CP2 with a-coefficient
equaling 0 is siz, and moreover, such siz (—3)-spheres must be of the form:
b Ei1 - Eiz - Eig; Eig - Ei3 - Ei4;
i Ejl - Ejz - Ej37 Ej2 - Ejs - Ej4f
L4 Ekl - Ek}Q - Ek)37 Ek}g - Ekg - Ek?4;

where i1, 12,13,14, j1, J2, J3, Jja, k1, k2, k3, k4 are distinct indices.
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To see this, let A = E; — E; — Ey,, A’ = E, — E; — E; be two distinct symplectic
(—3)-spheres such that A- A" = 0. Then it is easy to see that if E, is not contained in A
and F; not in A’, the indices 4, j, k,r, s,t must be distinct. On the other hand, without
loss of generality, assume that E, appears in A, say r = j, then £ = s or ¢ must be true.
The above claim follows easily from the fact that we only have these two alternatives.

With the preceding understood, note that by Lemma 3.4(2), a > —1 in each Fj.
Moreover, if a = —1, the class must be —H + 2F;, and there is at most one such (—3)-
sphere in Fy,--- , Fy by Lemma 4.2(1).

We claim that the class A = —H + 2F; can not be represented by any of the (—3)-
spheres I},. To see this, note that if A’ is the class of one of F}, which has positive
a-coefficient, then A - A’ # 0 unless the a-coefficient of A’ is an even number. Now with
the fact that the sum of the a-coefficients of Fy,--- | Fg can be at most 3, it follows easily
that at least six of the nine (—3)-spheres Fy,- - , Fy have zero a-coefficient. But this is
a contradiction because it is easy to see that A = —H + 2F; intersects nontrivially with
one of the six (—3)-spheres. Hence the claim that the class A = —H +2E; can not occur.
It follows easily that six of the nine (—3)-spheres Fi,--- , Fy have zero a-coefficient, and
three of them have a-coefficient equaling 1. Moreover, note that the a-coefficient of B
must be 3.

To proceed further, we denote the single component of {B;} by B. Note that as B is
disjoint from the six (—3)-spheres with zero a-coefficient, it must be the class:

B=3H-F; —-FE;,-FE;, —E; —E;, - FEj,

T4

— By, — By, — B,

In other words, the three F;-classes which are missing from B are Fy,, Ej,, Fy,. With
this understood, let A = H — E}, — E;, — Ej, — E;, be any of the three (—3)-spheres whose
a-coefficient equals 1. Then A - B = 0 implies that exactly three of the four F;-classes
By, E,, B, B, must appear in B. Without loss of generality, let E;, be the one not
contained in B, and without loss of generality, assume Ej;, = E;,. Then since A intersects
trivially with the (—3)-sphere E;, — E;, — E;,, it is easy to see that A must also contain
the class E;,. Now with both E;,, E;, contained in A, the intersection of A with the (—3)-
sphere E;, — E;, — E;, must be negatlve This is a contradiction, hence the proposition
is proved. ([

Proposition 4.5. Let Fj1, Fj, where 1 < j < 5, be a disjoint union of five pairs of
symplectic (—3)-sphere and (—2)-sphere intersecting transversely and positively at one
point in a rational 4-manifold X, and let {B;} be a set of disjoint symplectic surfaces,
possibly empty, lying in the complement of Fj 1, Fj 2, such that

2 4
5 Fiq + Fja) — 5 ZBz
7

Mm

j=1

Then {B;} must be empty if each B; is a torus of self-intersection zero.

36



Finite group actions on symplectic Calabi-Yau

Proof. We prove by contradiction. Suppose to the contrary that {B;} is nonempty, with
each B; being a torus of self-intersection zero. Then again, there can be only one compo-
nent in {B;}. We call it B. Moreover, the a-coefficient of B is either 4 or 3.

Before we proceed further, note that ¢;(Kx)?> = —2, so that X = CP?#11CP2. In
particular, there are only 11 F;-classes in X.

Case (1): Suppose a =4 in B. Then if we write B = 4H — 211; b; E;, the b;’s satisfy
the following equation: 4(4—3) = leil b;(b; —1) (see the proof of Lemma 4.2). It follows
easily that

B=4H - 2E; —2E;, —Ej, —---—E

Jio-*
With this understood, note that since the contribution of B to the a-coefficient of —5¢; (Kx)
is 16 > 15, it follows easily that there must be a (—3)-sphere F} ; having a = —1, with the
remaining four (—3)-spheres having a = 0. By Lemma 3.4(2), the class of the (—3)-sphere
with @ = —1 must be —H +2F, and since its intersection with B is zero, either £y = Ej
or Iy = E;, must be true. Without loss of generality, assume E;, = E;. Then it is clear
that none of the four (—3)-spheres with @ = 0 can contain the class By = Ej, .

With the preceding understood, it is easy to see that the expressions of the four (—3)-
spheres with a = 0 fall into the following two possibilities without loss of generality:

() Ei — By, — By, By, — Eiy, — Eiy, Ei; — Ei, — By, B, — Ei, — By,

M\ E;, -E,-FE,, E,—-F,—-FE;,,Ei,—FE;;—FE;,E;, —E;; — F
Suppose we are in case (!). Consider the pair of (—3)-spheres E;, — E;, — E;, and F;, —
L;, — E;,. If the class E;, is not contained in the expression of B, then it is easy to see
that none of the four classes E;,, E;,, E;,, E;, are contained in B. But this contradicts
the fact that there are only 11 FEj-classes in total. Hence FE;, must be contained in B.
We know that E; # E; . If E; = Ej,, then both E;,, E;, are contained in B, and it
follows that F;, does not show up in the expression of B. On the other hand, if E;, = E;,
for some s > 2, then it is easy to see that E;, can not show up in B. In any event,
one of I, E;, does not appear in the expression of B. With this understood, the same
argument shows that one of E;,, E;, also does not appear in the expression of B. But
this clearly contradicts the fact that there are totally only 11 F;-classes, hence case (!) is
not possible. The argument for case (!!) is similar. First, note that one of E;,, E;, does
not appear in B as we have argued in case (!). Secondly, consider the pair of (—3)-spheres
L, — By — By, and B, — E;y — ;. We observe that one of the classes E;,, IV;, is not
equal to E;,. Without loss of generality, assume E;; # F;,. Then one of F;, F;, can not
be contained in B. So totally there are at least 2 E;-classes not contained in B, which
contradicts the fact that there are only 11 F;-classes. Hence case () is also not possible.
This rules out Case (1).

Case (2): Suppose a = 3 in B. Then by Lemma 4.2(2), B =3H — E;, —--- — Ej,.
With this understood, we first observe that the class —H + 2FE; intersects nontrivially

with B, so none of the five (—3)-spheres can have a < 0. On the other hand, from the
proof of Proposition 4.4, it is easy to see that the five (—3)-spheres can not all have a = 0.

49 i79 110"
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Now observe that the contribution of B to the a-coefficient of —5¢; (K x) is 12. It follows
easily that exactly one of the five (—3)-spheres has a = 1, and the other four all have
a = 0. The possible expressions of the four (—3)-spheres with @ = 0 are given in either (!)
or (1) listed in Case (1). In the second case (!!), it is easy to see that there are three F;-
classes in the four (—3)-spheres with a = 0 which do not show up in B. This contradicts
the fact that there are only 11 E;-classes, hence (!!) is not possible. In case (1), it is easy
to see that E;,, F;, are precisely the two FEj;-classes that are not in the expression of B.
To derive a contradiction, we consider the (—3)-sphere with a = 1. We write its class as
A=H-E;, —E, — E, — E;,. Then we note that one of EF;, and FE;,, say E;,, must
appear in the above expression. It follows that E;,, E;,, F;, must all appear in A, but not
E;,. Without loss of generality, assume {E;,, E;,, E;,} = {Ei,, E,, E;;}. Then A-B =0
implies easily that Ej, can not show up in B. It follows that E;, = E;, must be true.
But this implies that A has nonzero intersection with the (—3)-sphere E;, — E;; — E;.,
which is a contradiction. Hence (!) is also not possible. This rules out Case (2) as well,
and the proof of the proposition is complete. O

5. The proof of main theorems

We begin with the key technical lemma, which classifies the possible homological ex-
pressions of a disjoint union of 8 symplectic (—2)-spheres in CP?#9CP? under a very
delicately chosen assumption on the symplectic structure.

Lemma 5.1. Let Fy, Fy,--- , Fg be a disjoint union of 8 symplectic (—2)-spheres in X =
CP2#9CP2. Suppose the symplectic structure w obeys the following constraints:

e one of Fy has w-area 01, the remaining seven have w-area do;
o 0y <01 <203, and 7; < —c1(Kx) - [w] fori=1,2.

Then for any given reduced basis H, E1, Fs,--- , Eqg of (X,w), there are three possibilities
for the classes of Fy, Fy,--- | Fy:

(a) Fl :3[{72E'11 7Ei *"'*EM*EZ}.;; andF2 :H*EiQ*Eingz}U F3:
H-F,-E,-E, Fy=H—-FE;, -FE;, —FE,, s =H—-FE;, —E;, — E;,
tFk=H-E,-E,—-FE, Fr=H-FE,, —-E,—FE,, Fy=H—-FE,, —E,—FE;,.

(b W=H-FE,—-E,-E, F,=H-E,—-E,—-E,, Fs=H-E, —E,-E_,
FW=H-E,-FE,—E, Fs=H-E,—E_,—E, Ft=H—-E,—E_,—E,,
F7 = f]*E‘l3 7El4 7El7, and Fg = Els — Elg.

(C) FlefEllelszlg,FQZHfEll7El47E15,F3:H7E117E167El7,
F,=H-FE, -E,—-F,, Is =Lk, —-E,, IFe = kE, — E, I = £, — E,
Fs=FE, — E

o-
Proof. By Lemma 3.6, a < 3 in each Fj.

Case (1): Suppose there is a F}, whose a-coefficient equals 3. We may assume without
loss of generality that it is F;, and write

Fy=3H —2E; —E;, —— E;

2

7 Eis'
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Furthermore, we denote by E;, the unique E;-class that is missing in Fj.

Let A be the class of any of the remaining (—2)-spheres, i.e., Fy, F3,--- , Fg. Our first
observation is that a # 3 in A. To see this, we note that if the a-coefficient of A equals
3, then A- F; = 0 implies that A must take the following form without loss of generality:

A=3H-E;, -2E,—---—E;, — E;,.
With this understood, we observe that
F1 +A+01(Kx) :3H_2Ei1 —2Ei —Ei _Ei4 — '-~—E¢7,

which can be written as a sum of three terms of the form H — E; — E; — Ej. It follows
that w(A + F1) > —c1(Kx) - [w], which is a contradiction. Hence the claim.

To proceed further, we first examine the classes A whose a-coefficient equals 1. Note
that if A is a class with @ = 1, then A - F} = 0 implies that if F;, appears in A, then so
does E;,. This allows us to divide the classes A with a = 1 into two types:

() A=H-E;, —E;,—E,, (B)A=H-E,—E;—E,,
where E:m ET, ES € {EZ'Q, El'g, s ,Eig}.
Claim: There are no classes A with a = 2.

Proof of Claim: We first observe that if A is a class with a = 2, then E;, is not
contained in A. This is because if F;, is contained in A, then A - F; = 0 implies that E;,
must also be contained in A, and A takes the following form

A=2H - E; — E;,) — Ey, — Ey, — Ex;, — Eg,.
But this would lead to a contradiction
w(F1 + A) + Cl(Kx) . [w] = w(2H — 2Ei1 — Ek1 — Ek2 — Ekg — Ek4) Z O,

as 2H — 2F;, — By, — By, — By, — E}, is a sum of terms of the foom H — F; — E; — E},.
With the preceding understood, suppose to the contrary that there is a class A with
a = 2. Then without loss of generality, we may write it as

A, =2H — E;, — E;, — E;, — E;, — E;, — E;..

Moreover, if A is another class of Fy, F3,--- , Fy with a = 2, then it is easy to check that
A - A<0. Hence A; is the only one with a = 2.

Next we examine the possible classes of A with ¢ = 1, which intersects trivially with
Fy and A;. It is easy to see that if A is a class with a =1 and A- A; = 0, then A can
not be of type («), and for a type (5) class, A must contain E;,. It is easy to see that
maximally, there are three such type (/) classes that are mutually disjoint, i.e.,

Ay=H-E;, —E;, —E;,,As=H — E;, — E;, — E;,, Ay = H — E;, — E;, — Ej,

without loss of generality. The remaining three classes of A must all have a-coefficient
equaling 0, and it is easy to see that, without loss of generality, they are
As = Ei, — Eiy, A¢ = Ei, — By, A7 = E;j; — E;

7.
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To derive a contradiction, we appeal to the area constraints. First, we observe that the
area of | must be greater than the area of any of As, Ag, A7. For example,

w(Fy —As)=w(BH -2E;, —2E;, — E;, — FE;, — - —E;,) >0

4
as 3H — 2F;, — 2F;, — E;, — E;, —--- — E;, is a sum of terms of the form H — E, —
E; — Ej. Furthermore, note that if w(Fy — As) = 0, then w(H — E, — E, —E,) =0
for any three classes E,, E,, E, from the set {E;,, E;,, E;,, E;,, - , E;, }. In particular,
E;,, E;,, E;,, E;. have the same area, contradicting w(A4g) > 0, w(A7) > 0. It follows that
w(Fy) = 61 and the remaining classes have the same area equaling 02 < d;. With this
understood, we note that w(Fy — A5 — Ay) = w(2H — 2E;, — 2E;, — E;, — E;,) > 0 as
2H —-2F;, —2E;, — E;, — F;, is a sum of terms of the form H — F; — E; — E}, contradicting
the constraint §; < 2d5. This finishes off the proof of the Claim.

Now back to the discussion on Case (1), we claim that no type (o) classes can occur.
Suppose to the contrary that there is a type («) class, call it A;. It is easy to see that
any other type («) class has a negative intersection with A, hence A; is the only type
() class. Without loss of generality, let Ay = H — F;, — E;; — E;,. Now let A be any
type (B) class such that A-A4; = 0. Then A must contain E;,, and furthermore, it is easy
to see that maximally, there are three such type () classes which are mutually disjoint.
Without loss of generality, they are

Ao=H-FE,—-FE,—-E, As=H—-FE;, - E,—-FE,,Ays=H—-FE,,— E;, — Ej
The remaining three classes of A must all have a-coefficient equaling 0, and it is easy to
see that, without loss of generality, they are

As = By, — Eiy, A¢ = By, — Eiy, A =E;; — E;

7.

This possibility can be ruled out using the area constraints as we did in the proof of the
Claim. Hence no type («) classes can occur.

With the preceding understood, we further observe that no class A with ¢ = 0 can
be realized by Fj, F3,---, Fs. Suppose, without loss of generality, A1 = E,;, — E;, is
realized. Let A be a type (3) class which intersects trivially with A;. Then it is easy to
see that either A contains both E;_, F;,, or A contains neither E;, nor E; . It is clear
that there can be at most one type (5) class which contains both E;., E;,. Without loss
of generality, we let it be Ay = H — E;, — E;, — E;,. Then any other type () classes
which intersect trivially with A;, As must contain F;,, and there are maximally two such
classes: H—FE;,—FE,,—E;,, H—E,;, — E;, — E;,. With this understood, note that there are
at most two other classes, both having a = 0, that are allowed, i.e., E;, — E;,, E;, — E;,
bringing total number of allowable classes for Fy, F3,--- , Fg to 6. But apparently, there
are not enough many classes, hence our claim.

The above discussions show that the classes of Fy, F3,-- -, Fg are all of type (8). With
this understood, we first rule out the possibility that no triple of F5, F3,--- , Fg shares a
common F;-class. Suppose to the contrary that this is the case. Then without loss of
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generality, we write

¥F=H-FE,-FE,—FE, F=H-FE,—FE,—E,,.
Note that by our assumption, Fy can not contain FE;,. With this understood, Fy - F» =
Fy - F5 = 0 implies that we may write Fy = H — E;, — E;, — E;, without loss of generality.
Now observe that Fs can not contain E;,, E;,, E;,. Hence F5 = H — E;, — E;, — E;. must
be true. Now examining the class of Fg, by our assumption it can not contain any of
E;,,E;,, -, E;,. This is clearly a contradiction. Hence the claim.

With the preceding understood, we may write without loss of generality that

F,=H-FE,—-FE,—E,, Fs=H-E;,—FE,,—-FE,, Fxw=H—-FE,—E;, —E,.
With this given, it is easy to see that the other four (—2)-spheres must be
Fs=H-FE,—-E_—FE;,, Fe=H-FE,—E,—E,,
and
F;=H-E;, —E;, —E;,, Fs=H—E;, —E;, — E;..
This possibility of classes of Fy, Fy,--- | Fy is listed as Case (a) of the lemma.
Case (2): Suppose a < 2 in all eight (—2)-spheres Fy, Fs,--- , Fy.
(i): Assume at least two of Fy, Fy,- -+, Fg have a-coefficient equaling 2. Without loss

of generality, let Fy, F» be such two (—2)-spheres. It is easy to see from Fj - F5 = 0 that
Fy, F5 must have exactly 4 F;-classes in common. Hence without loss of generality, we
may write them as

Ih =20 - Ej, — Ej, — Ejy — Ej, — Ejs — Ejg, Iy = 2H = Ej, — Ej, — Ej, — Ejy — Ej, — Ej,.

With this understood, we denote by FE,, the unique FE;-class that is missing in F7,

F». Moreover, we denote by A the class of any of the remaining (—2)-spheres, i.e.,
F3, Fy,- -, Fs.

Claim: There are no classes A which contains Ej, .

Proof of Claim: First, it is easy to see that if A is a class with @ = 0 which contains
Ej,, the intersection of A with one of F7, F» will be nonzero. Now suppose A is a class
with @ = 1 which contains F;,. Then A-F; = A - F, = 0 implies that A must be of the
foorm A= H - E, — E, — Ej, for some E,, E, € {Ej,,---, E;,}. With this understood,
we note that

F1+FQ+A+61(K)():2H—E]'1—Ejz—Ej Ej —Em—Ey,

53—

which is a sum of terms of the form H — E; — E; — E};, leading to a contradiction in areas:
w(Fy 4+ Fo+ A) > —c1(Kx) - [w]. Finally, suppose A is a class with a = 2 which contains
Ej,. Then A-Fy = A- F, = 0 implies that, without loss of generality,

A=2H-E; —E;, — E;, - E;, — E;, — Ej,.
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In this case, we have Fy+Fy+A+c (Kx) = 3H—-2E;, —2E;,—2E;, —E;, —E;,— E;., which
by the same reason also leads to the contradiction in areas: w(Fy+Fa+A) > —c1(Kx)-[w].
Hence the Claim.

Now back to the discussion on Case (2), it is easy to see that there are two other classes
A with ¢ = 2 and trivial mutual intersection, which intersect trivially with Fi, Fo; we
denote them by A, As, where
Av=2H-FE; - FE;,-E;,-E;,—E;, —Ej,, Ay =2H—-FE;, —E;, - E;, - E;, —E;. — Ej,.
On the other hand, let A be a class with a = 1 which intersects trivially with Fy, F5.
Then A must be of the foorm A = H — E, — E; — E;, where E, € {E;,,E;,,Ej,,Ej, },
E, € {Ej57Ej6}7 and E; € {Ej7ans}~

With the preceding understood, if both of Ay, Ay are realized by the (—2)-spheres,

then it is easy to see that no classes A with a = 1 can be realized. On the other hand, it
is easy to see that there are maximally 4 classes A with a = 0:

Ejl _Ej27 Eja —Ej Ejs _Ejsv Ej7 —Ej

Jar Js*

Hence all of them must be realized. With this understood, it is easy to see that three
of Fi,F5, A1, Ay and all of the classes with ¢ = 0 must have the smaller area d5. As
a consequence, we may assume without loss of generality that w(Fy) = w(E;, — Ej,).
Then observe that 2H — 2E;, — E;, — Ej, — Ej, — Ej; is a sum of terms of the form
H - E; — E; — E, so that

w(2H = 2Ej, — Ej;, — Ej, — Ej; — Ejo) = w(F1) —w(Ej, — Ej,) =0
implies that F,., E;,, E;

jsr By s Bjs , By have the same area. But this contradicts the fact that the
classes Ej, — E;,, E;, — E,, are realized by the symplectic (—2)-spheres. It follows that
A1, Ay can not be both realized.

Suppose only one of Aj, As, say Aj, is realized. Then there are four classes A with

a = 1 that are possible, i.e.,

As=H—E;,— E;, — Ej,, Ay = H— Ej, — E,

Jﬁ_E

Js>
and

As = H — Ej, — Ej; — Ejs, A¢ = H — Ej, — Ej; — Ej,.
If all of As, A4, As, Ag are realized, then the remaining (—2)-sphere must have a-coefficient
equaling 0, and it must be the class A7 = £}, — E;, without loss of generality. But this
leads to a contradiction in areas as follows: note that

w(Fl—A7):w(2H—2Ej —Ej —Ej —Ej _Ejg)ZO

as 2H — 2F;, — B, — E;, — Ej, — Ej; is a sum of terms of the foom H — E; — E; — E}.
Furthermore, if w(Fy — A7) = 0, the four classes Ej,, E;,, Ej;, E;, must have the same
area. It follows easily that w(A7) = d2 < d;. The same argument applies with F; being
replaced by F> or A;. Note that at least two of F}, Fb, Ay must have the smaller area
do. It follows easily that the six classes E},, E;,, Ej,, Ej, Ej,, E;, must have the same
area. But this would imply that all the eight (—2)-spheres have the same area, which
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is a contradiction. Finally, note that if any of Az, A4, As, Ag is realized, A7 is the only
possible class with a = 0. If none of A3, A4, As, Ag is realized, the allowable classes with
a=0are £, — E;,, £, — E;,, E;, — Ej, in addition to A7. It follows that neither A;
nor Ay can be realized.

The above discussion shows that Fj, F» are the only two (—2)-spheres with a = 2.
From the discussion, it is also clear that the maximal number of mutually disjoint classes
with a = 1 which intersect trivially with Fy, F5 is 4, which, without loss of generality,
are given by As, Ay, As, Ag. If any of them is realized, there is only one possible class
with @ = 0, i.e., Ay = E;, — Ej,. If none of the a = 1 classes are realized, then there are
maximally 4 classes with a = 0 that are allowed. In any event, we do not have enough
classes that can be realized. Thus (i) is eliminated.

(ii): Assume only one of Fy, Fy,--- | Fg has a-coefficient equaling 2. Without loss of
generality, assume it is F;, and we write

W =2H - Ey, — Ey, — Ey, — B, — Ei; — Egg.-
We denote the remaining three E;-classes by Ej,, Ey,, Ex,, and denote by A the class of
any of the (—2)-spheres Fy, Fs,--- , Fg.
Examining classes A with a = 1 which intersect trivially with F;, we note that A must
be of the form
A=H-FE, - FE, — E;, where E,., E; € {Ekl, s ,Eke} and F; € {Ek7aEksaEk9}-

Consider first the case where amongst the classes A with a = 1, the FEj;-classes
By, Ek,, -, Ep, can only appear once. It is easy to see that in this case, all the a =1
classes must have a common Ej-class which must be one of Ly, , Ex,, Ex,. It is clear that
there are maximally three such classes with a =1, i.e.,

H-E;, —E,,—-E,, H—-Ey, — Ey, — Ey,, H—-Ey, — Ex, — Ei,

without loss of generality. The remaining four (—2)-spheres must have a-coefficient equal-
ing 0, and they must be

Ek] - Ekg’ Ekg - Ek47 Ek}s - EkaaEkg - Ekg

without loss of generality. With this understood, we note that the area of Fj; must
be the larger 41, with the remaining seven (—2)-spheres having area d2. However, as
2H —2Ey, —2Ey, — Ey, — Ey, is a sum of terms of the form H — E; — E; — Ly, it follows
that

W(Fl) — w(Ekl — EkQ) — w(Eks - Ek4) = w(2H - 2Ek1 - 2Ek3 - Ek5 — Ekﬁ) 2 0,

which contradicts the constraint §; < 2d5. Hence this first case is ruled out.

Next we assume that the E;-classes Ey,, Ek,, - , E, can appear at most twice in the
a = 1 classes, and at least one of them, say Ej,, appeared twice. Then without loss of
generality, we may assume

A1:H_Ek:1_Ek2_Ek‘7) AQZH_Ekl_EkS_EkS
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are realized by the (—2)-spheres. Since there are at most 4 mutually disjoint classes with
a = 0 that can possibly be realized by the (—2)-spheres, we must have another a = 1
class, call it Az. By our assumption, As can not contain Ey,. The fact that As intersects
trivially with Ay, Ay implies that either A3 = H — Ey, — Ex, — Ej,, or without loss of
generality, As = H — Ey, — Ey, — Ey,. In the former case, none of Ey,, Ey,, Ey, can
appear anymore by our assumption, which implies easily that there can be no more a = 1
classes. On the other hand, there is only one possible a = 0 class, say Ex, — E),. Hence
the former case is not possible. In the latter case, Ej,, Ek,, E;, can no longer appear.
We note that there is only one possible a = 0 class, i.e., Ey, — E},, so there must be
three more a = 1 classes. Call them Ay, A5, Ag. Then observe that Ay, As, Ag intersect
trivially with As, so all of them must contain Fy,. Likewise, A4, A5, A¢ intersect trivially
with A, so that they must all contain Ej,, which is clearly a contradiction. Thus this
second case is also ruled out.

Finally, assume one of the Ej-classes Ey,, Ey,, -, Ex,, say Ey,, appears in the a =1
classes three times. Without loss of generality, we assume

AIZH_Ek1_Ek2_Ek77 AQZH_Ekl_EkS_Ek87 A3:H—Ek1_Ek4_Ek9

are realized by the (—2)-spheres. Again, there is only one possible @ = 0 class, i.e.,
Ey, — Ej,, so there must be three more a = 1 classes, which are denoted by Ay, A5, As.
It is easy to see that the following are the only possibility:

Ay=H — Ey, — Ey, — Ey,, As = H — By, — Ey,, — By, Ag = H — Ey,, — Ey, — Ej,.

In order to rule out this last case, we observe that

6
Fy +ZA1 +01(Kx) =5H *3(Ek1 +-- +Ek4) *Ek7 — Ekg - Ekg.
i=1
The right-hand side is a sum of terms of the form H — F; — F/; — E};, hence has non-negative
area. But this leads to a contradiction to the constraint 70; < —cq(Kx) - [w] for i = 1,2.
Hence (ii) is also eliminated.

(iii): Tt remains to consider the case where the a-coefficient of Fy, Fy,--- , Fg equals
either 1 or 0. We begin by noting that there are at least four (—2)-spheres with a = 1.

The first possibility is that each FE;-class appears amongst the a = 1 classes at most
three times. To analyze this case, we take two of the (—2)-spheres with a = 1, say Fi, F5,
and we write them as

Fi=H-E,-E,—FE, F,=H—FE, —E, — E

4 5°

Assume F3 also has a-coefficient equaling 1. Then there are two possibilities for F3: either
Is=H-F, —-E,—E, or F3=H—E, — E, — Ej, without loss of generality. There
is at least one more (—2)-sphere with a = 1, say Fy. Then if F5s = H — E;, — E;, — E},,
we may assume without loss of generality that Fy = H — E;, — E;, — Ej, because of our
assumption that each F;-class appears amongst the a = 1 classes at most three times. If
I3 = H—- E;, — E, — Ej, in the latter case, we may assume Fy = H — E;, — E;, — E,

4 6
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(note that the other choice Fy = H — E;;, — E;, — Ej, is equivalent to the former case).
In any event, with these choices for Fy, Fy, F3, Fy, there can be at most one (—2)-sphere
with @ = 0. Consequently, there must be three more (—2)-spheres with a = 1. One can
check easily that without loss of generality, in this case the eight (—2)-spheres are

h=H-Fk,-E,-FE, Fh=H-FE, —F,—E;, F3=H—-FE, —F,—E,,
¥FW=H-FE,-E,—-E, Fs=H-E,—-E,—-E, Fe=H-E,—-FE,—E_,
F7=H—E13—El4—El7, and FgZEls—Elg,

which is listed as Case (b) of the lemma.

The remaining possibility is that one of the F;-classes appears in the a = 1 classes
four times. In this case, it is easy to check that without loss of generality, the eight
(—2)-spheres are

h=H-EFE, -E,-EF,Fb=H-L,-E,-LE,F;,=H-FE, -F,—- L,

Fy=H—-FE, —FE,—E, Fs=FE,—E, Fs=FE,—E,,Fr=E,— E,, Fs = £, — E,.

This is listed as Case (c) of the lemma. The proof of the lemma is complete. O

In the following lemma, D C C is an open disc centered at the origin, with radius
unspecified. Let ¥ : D x D — C2 be a diffeomorphism onto a neighborhood of 0 € C2,
given by equations z; = ¥(z,w), 22 = w, where z1,29 are the standard holomorphic
coordinates on C? and z,w are a local complex coordinate on the first and second factor
in Dx D. Furthermore, assume ¥ satisfies the following conditions: #(z,w) is holomorphic
inw € D (but only C* in z € D), and (0, w) =0 for all w € D.

Lemma 5.2. Let C C C? be an embedded holomorphic disc containing the origin, where
C intersects the zo-axis with a tangency of ordern > 1. Let F : D — C? be a holomorphic
parametrization of C such that F(0) = 0. Then the map my oW~ 1o F : D — D is an
n-fold branched covering in a neighborhood of 0 € D, ramified at 0, where m : Dx D — D
is the projection onto the first factor.

Proof. Considering the parametrization ¥~=! o F' of C in the coordinates (z,w), it is clear
that after a re-parametrization of the domain D if necessary, we may assume that U"1o F
is given by z = f(§), w = &, where ¢ is a local holomorphic coordinate on the domain D.
We remark that ¥ 1 o F is J-holomorphic with respect to the almost complex structure
J on D x D, where J is the pullback of the standard complex structure on C2? via 0.
We shall compute Oy f for the function f, where f is considered a function of w (as
w = £). To this end, we set 2, = 2, +v/—1yp, k = 1,2, and z = s+ v/~ 1t, w = u++/—1v.
Then with respect to the coordinates (s,t,u,v) and (z1,y1, T2, y2), the Jacobian of ¥ is

given by the matrix
A B
Dw _( A )
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Ozy Oz Ozy Oz 0 —1
where A = | & &t ), B={ &1 &% | Let Jo = be the matrix
Ds ob Bu oo 1.0
representing the standard complex structure. Then the assumptions that 1(z, w) is holo-

morphic in w € D and (0, w) = 0 for all w € D imply that JoB = BJy and B = 0 along
the disc z = 0.

With the preceding understood, we note that the almost complex structure J is given
by the matrix

o Jo O -1 AJ()A*l (7AJ0A71 + Jo)B
J_D\I/<O JO>(D\I/) _( ; f .

1
that the J-holomorphic equation satisfied by U=! o F, i.e.,

Df\_ [ Df
() =(7)
is equivalent to the equation Df + (AJoA™Y) - Df - Jo = (AJyA~1Jy + I)B. Intrinsically,
this can be written as

Now the Jacobian of ¥~!o F is ( Df > where D f is the Jacobian of f. If follows easily

1
Oaf = i(AJOA‘lJO +1)B.

With the above understood, we note that since B = 0 along the disc z = 0, we have
[|B|| < C1|z| near z = 0 for some constant C; > 0. It follows easily that the function f
obeys the inequality |9y f| < Cs| f] for some constant Cy > 0. By the Carleman similarity
principle (e.g. see Siebert-Tian [41], Lemma 2.9), there is a complex valued function g
of class C* and a holomorphic function ¢, such that f(w) = ¢(w)g(w), where g(0) # 0.
Note that ¢ vanishes at w = 0 of order n because by the assumption, the holomorphic disc
C intersects the zo-axis with a tangency of order n. After a further change of coordinate,
we may assume that f(w) = w™g(w) for a C*-class function g, where w € D.

Our next goal is to show that for any ¢ # 0, with |c| sufficiently small, the equation

f(w) = ¢

has exactly n distinct solutions lying in a small neighborhood of 0 € D. To see this, we
take h(w) to be an n-th root of the function g(w), i.e., h(w)™ = g(w), which is also of
C%-class. Let A1, A2, -+, A, be the n-th roots of c. For each ¢ =1,2,--- ,n, we consider
the equation
wh(w) = A;.

Set P(w) := ﬁ()\i—w(h(w)—h(O))). Then the above equation becomes w = P(w). With
this understood, let B(r) C D be the closed disc of radius r. Then for r > 0 sufficiently
small, P : B(r) — B(r) is a well-defined continuous map, as long as [A;| < 1|h(0)] - r.
Now we pick any wy € B(r) and define inductively wi+1 = P(wg) for k > 1. Since B(r) is
compact, the sequence {wy} has a convergent subsequence. The limit wg € B(r) satisfies
the equation wg = P(wp).
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It follows easily that when ¢ # 0 lies in the disc of radius (|h(0)| - 7)™, the equation
f(w) = ¢ has at least n distinct solutions, all lying in the disc B(r). The local intersection
number of the holomorphic disc C' with each holomorphic disc z = ¢ equals n. This implies
that the equation f(w) = ¢ has precisely n distinct solutions in B(r), and the intersection
of C' with each holomorphic disc z = ¢ # 0 is transversal. It follows easily that the map
70V~ oF : D — D is an n-fold branched covering in a neighborhood of 0 € D, ramified
at 0. This finishes the proof. O

With these preparations, we now prove the main theorems.
Proof of Theorem 1.1:

We first consider the case where Mg is irrational ruled. It is easily seen that there is a
subgroup H of prime order p such that My is irrational ruled. By Lemma 2.2 and Lemma
2.6(i), the fixed-point set of H consists of only tori of self-intersection zero. Moreover,
from the proofs it is known that My is a S2-bundle over 72, and M is simply a branched
cover of My along the fixed-point set.

With this understood, we denote by {B;} the image of the fixed-point set of H in
My, which is a disjoint union of symplectic tori of self-intersection zero. Let F' be the
fiber class of the S2-fibration on Mpg. Then we note that c;(Kar,) = 1%” > Bi (cf.
Proposition 3.2 in [7]), and ¢1(Kpp, ) - F = —2. It follows easily that p = 2 or 3, and
(>, Bi) - F =4 or 3 accordingly.

To proceed further, we choose an w-compatible almost complex structure J on Mg,
where w denotes the symplectic structure on My, such that .J is integrable in a neighbor-
hood of each B;. Note that this is possible because w admits a standard model near each
B;. Now by Gromov’s theory, there exists a S?-bundle structure on My, with base T
and each fiber J-holomorphic. We denote by 7 : My — T2 the corresponding projection
onto the base. Then by Lemma 5.2, the restriction 7|p, : B; — T? is a branched covering
where the ramification occurs exactly at the non-transversal intersection points of B; with
the fibers. But each B; is a torus, so that 7|p, must be unramified, or equivalently, B;
intersects each fiber transversely. With this understood, it follows easily that the pre-
image of each fiber of the S?-bundle in M is a symplectic torus (here we use the fact that
(>, Bi) - F =4 or 3 respectively according to whether p = 2 or 3), giving M a structure
of a T?-bundle over T? with symplectic fibers. This finishes the proof for the case where
Mg is irrational ruled.

Next we assume Mg is rational and G = Z,. By Lemma 2.3 and Lemma 2.6(ii), the
fixed-point set MC consists of 8 isolated points and a disjoint union of 2-dimensional
components {Y;}, where >, Y;? = 2(1 — by (M/G)), and b; (M/G) € {0,1,2}. We denote
by B; the image of ¥; in M. Then B = 2Y? for each i, and ¢1 (K, ) = —% > Bi (cf.
[7], Proposition 3.2), so that

e (K )? = %ZB? =1-b, (M/G).
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It follows easily that Mg = CP2#NCP? where N = 8,9 or 10, corresponding to
by (M/G) =0, 1 or 2 respectively. Moreover, note that M¢ contains 8 symplectic (—2)-
spheres coming from the resolution of the 8 isolated singular points of M/G.

By Theorem 1.4, the case where Mg = CP2#8CP? is immediately ruled out. The
case where Mg = CP?#10CP? is ruled out as follows. We consider the double branched
cover Z of Mg with branch loci {B;}. Then Z is easily seen a symplectic Calabi-Yau
4-manifold with b; = 0, which is an integral homology K3 surface (compare [8], Theorems
1.1 and 1.2). Note that Z contains 16 embedded (—2)-spheres in the complement of the
branch set. Now observe that in the case of Mg = CP2#10CP2, > Y? = —2, so that
there must be one Y; with ¥;? < 0. This Y; gives rise to an embedded (—2)-sphere in Z,
in addition to the 16 embedded (—2)-spheres, so that Z contains 17 disjointly embedded
(—2)-spheres. But this contradicts a theorem of Ruberman in [37], which says that an
integral homology K3 surface can contain at most 16 disjointly embedded (—2)-spheres.
Hence Mg = CP2#10CP? is ruled out. Finally, we note that the same argument shows
that in the case of Mg = CP2#9CP2, the surfaces B; must be tori of self-intersection
zZero.

We continue by analyzing the case of Mg = CP?#9CP? in more detail. First, we note
that there are at most two components in {B;}. This is because ¢1(Kn,) = —3 >, B,
and the a-coefficient of each B; with respect to a given reduced basis is at least 3 (cf.
Lemma 4.2(2)). Next, we determine the homology classes of the 8 symplectic (—2)-spheres
F1,F, -+ Fg in Mg. By Lemma 4.1, we can choose a symplectic structure on Mg so
that the area constraints in Lemma 5.1 are satisfied. (Note that this is possible because
—c1(Kwmg) - [w] = 33, w(B;) > 0.) Then the classes of Fy, Fy, - - -, Fy are given in 3 cases
as listed in Lemma 5.1. We claim that case (a) and case (b) cannot occur. To see this,
suppose we are in case (a). It is easy to check, with the area constraints in Lemma 5.1,
that the class E;, has the smallest area among the E;-classes in the reduced basis. With
this understood, we choose an almost complex structure J such that each symplectic
(—2)-sphere Fy, is J-holomorphic. Then by Lemma 3.2, the class E;, can be represented
by a J-holomorphic (—1)-sphere C. Symplectically blow down Mg along C, noting that
C is disjoint from the (—2)-spheres Fj as C - Fj, = 0, we obtain 8 disjointly embedded
symplectic (—2)-spheres in CP2#8CP?, contradicting Theorem 1.4. Case (b) is similarly
eliminated. Consequently, the homology classes of F, Fy, - - , Fg are given by case (c) of
Lemma 5.1.

Our next step is to show that there is an embedded symplectic sphere with self-
intersection zero, denoted by F', which lies in the complement of Fy, Fy,--- , Fg and
intersects transversely and positively with B;. This can be seen as follows. It is easy
to check that in case (c¢) of Lemma 5.1, the class Ej, has the largest area. By Lemma
3.2, we can choose w-compatible almost complex structures J so that B; and Fj are all
J-holomorphic, and successively represent the classes Ej , s > 2, beginning with the one
of the smallest area, by a J-holomorphic (—1)-sphere. By successively symplectically
blowing down the classes Fj_, s > 2, we reach CP?#CP2, with Fj, being the (—1)-class
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(see [8], Section 4, for a discussion on the general procedure). Note that the (—2)-spheres
F1, Fy, F3, F, descend to 4 disjointly embedded symplectic spheres of self-intersection
zero (they all have class H — Ey,); in fact there is a symplectic S?-fibration of CP2#CP?
containing them as fibers. With this understood, we can take a fiber F' in the comple-
ment which intersects transversely and positively with the descendant of B; in CP24CP?2.
We then symplectically blow up CP2#CP? successively, reversing the symplectic blowing
down procedure, in order to go back to Mg. In this way, we recover the 8 symplectic
(—2)-spheres Fy, Fs,--- , Fg and the tori B;, although the symplectic structure on Mg
may be different since we don’t keep track of the sizes of the symplectic blowing up.

Now we symplectically blow down Fi, Fy,---, Fg, which results in a symplectic 4-
orbifold X with 8 isolated singular points, all of isotropy of order 2. In the complement of
the singularities, there lies the embedded symplectic sphere F' with F2 = 0, and the tori
B;. By [22], we can assume that F' and B; intersect symplectically orthogonally without
loss of generality.

With the preceding understood, we consider the set 7 of w-compatible almost complex
structures on X which satisfy the following conditions: fix a sufficiently small regular
neighborhood V' of U; B;, not containing any singular points of X, and fix an integrable
w-compatible almost complex structure Jy on V, then for each J € J, J = Jy on V and
F is J-holomorphic. With this understood, note that for any J € 7, the deformation
of the J-holomorphic sphere F' is unobstructed (cf. [24]). We denote by M ; the moduli
space of J-holomorphic spheres having the homology class of F. Then M; # () and is a
smooth 2-dimensional manifold. In the present situation, M ; is not compact, but can be
compactified using the orbifold version of Gromov compactness theorem (cf. [6, 11]). The
key issue here is to understand the compactification M ; of M, at least for a generic
JeJ.

Lemma 5.3. Let {S,} be a sequence in M j which converges to a Gromov limity_, m;C; €
Mg\ M. Then for a generic J € J, {C;} consists of a single component of multiplicity
2, which is an embedded orbifold sphere containing exactly 2 singular points of X.

Proof. Since J is generic, there is no J-holomorphic (—a)-sphere lying in the complement
of the singular points of X for any « > 1. Moreover, just as in the smooth case, {S,}
can not split off a J-holomorphic (—1)-sphere lying entirely in the smooth locus of X. It
follows easily that in the Gromov limit ). m;C; € M\ M}, each component C; must
contain a singular point of X.

With this understood, we take an arbitrary component C;. Suppose C; contains k > 0
singular points of X. Then we can pick an orbifold Riemann sphere ¥ with k orbifold
points of order 2, which are denoted by zi,z22,--, 2k, and find a J-holomorphic map
f + ¥ — X parametrizing C;. Recall that such a map f near an orbifold point z;,
assuming of order mj, is given by a pair (fj,pj), where fj : D — C? is a local lifting of
f near z; to the uniformizing system at f(z;) € X, and p; : Zy,, — Gy (., is an injective
homomorphism to the isotropy group Gy (.,) at f (zj) € X, with respect to which fj is
equivariant. With this understood, we let g € Z;,; be the generator acting on D by a
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rotation of angle 27/m;, and let (mj 1,m;2), 0 < mj1,m;2 < mj, be the weights of the
action of p;(g) € Gy(.,) on C2. Then the dimension of the moduli space of J-holomorphic
curves containing C; equals 2d, where d € Z and is given by

—2 (3 k),

k
d=c(TX)-Ci+2-)_
j=1
See [11, 6]. Note that in the present situation, m; = 2 and m;; = m;, = 1 for each j. It
follows easily that d = ¢; (T X) - C; — 1; in particular, ¢;(T'X) - C; € Z. Moreover, since J
is generic, we have d > 0, which implies that ¢1(TX) - C; > 1.

As an immediate corollary, we note that {C;} either consists of two components, each
with multiplicity 1, or a single component with multiplicity 2, and moreover, ¢; (T X)-C; =
1 for each 4. This is because ¢, (T'X) - F' =2, and F' = ), m;C;. We can further rule out
the possibility of two components as follows. Suppose there are two components C1, Cs
in {C;}. Then C} +2C; - Cy + C3 = F? = 0 implies that one of C?, C3 must be negative.
Without loss of generality, assume C? < 0. Then C2 > 0 because b, (X) = 1. With this
understood, we note that C; - Co > 1 by the orbifold intersection formula in [5] (see also
[6]). This implies C? < —1. Now we apply the orbifold adjunction inequality (cf. [5, 6])
to C1, which gives

1
C? — ) (TX) - C1 +2> k(1 - 5).

With C? < —1 and ¢;(TX)-C; = 1, it follows that k = 0, which is a contradiction. Hence
the claim that there is only one component in {C;}.

Let C denote the single component which has multiplicity 2, and let f: 3 — X be a
J-holomorphic parametrization of C. Then we note that C? = 0 and ¢;(TX) - C = 1.
Applying the orbifold adjunction formula to C (cf. [5, 6]), we get

1
02 —Cl(TX) C+2= k‘(l — 5) —&—Zk[z’z/] +Zkz7

where k[ .1, k. € Q are nonnegative and have the following significance. For any 2,2’ € %,
where z # 2/, such that f(z) = f(2'), the number k. . > 0. Moreover, if f(z) = f(2') is
a smooth point of X, then ki, ., € Z. Likewise, for any z € X, if f is not a local orbifold
embedding near z, then k. > 0. Moreover, if f(z) is a smooth point of X, then k. € Z.
With this understood, it follows easily that & < 2, and if k& = 2, then all k(. .1, k. = 0,
which means that C' is an embedded 2-dimensional suborbifold. To rule out the possibility
that k = 1, we first observe that in this case, k[, .,y € Z. This is because as k = 1, we
can not have a pair of points z, 2’ € X, where z # 2/, such that f(z) = f(z’) is a singular
point of X. It follows easily that all k[, .,) must be zero, and k, = % at the unique
singular point f(z) on C. The number k, is the local self-intersection number of C' at
the singular point, and k, = % means that in the uniformizing system near the singular
point, C' is given by a J-holomorphic (singular) disc with a local self-intersection 1 at the
origin. It follows that the singularity at the origin must be a cusp singularity and the

J-holomorphic disc is parametrized by a pair of functions z; = t2,29 = t3 + ---, where

20



Finite group actions on symplectic Calabi-Yau

t € D. However, it is clear that such defined J-holomorphic disc is not invariant under
the Zs-action (21, 22) — (—21, —22), which is a contradiction. Hence k = 1 is ruled out.
This finishes the proof of the lemma. O

It follows easily that the compactified moduli space M ; gives rise to a J-holomorphic
S2-fibration on X, which contains 4 multiple fibers, each with multiplicity 2. We denote
by m : X — B the S%-fibration. It is easy to see that the base B is an orbifold sphere,
with 4 orbifold points of order 2. Furthermore, note that for each ¢, 7|p, : B, - B is a
branched covering in the complement of the multiple fibers by Lemma 5.2.

To proceed further, we note that ¢1(Kx) = —3 Y., B;, so that (3, B;) - F = 4. Let
z1, 22, 23, 24 be the orbifold points of B, and let wy,--- ,w, € B be the points parametriz-
ing those regular fibers which do not intersect transversely with U; B;. We denote by x;
the number of intersection points of U; B; with the multiple fiber at z;, [ = 1,2, 3,4, and
denote by y; the number of intersection points of U; B; with the regular fiber at w;, where
j=1,2,--- k. Then note that z; < 2 and y; < 4 for each [,j. On the other hand, we
observe the following relation in Euler numbers:

k 4
SXB) =D =Y wm =AX(B|) —k—4),
i j=1 =1

where |B| = S? is the underlying space of B. With z; < 2 and y; < 4, it follows easily
that & must be zero, and x; = 2 for each [. This means that U; B; intersects each regular
fiber transversely at 4 points and intersects each multiple fiber at 2 points.

Finally, we observe that X = |M /G|, i.e., X is the symplectic 4-orbifold obtained by de-
singularizing M /G along the 2-dimensional singular components. With this understood,
it is easy to see that under the projection M — X = |M /G|, the pre-image of each regular
fiber in the S?-fibration on X is a symplectic T2 in M, giving rise to a T?-fibration over B
on M (here we use the fact that U; B; intersects each regular fiber transversely at 4 points
and the projection M — X is a double cover branched over U;B;). Moreover, the pre-
image of each multiple S?-fiber is a multiple T2-fiber of multiplicity 2 in the T2-fibration
on M. It is known that such a 4-manifold M is diffeomorphic to a hyperelliptic surface
or a secondary Kodaira surface, see [17]. Since b1 (M) # 1, M must be diffeomorphic to
a hyperelliptic surface. This finishes the proof of Theorem 1.1.

Proof of Theorems 1.2 and 1.3:

Suppose G is of prime order p. The case where Mg has torsion canonical class is
contained in Lemmas 2.1 and 2.8(2), and the case where Mg is irrational ruled is in
Lemmas 2.2 and 2.6(i), with p = 2 or 3 from the proof of Theorem 1.1.

Suppose Mg is rational. Then by Lemmas 2.3, 2.4, 2.6 and 2.8, the order p = 2,3 or
5. Concerning the fixed-point set structure, the case of G = Zy follows readily from the
proof of Theorem 1.1. For G = Zgs, the fixed-point set structure for the isolated points
is determined in Lemmas 2.4 and 2.9. Regarding the 2-dimensional fixed components,
we explore the embedding D — Mg. In order to determine Mg in each case, we use
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the formula in Proposition 3.2 of [7] to determine c¢; (K. ), based on the singular set
structure of the quotient orbifold M /G, then we compute c;(Kyz.)?. This allows us to
determine the diffeomorphism type of Mg as Mg is a rational 4-manifold. In the case of
bi(M) = 2, it is easy to see that Mg = CP?#10CP2. If the set of 2-dimensional fixed
components is nonempty, Proposition 4.3 implies that it must consist of a single torus.
In the case of by (M) =4, Mg = CP2#12CP2, and Proposition 4.4 implies that there are
no 2-dimensional fixed components. For G = Zs where by (M) = 4, the fixed-point set
structure for the isolated points is determined in Lemma 2.10. The possible 2-dimensional
fixed components are excluded by Proposition 4.5.

For the case where GG is of non-prime order, the order of G and the fixed-point set
structure are determined in Lemmas 2.11 and 2.12. This completes the discussion on
Theorems 1.2 and 1.3.

Proof of Theorem 1.4:

First, consider the case of N = 8. We begin by showing that one can choose a sym-
plectic structure on X such that the area constraints in Lemma 5.1 are fulfilled. To see
this, by Lemma 4.1 we can choose symplectic structures w on X such that one of the 8
symplectic (—2)-spheres has area 0; and the remaining 7 symplectic (—2)-spheres have
area 0o, where do < 01 < 202, and 41,02 can be arbitrarily small. It remains to show
that one can arrange so that 7§; < —c1(Kx) - [w], ¢ = 1,2, hold true. For this, we
recall the fact that for X = CP2#NCP2, where N < 8, —¢; (Kx) can be represented
by pseudo-holomorphic curves, and moreover, one can require the pseudo-holomorphic
curves to pass through any given point in X, see Taubes [42]. We pick a point zg € X
in the complement of the 8 symplectic (—2)-spheres and require the pseudo-holomorphic
curves representing —c; (K x) to pass through xo. Then it is easy to see that no matter
how small we choose the areas d1, 02, —c1(Kx) - [w] > do for some &y independent of the
choice of d1,d2. It follows that we can arrange so that 70; < —cq1 (Kx) - [w], ¢ = 1,2, hold
true.

With the preceding understood, by the same argument as in Lemma 5.1, we can show
that the homology classes of the 8 symplectic (—2)-spheres must be given as in case (a)
of Lemma 5.1. Then by Lemma 3.2, we can successively symplectically blow down the
E;. classes for s > 2 and reach to the 4-manifold CP?#CP2, with E;, being the (—1)-
class, such that the 7 symplectic (—2)-spheres Fy, F3,--- , Fy descend to a configuration
of symplectic spheres of the class H, which intersect transversely and positively according
to the incidence relation of the Fano plane; that is, the 7 spheres intersect in 7 points,
where each point is contained in 3 spheres. By a theorem of Ruberman and Starkston
(cf. [38]), such a configuration cannot exist in CP2. Thus to derive a contradiction, we
need to represent the class E;, by a symplectic (—1)-sphere in the complement of the 7
symplectic spheres, to further blow down CP2#CP2.

To this end, we note that the configuration of 7 symplectic spheres in CP24CP? is
J-holomorphic with respect to some compatible almost complex structure J. On the
other hand, the class Fj, is represented by a finite set of J-holomorphic curves ), m;C;
by Taubes’ theorem (cf. [29]). Now the key observation is that if there are more than one
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components in {C;}, then one of them must have a negative a-coefficient in the reduced
basis H, E;,. But such a component intersects negatively with any of the 7 J-holomorphic
spheres in the configuration (which has class H). This is a contradiction, hence E;, must
be represented by a single J-holomorphic curve, which is a (—1)-sphere and lies in the
complement of the configuration of 7 symplectic spheres. This finishes the proof for the
case of N = 8.

The argument for the case of N = 7 is similar. For N = 9, it is easy to see from
Lemma 5.1 that the homology class for the 9-th symplectic (—2)-sphere does not exist.
This completes the proof of Theorem 1.4.
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