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Complex G>-manifolds and
Seiberg-Witten Equations

Selman Akbulut and Ustiin Yildirim

ABSTRACT. We introduce the notion of complex G2 manifold M¢, and complexifica-
tion of a G2 manifold M C Mc. As an application we show the following: If (Y] s)
is a closed oriented 3-manifold with a Spin® structure, and (Y,s) C (M,¢) is an
imbedding as an associative submanifold of some G2 manifold (such imbedding al-
ways exists), then the isotropic associative deformations of Y in the complexified G2
manifold Mc¢ is given by Seiberg-Witten equations.
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1. Introduction

An almost Gy manifold (M”,¢) is a 7-manifold whose tangent frame bundle reduces
to the Lie group G3. Sometimes G5 manifolds are called manifolds with Gy structure.
This structure is determined by a certain “positive” 3-form ¢, which in turn induces a
metric g and a cross product X structure on the tangent bundle TM. An almost Gs
manifold is called a GG3 manifold, if the induced metric has its holonomy group contained
in Gy (e.g. [5]). There is an interesting class of submanifolds of Y3 C (M, ) called
associative submanifolds, they are the submanifolds where ¢ restricts to the volume form
of Y, equivalenty the tangent space 1Y is closed under the cross product operation.

By [9] every oriented 3-manifold Y embeds into some G2 manifold (M, ) as an as-
sociative submanifold. In fact, any oriented 3-manifolds with a Spin® structure (Y, s)
embeds into a G2 manifold with a 2-frame field (M, ¢, A) as an associative submanifold,
such that s is induced from the 2-frame field A [3].

In [7] McLean showed that the local deformations of the associative submanifold of a G
manifold can be identified with the kernel of a certain Dirac operator
Da, - Q(vy) — Q%@vy), which is defined on the sections of the complexified normal
bundle vy of Y. In [3] this result was extended to almost G2 manifolds, by expressing
the Dirac operator in terms of the cross product operation, and deforming its connection
term Ag — A = Ag + a, by a 1-form parameter a € Q'(Y). This parameter makes the
Dirac operator unobstructed:

Dagralv) =Y ¢ x Ve, (v) +a(v). (1)

By coupling this with a second equation we get Seiberg-Witten equations on Y:

wA(fU) =0

xFa = o(x).

(2)

The second term can be written as da = g(x) where g(x) is some quadratic function. This
relates the Seiberg-Witten equations to the local deformation equations of the associative
submanifolds, but they are not equivalent. For one thing, these equations take place in the
spinor bundle of vy (complexification of vy) not in vy, and the misterious second equation
of (2) has no apparent relation to the deformation of the associative submanifolds. Our
motivation in writing this paper was to seek a larger manifold containing Y with more
structure, so that deformation equations of Y in that manifold would be equivalent to both
of the Seiberg-Witten equations, giving us a completely natural way to derive Seiberg-
Witten equations from associative deformations. Here we achieve this goal by defining the
notion of complex Go manifold Mc, and the notion of complezification of a G5 manifold
M C Mc=2T*M.

Theorem 1. Let (Y,s) be a closed oriented 3-manifold with a Spin® structure, and
(Y,s) C (M, ) be an imbedding as an associative submanifold of some Go manifold (note
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Complex G2-manifolds and Seiberg-Witten Equations

that such imbedding always exists). Then the isotropic associative deformations of (Y, s)
in the complexified Go manifold Mg is given by Seiberg- Witten equations (2).

A GS manifold Mc is a 14-dimensional almost complex manifold (M, J) whose tangent
frame bundle reduce to the complex Lie group GY, and the complexification of a Go
manifold M C Mc is just the inclusion to the cotangent bundle M C T*M as the zero
section. This endows M¢ with richer structures then M, namely a complex 3-form, a
symplectic form, and a positive definite metric {¢c,w, g}. Then if we start with an
associative submanifold Y C M of a G2 manifold M, and complexify M C M, and then
deform Y inside of M¢ as an isotropic associative submanifold of M¢, amazingly we get
the Seiberg-Witten type equations we are looking for (Dirac equation plus a quadratic
equation).

To keep our notations consistent, we wrote our constructions from ground up starting
with the relevant vector spaces. First we discuss Go and GS vector spaces and the various
forms on them, and study some compatible structures. Then we study various Grassmann
manifolds and their relation to each other. The Grassmannians G¥(R”) C G3(R”) are
studied in [2], and G%(CT) along with its smooth compactification in G3(C) is studied
in [1]. Then we discuss complexification of a G manifold, and in Section 6 we prove our
deformation result.

Let us remark on interesting parameter of G5 manifolds introduced in [3], which has
some relevance here: Given a G2 manifold (M, ) we can always choose a non-vanishing
2-frame field A = {u, v} (this exists on any spin 7-manifold by [11]), then {u,v,u X v}
generates a non-vanishing 3-frame field on TM, then by using the induced metric we get
the decomposition TM = E®V, where V = EL. Furthermore any unit section ¢ € T'(E)
(there are 3 independent ones) gives a complex structure on V' by cross product map J¢ :
V' — V. In particular, this says that the tangent bundle T'M of any G5 manifold reduces
to an SU(2) bundle, as the 3-dimensional trivial bundle plus 4-dimensional HyperKahler
bundle. Also by using this A, the spin® structures on moving associative submanifolds
Y C M (which is used to define Seiberg-Witten equation), can be made to be induced
from the global parameter (M, A). We will address integrability conditions and analysis
of the quadratic term in a future paper.

2. Linear algebra

Let V; be a vector space (over R) of dimension 2n; with almost complex structures .J; for
1 =1,2. Asusual, we can view V; as a complex vector space by setting (a+ib)v = av+bJ;v.
(Here, we are using ¢ to denote both the index and +/—1 but which one we mean will

always be clear in a given context.) Let {e{ } be a complex basis for V; and set ff = Jie{ .
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Then, with respect to the real bases {eg, ff},

0 —I,
5= (o, 7)

and the embedding C"2*™ — R2"2%2M induced from Homg(V3, Va) C Homg(V7, Vo) is
given by

X +iY o o(X +iY) = (g ;f)

for X,Y € R"2*™_ Tt is also easy to see that M &€ R2"*2" is J-linear if and only if it
is in this form. In particular, we can identify A = X 4+ iY € GL(n,C) with its image
t(A) € GL(2n,R).

2.1. Symmetric bilinear forms and S' family of metrics

By a metric ¢ on a vector space V, we mean a non-degenerate, R-bilinear map
g:VxV =R

Let (V, B) be a vector space over C with a symmetric (non-degenerate) bilinear form.
We define the orthogonal group O(V, B) to be the subgroup of GL(V) that preserves B.
More precisely,

O(V,B) ={A € GL(V) | B(Au, Av) = B(u,v) for all u,v € V'}. (3)

One can always find an orthonormal basis {e;} for B such that B(e;, e;) = d%. Matrix
representation of an orthogonal transformation A € O(V, B) satisfies the usual identity
ATA =1. Decomposing A = X + iY into real and complex parts, we get

X'X-Y'Y =
XY +Y'X = 0.

Using these relations, it is easy to see that

(s - (i %)

In other words, it preserves the standard signature (n,n) metric (with respect to the
R-basis {e;,ie;}). More invariantly, this metric is given by g = Re(B). Note that
Im(B) = —Re(B(iu,v)). So, fixing a complex structure on V, one can describe the
imaginary part of B in terms of its real part. In fact, this leads to an S! family of (n,n)
metrics on V' by

Re(B((cos(t) — isin(t))z,y)) = cos(t)Re(B) + sin(¢)Im(B). (4)
Indeed we are only applying an invertible linear map to the first variable of the LHS of

(4). Therefore, since at t = 0 it is a (n,n) metric, it is a (n,n) metric for all ¢.
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Remark 1. Note that since B is complex bilinear, its real part satisfies

g(iu,iv) = —g(u,v).

Remark 2. Also, note that the S' family of metrics connects g to —g so any such family
has to consist of (n,n) metrics.

Next, we consider the converse.

Definition 1. Let (V,g,J) be a vector space with an inner product g, and an almost
complex structure J. We call g and J skew-compatible if g(Ju, Jv) = —g(u,v) for all
u,v € V.

Remark 3. Note that a skew-compatible J is self adjoint, i.e.
9(Ju,v) = g(u, Jv). (5)

Let (V,J) be a R-vector space with an almost complex structure. We view V as a
C-vector space by setting (a + ib)v = av + bJv for a,b € R, and v € V.

Proposition 1. Let g be an inner product on V' which is skew-compatible with J. Then
we can define a complex symmetric bilinear form B on V by

B(U,U) = g(u,v) - 7’g(‘]ua U)'
Proof. By using (5) and the fact that g is symmetric, it is clear that B is also symmetric.
The linearity over R is also clear. So, we only need to show B(Ju,v) = iB(u,v).
B(Ju,v) = g(Ju,v) —ig(J*u,v)
= g(Ju,v) + ig(u,v)
= i(g(u,v) —ig(Ju,v))
=iB(u,v)
([

Proposition 2. Let (V,g,J) be a vector space of dimension 2n with skew-compatible g
and J. Then, g is necessarily an (n,n) metric on V.

Proof. Follows from the discussions above. O

Next, we take yet another step back. Namely, we start with a R vector space V' of
dimension n with a non-degenerate metric g. We consider the complexifications V¢ and
gc of V and g where

Ve=VoeC=VaoiV
gc(u+iv,u + i) = g(u,u) — g(v,v) + 2ig(u,v)

for u,v € V. Clearly, gc is a symmetric bilinear form on V¢. Hence, again by the above
discussion, we get a S! family of (n,n) metrics on V¢. Later in subsection 2.4, we will
take this construction one step further.

19



AKBULUT and YILDIRIM

Another common construction along these lines is to complexify a vector space with an
almost complex structure (V) J). We set Vo =V @iV as before and define Je(u + iv) =
J(u) + iJ(v). Further, we set

VB0 = fu e Vi | Je(u) = iu} and
VOl = {ue Ve | Je(u) = —iu}.
This is the usual eigenspace decomposition for Jc. We have the following projection maps

€:Ve = Vh0and €: Ve — VO! defined by
1 ‘
) = 1 (u—ide(w)).

Note that & ’V is a C-linear isomorphism (with respect to J on the domain). If we have a
symmetric C-bilinear form B on V, then we can restrict to its real part ¢ = Re(B) and

then complexify gc. Using & we can compare these two symmetric bilinear forms on V'
and on V19,

Proposition 3. Foru,v eV,

gc(&u, &v) = %B(u7 v).

Proof. This is a straight forward computation as follows.

1 . .
gc(ﬁu, Sv) = ch(u —tJeu,v — zJ(;v)

_ i (g(u,v) — g(Ju, Jv) — i (g(Ju, v) + g(u, Jv)))
_ i (29(u, v) — 2ig(Ju, v))

- % (9(u,v) —ig(Ju,v))

_ %B(u,v)

since by Remark 1, g and J are skew-compatible and therefore J is also self-adjoint. O
2.2. The group Gg

Let (O, B) be an octonion algebra over C (see [10]). We can associate a quadratic form
Q to B in the standard way: Q(u) = B(u,u). In the other direction, we have

1
B(u,v) = 5 (Q(u +v) = Qu) = Q(v)) . (6)
Octonions satisfy
Q(uv) = Q(u)Q(v) for u,v € Q. (7)
Proposition 4. For w,v,v’ € O, we have Q(u)B(v,v') = B(uv,uv’) and

B(v,v")Q(u) = B(vu,v'u). In particular, for Q(u) = 1, left or right multiplication
by u is an orthogonal transformation of (O, B).
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Proof.
QB(Y) = Q) QE+) - Q) ~ Q)
= 2 QWR +1) - QW) - QW)
= SR+ ) — Qur) — Quv')]
= S 1Qu+w!) — Q(uv) — Q(ur')]
= B(uv,u’)
The other equality can be proved similarly. a

Definition 2. We define GS to be the automorphism group of Q.
Proposition 5. G5 < 0(0, B)
Proof. Let A € GS and u,v € O.

B(Au, Av) = Re(AuAv

O

Remark 4. In fact, in [10], it is proved that GS is connected and hence,
GS < S0(0, B).

Let Re(Q) denote the span of 1 and Im(Q) be its complement with respect to B.
Clearly, for v € O, there exists a € Re(0Q) and b € Im(0) such that v = a + b. Then, we
can define the conjugation map:

v=a—b.

Clearly, GS preserves 1 and Im(Q). Hence, conjugation is G5 equivariant. Using the
conjugation, we can express the inner product as B(u,v) = Re(uv). Also, one can show
uv =0VU.

Define the cross product by u x v = Im(vu). We immediately get

u X v="u— B(u,v).

Proposition 6. The cross product is skew-symmetric.
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Proof. First note that

uxu = Im(uu)

—Im(Tu)
= —Im(au)
—u X Uu.

Thus,
0 = (u+v)x (utwv)

UuXuUu+uXv+ovXxXu+vXxXv

= uXv+ouvXu
which was to be shown. O
Let oo (u,v,w) = B(u x v,w). Then,
Proposition 7. g is an alternating 3-form on Im(Q).

Proof. Multi-linearity over C is a trivial matter to check. To show that it is an alternating
form, first note that u x w = 0 implies o (u, u,v) = 0.
Next, we check @o(u,v,u) = 0.

wo(u,v,u) = B(u X wv,u)
= B(tu— B(u,v),u)
(asu L 1) = B(tu,u)
(by Proposition 4) = B(7,1)Q(u)
(asv L 1) 0
Similarly, (using ¥ = —v) we have @g(u,v,v) =0 O

Next, we would like to give an alternative description of GS as the stabilizer of g in
SL(Im(0)). Since G¥ acts trivially on Re(Q) and preserves Im(0), we identify an element
of G5 with a linear transformation on Im(Q) and vice versa.

Proposition 8. Let G = {A € SL(Im(0))|A*po = ¢o}. Then G = GS.
Proof. First note that for A € GS,
Alu xv) = Alm(tu)
Im(A(vu))
= Im(AvAu)
Im(AvAu)
= (Au) x (Av).
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So,

wo(Au, Av, Aw) = B(Au x Av, Aw)
B(A(u x v), Aw)
B(u x v,w)

= ¢o(u,v,w).

That is, G(QC <dG@.
For the converse statement, we adapt Bryant’s argument in [4]. First, fix a basis (e;)
for Im(O) and set ey = 1, then it is easy to verify that

(e(uw)po) A ((v)po) A po = 6B(u, v) Vol (8)

holds for all w,v € Im(Q) where t¢(u)po is the contraction of ¢ with wu,
Vol = e!2+T = el Ae?2 A--- Ae” and () is the basis of O* dual to (e;). Thus, for
A € G, we have

A" ((e(w)po) A (L(v)@o) Apo) = A (6B(u, v)Vol)
L(Au)(A%po) A L(Av)(A%po) A (A%pg) = 6B(u,v)A"Vol
L(Au)po N L(Av)po Ao = 6B(u,v)Vol
6B(Au, Av)Vol = 6B(u,v)Vol
B(Au, Av) = B(u,v).
Thus, A € O(0, B). Since A preserves B and g,
B(A(u xv),w) = B(A(uxwv), AA™ w)
= B(uxv, A w)
= wo(u,v, A7 w)
= wo(Au, Av, AA™ w)
= B(Au x Av,w)

for all w, that is, the cross product is G-equivariant. For u,v € Im(Q),

A(vu) = A(Re(vu) + Im(vu))

= ARe(vu) + Alm(vu)
Re(vu) + A(u x D)
B(v,u) + Au x Av
= B(Av, Au) + Im(AvAu)
Re(AvAu) + Im(AvAu)
Re(AvAu) + Im(AvAu)
= AvAu.
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Now, for a, 8 € Re(0),

A(@+uw)(B+v) = A(aB+av+fu+u)
= AaApB+ AaAv + ABAu + AuAv
= Ala+u)A(B+v).
Hence, G < G§ and G = GS. O

2.3. Alternating three-forms in seven-space
Let V be a seven-dimensional vector space over C.

Definition 3. An alternating three form ¢ € A3V* is called non-degenerate if for every
pair of linearly independent vectors (u,v) there exists w € V' such that

o(u, v, w) #0. (9)
Example 1. ¢ is a non-degenerate three-form on Im(Q).

If ¢ is a non-degenerate three-form and u # 0, then ¢(u)¢ induces a symplectic form
on V/(u). Hence, we can choose a symplectic basis on V/(u) which we can pull back to
vy, w; € V for i = 1,2,3. Together these vectors satisfy ¢(u,v;,w;) = 1 for i = 1,2,3.
Note that

(t(u)p A (u)p A @) (u,v1, w1, V2, w2, v3, w3) = ((L(U)QO)A?’) (v1, w1, v2, w2, v3, w3) # 0.

(10)
For the rest of the discussion, we fix an n-form € A"V*. Let z1,...,z7 be a basis of

V with the dual basis !, ..., 27 satisfying 2! A --- A 27 = Q. Define b;; by
L(mi)go/\b(xj)cp/\go:6bijx1‘“7 (11)

where 27 = 2! A--- Az”. We think of (b;;) as a symmetric matrix. Using this matrix,
we define a symmetric bilinear form by B(u,v) = u’b;;07 where u = v’z; and v = v'z;.

Proposition 9. The symmetric bilinear form B is well-defined and non-degenerate.

Proof. First, we consider degeneracy. Let u = u’x; be an eigenvector of b;; with eigenvalue
A. Then,

W Aup Ap = u'ed(z)e Ailag)p Ay
_ 6uiujb¢jx1'“7
= 6A(u’)iztT.
By (10), we know that the left hand side does not vanish. Hence, A is necessarily non-zero
and (b;;) is non-degenerate.
Next, we show that B is well-defined. Let yq,...,y7 be another basis with the dual
basis y*,...,y" such that y'7 = Q. Define ¢;; by

W(yi)e Aly;)e A = 6ei T (12)
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Define L7 by y; = Lng. So, we have

LiLi(zr)p Ar(z)p N = Geyy'T
= LFLL (6bya'~T) = 6oyt
Since z'+7 = y17, we get
Lfbleé = cjj. (13)
Thus, if u = u'y; = u'Lfz) and v = viy; = v LExy,
C(u,v) = uicijvj
= ' Liby L
= B(u,v).

O

Note that if we scale Q by ), we scale B by A~!. Furthermore, B induces a norm
on A"V*. So by scaling {2, we may require that the norm of Q is 1. We will implicitly
assume this for the rest of the article.

Definition 4. We call the quadruple (V, ¢, ), B) satisfying (8) and N(2) =1 (where N
is the quadratic form associated to B) a Ga-(vector) space.

Remark 5. One can also define real Go-spaces in a similar manner. In fact, over R, ¢
determines both a metric and a volume form uniquely. In that case the metric need not
be positive definite. The 3-form ¢ is called positive if the metric is positive definite.

2.4. The complexification of a Gs-space

In this section, we exhibit the linear version of some constructions starting with a
real 7-dimensional vector space with a positive 3-form . Although it is possible to do
a similar construction with any non-degenerate 3-form, in this section and for the rest
of the article, we will focus on positive ¢ (see Remark 5). Recall that ¢ determines a
(real) Ga-space (V,,Q,g). Let Vg = V @ V. Furthermore, we can extend all of the
structures complex linearly and the equation (8) continues to hold. This implies that the
complexified three-form is still non-degenerate. Therefore, we get a (complex) Ga-space
(Ve, ¢c, Qc, gc)-

We can also extend g as a hermitian form h. Explicitly, we define

h(x + iy, z +iw) = g(x, 2) + g(y,w) +1i(g9(y, z) — g(x,w)).

Then, the real part of h is a positive definite metric and the imaginary part is a symplectic
form w on V.

If V is a half dimensional subspace of W with an almost complex structure J such that
V& JV =W, we could use J in place of ¢ in the above construction. This flexibility will
be important later on.
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2.5. Compatible structures on a G(zc—space

Kéhler geometry is often said to be at the intersection of Riemannian geometry, sym-
plectic geometry and complex geometry because it comes with these three structures
that are compatible with each other. Moreover, any (compatible) two of those structures
determines the third one. At the group level, we can state this as follows

GL(n,C) N O(2n) = O(2n) N Sp(2n) = Sp(2n) N GL(n,C) = U(n), (14)
see [8]. Our construction (see subsection 2.4) of a positive-definite metric g, a symplectic
form w and a (complex) non-degenerate three-form ¢ from a given (real) non-degenerate
three-form ¢ allows us to talk about compatibility between these structures related to G

geometry. In this section, we describe this relation for a complex 7-dimensional vector
space (V,J).
Definition 5. We say that the triple (g,w, oc) is compatible if there is a real 7 dimensional
subspace A of V' and a positive ¢ on A (determining a metric g’ on A) such that

(1) V=AdJA = Ac

(2) @ is the complex linear extension of ¢

(3) g+ iw is the hermitian extension of ¢'.

In this case, we say they are induced from (A, ¢, J).
Let the stabilizer of ¢ in GL(7,R) be G5 and ¢¢ be its complex extension to C7. Then,

A € G5 is of determinant 1, commutes with ¢ and therefore, fixes ¢¢c. In other words,
Gy C Gg

Proposition 10.
GS N U7 =G,

Proof. We have already seen that Gy C GS. Since Gy C O(7,R) C U(7), Go C GSNU(T7).

For the converse, first note that U(7) N O(7,C) = O(7,R) since a matrix whose inverse
is both its conjugate transpose and transpose, must be a real matrix. Therefore, by
Proposition 5, G NU(7) € O(7,R). So, the intersection consist of real 7 x 7 matrices
preserving ¢c¢. In particular, they preserve ¢ and we get

GSNU(7) = Ga.

Now, using (14) and Proposition 10, it is easy to see that we have
GSNO(14) = GS N Sp(14) = Gy.
We will need the following technical lemma later.

Lemma 1. Given a symplectic form w on R, a Lagrangian subspace A and a positive
3-form @ on A, let J(w, A, ) be the space of almost complex structures J such that the
triple (¢',w’, oc) induced from (A, p,J) satisfies
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(1) w=uw',
(2) g'la =g, and
(3) ¢cla=¢
where g is the metric on A induced from p. Then, J(w, A, p) is contractible.

In fact, we can state this lemma in more general terms. Then, the proof will follow
from Lemma 2.

Lemma 2. Given a symplectic form w on R, a Lagrangian subspace A and a metric
g on A, let J(w,A,g) be the space of almost complex structures compatible with w and
g(z,y) = w(x,Jy) for x,y € A. Then, J(w, A, g) is contractible.

Remark 6. Lemma 2 says that the set of almost complex structures compatible with a
given symplectic form and a fixed metric on some Lagrangian subspace is contractible.

Proof. First, we choose an orthonormal basis {e;} for A and extend it to w-standard basis
{ei, fi}. So, wp = >0, e! A ff. We think of J € J(w, A, g) as an 2n x 2n matrix with
respect to this basis. Note that J € J(w, A, g) if and only if

(1) J? = _Ian

(2) JTJon] = Jon where Jon — <IO }f”)
I

(3) —Jand = (qu g) is symmetric positive definite.
Let P = —J5,,J. Note that
PTJQnP = —JTJQnJQnJ2nJ
= J" JonJ
= Jon.

I, tB

. . . _ T _
This implies C' =1+ BB". Define the path P, = (tBT I+ 2BBT

>. Clearly, P, = P,.

Next, we check if P; is a symplectic matrix.

L, tBT 0 L)\ (I tB
tB 1,+¢*BB")\I, 0 )\tB" I,+t*BBT
(1, tBT —tBT -1, —t’BBT
~ \UB I, +t*BBT L, tB
(0 -I,
- \I, 0
Therefore, P; is invertible for all ¢. Since it is always symmetric and at ¢t =0 (or t = 1)

it is positive definite, P; is positive definite for all ¢. Hence, Jo, P; is a path in J(w, A, g)
from Js, to J. Clearly, the path depends continuously on J. O
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Proof of Lemma 1. The first two properties imply that J(w, A, ¢) = J(w, A, g) where g
is the metric induced from ¢ on A. Thus, Lemma 2 shows that it is contractible. The
third property is trivially satisfied by definition of complex linear extension. O

3. Grassmannians

In this section, we consider various Grassmannians related to our discussions.

3.1. Associative Grassmannian

In this section we focus on a discussion of the associative Grassmannian over C. The
reader can consult to [1] for a more comprehensive description of this variety or to [6, 2, 3]
for more details on the associative Grassmannian over R (the Cayley version is discussed
in [12]).

Using octonionic multiplication one can define an associator bracket as follows

1
[w, v, 0] = 5 (u(ow) — (ww)w). (15)
Clearly, this bracket measures whether given three octonions satisfy associativity or not.
A three-dimensional subspace of Im(Q) on which the associator bracket vanishes is called
associative. The space of all associative planes is called the associative Grassmannian and
it is denoted by Gr(yp).

Remark 7. Our definition of associatives differs from that of [1]. In fact, we will often
require B to be non-degenerate on an associative plane L. This is the convention of [1]
and only with this convention, it is possible to find a B-orthonormal basis of L on which
@ evaluates to +1. We explicitly state so whenever we require this condition.

We denote by Gr®(k,n) the complex Grassmannian of k-planes in n-dimensional space
and by Gr®(k, n) the real Grassmannian of k-planes in n-dimensional space. Clearly, after
choosing identifications @ = C® = R16| we have Gr(¢) C Gr®(3,7) C Gr¥(6,14).

It turns out that the associator bracket is the imaginary part of a triple cross product
defined as follows

uXvxw=(ul)w— (wo)u (16)
for all u, v, w € Q. More precisely, Im(u X v x w) = [u, v, w] for u,v, w € Im(Q).
Proposition 11. For u,v,w € Im(0),

[u,v,w] =u x (v x w) + B(u,v)w — B(u, w)v.

Proof. Since octonions are alternative (i.e. any subalgebra generated by two elements is
associative), we immediately see that the associator bracket is alternating. We denote
the right hand side by R(u,v,w). Clearly, R(u,v,v) = 0.
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Next, we show R(u,u,v) = 0.

ux (uxv) = Im(Im(vu)u)
= Im(Im(vu)u
— Tm((vu — Re(vw))u)
= (vu— Re(vu))u — Re((vu — Re(vu))u)
= vu? — Re(vu)u — Re(vu?)
= Im(vu?) — Re(vu)u
= —Im(vB(u,u)) — B(v,u)u since u? = —B(u,u)
= —B(u,u)v+ B(u,v)u.

Since both sides of the equality are alternating, it is enough to check the equality on
orthonormal triples. Note that both sides of the equation are G$-equivariant, that is
[gu, gv, gw] = g[u,v,w] and R(gu, gv,gw) = gR(u,v,w) for g € GS. Furthermore, G5
acts transitively on GS-triples, so we actually only need to consider two types of basis
vectors of the form (4,7, 2) for x = k,I. This can now be easily verified by using the

definitions and octonionic multiplication table.
O

Recall that L € Grf(k,n) has a neighborhood which can be identified with
Hompg(L,F" /L) which also gives us the following identification

Ty, Gr" (k,n) = Homg (L, F"/L) = L* @ F"/L

for F = R, or C. Let B be a non-degenerate symmetric bilinear form on F" and L be

a subspace of F”. With a little abuse of terminology, we say that L is non-degenerate

if B | L« 18 non-degenerate. If L is non-degenerate, then we may identify F" /L with
L ={veF"|B(u,v) =0 for all u € L}. Thus, Ty Gr" (k,n) = Homg(L, L1).

Let E denote the tautological vector bundle over Gr*(k,n), i.e. the fiber E; over L €
Gr¥(k,n) is L itself. Let V= EL. Over non-degenerate L, F* = L & L. Therefore, over
the open dense subset N C GrF(k‘,n) of non-degenerate k-planes we have the following
isomorphism

TGr" (k,n)|, 2 (E* @ V)|,

Next, we would like to prove the analogue of Lemma 5 in [3].

Lemma 3. Let L € Gr(p) be non-degenerate and L = {e1,ea,e3 = e1 X e3) be an
orthonormal basis for L. Then

Tr, Gr(p Ze]®vJ€E*®V ‘Ze]xv]—o
j=1
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Proof. The proof is virtually the same as in [3] except for the fact that we are now in the
holomorphic category. So, the paths we consider will be holomorphic maps from the unit
disk. Nevertheless, we reproduce the proof here for the sake of completeness.

We first identify C7/L with L+ using orthogonal projection. Let v be a path in
Home(L, L) N Gr(p) € Gr(3,7) with v(0) = L. Set e;(t) = e; +v(t)e; for i = 1,2,3.
Since v(t) € Gr(y), we have [e1(t), ea(t),es(t)] = 0 for all ¢. Taking derivative of both
sides and evaluating at ¢t = 0, we get

0 =1[¢1(0), e2(0), e3(0)] + [e1(0), €2(0), e3(0)] + [e1(0), e2(0), €3(0)]
=1[€1(0), ez, 3] + [e1,€2(0), e3] + [e1, €2, €3(0)] .

Clearly, é;(0) € L. Therefore, by Proposition 11, [¢;(0),ej,ex] = é;(0) x (e; X e).
Further, é;(0) x (e; X ex) = é;(0) x e; for a cyclic permutation (i, 7, k) of (1,2,3). Thus,

we have
3
> e x é5(0)
=1

3.2. Isotropic Grassmannian

In this section, first we recall some basic definitions and facts of symplectic topology
(see [8]). Then, we define and investigate the Grassmannian of isotropic planes.

Let w = ), €' A f* be the standard symplectic form on R*" = R" & {R" where {e;}
is the standard basis of R", f; = v/—1le; and {ei, fi} is the dual basis of {e;, f;}. For a
subspace L, we define its symplectic complement L“ to be

LY = {v e R" ®iR" | w(u,v) =0 for all w € L}.

Definition 6. A k-plane L is called
isotropic if L C LY,
coisotropic if LY C L,
symplectic if LN L = {0},
Lagrangian if L = L*.

Next, we give a description of the set I of isotropic k-planes for & < m. Since the
symplectic complement of an isotropic plane is coisotropic and that of a coisotropic plane
is isotropic, the set of coisotropic (n — k)-planes will be isomorphic to Ij. Clearly, the set
of all Lagrangian subspaces is I,,.

Given an isotropic k-plane L, we choose an orthonormal basis {z;} = {z; +iy;}
(1 <j < k) of L. We express these vectors in the standard basis {e;, fi} of R" @ iR" i.e.

z; = xlej and y; =y f] Then, we form the following 2n x k matrix
X x{
y) =\ )
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The fact that {z;} is an orthonormal basis is equivalent to
X'X+Y"Y = I. (17)

Note that in the above basis, the matrix representation of w is

0o I,
I, 0)°
Thus, the fact that L is isotropic is equivalent to
Xy =vTXx. (18)

Combining these two equations, we see that {z;} is a unitary basis (with respect to the
standard hermitian structure on R™ @ iR™ = C") of L. So, the projection map from
unitary matrices to the span of their first k-columns is a surjective map onto I;. This
also shows that U(n) acts transitively on all isotropic k-planes. We set the “standard”
isotropic plane Ly to be the span of {e1,...,er}. Then, it is easy to see that its stabilizer
consists of matrices of the form

(‘3 Jg) € Un)

for A€ O(k) and B € U(n — k). Hence,
I, = U(n)/(O(k;) x U(n —k)). (19)
In particular, the set of Lagrangian subspaces is isomorphic to
I, =U(n)/O(n).

Next, we prove the analogue of Lemma 3 for I, C Gr®(k,2n). Before we state the
lemma, recall that any orthonormal basis of an isotropic subspace L can be extended to
a orthonormal w-standard basis for R?", see [8]. Set E to be the tautological bundle over
Gr®(k,2n) and V = EL.

Lemma 4. Let L € I, and L = {ey,...,ex) be an orthonormal basis for L. Extend this
basis to an orthonormal w-standard basis {e;, f;}. Then

k
Tl =Y @0, €E* @V |wle;,v;) =we;, vi)
=1

Proof. Let ¢ : L — L+ be a path of isotropic planes, i.e. $(0) = 0 and w|r, = 0 for all
t where Ly = (e;(t))¥_; and e;(t) = e; + ¢¢(e;) for 1 <i < k. Set é; = L|—oe;(t). Since
w(e;(t),e;(t)) =0 for all ¢ after taking derivatives and plugging ¢t = 0, we get

w(éi7 ej) + w(ei,éj) =0.
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3.3. Isotropic associative Grassmannian

In this section, we define a new type of Grassmannian called the isotropic associative
Grassmannian. The planes in this Grassmannian sit in a specific intersection of two
different geometries, namely Ga-geometry and symplectic geometry. Arbitrary choices
of a symplectic form and (complex) non-degenerate three-form (on C7) may result in
different intersections of (real) associative and isotropic planes. However, the construction
of subsection 2.4 determines a particular way to intersect the two geometries.

First, we fix a particular octonion algebra @ as in [12]. Then, (Im(0), ¢c, Qc, B) is
actually the complexification of a real Gy space (R7, o, €, g) with a positive definite inner
product and the standard symplectic structure w is compatible with oc.

Definition 7. Let L be a (real) 3-dimensional subspace of Im(Q) = C7. We call L
isotropic associative if

(1) w‘L =0, and

(2) [u,v,w]c =0 foru,v,w € L.
We denote the space of all isotropic associative planes by IS C GrR(3,14).

The following lemma describing the tangent space of I in Gr®(3,14) at a (real) asso-
ciative plane can be proved by a combination of Lemma 3 and Lemma 4.

Lemma 5. Let L = (e1, e, e3) be an associative plane in R”. Then its natural embedding
in C7 = Im(Q) is an isotropic associative. Denote the (real) tautological bundle over
Gr®(3,14) by E. Also, set V=FEB. Then E*9 = JE@®V and

3
T I = {Zei®(fi+vi)€E*®R(JE@V) (20)

i=1

| Zei xv; =0 and w(e;, fj) = w(ej,fi)}

3.4. B-Real associative Grassmannian

It is possible to define a different notion of a “real” part of complex associative planes.
We call them B-real associative planes.

Definition 8. Let L be a (real) 3-dimensional subspace of Im(Q). Set g = Re(B) and
w = —Im(B). We call L B-real associative if

(1) g‘L is positive definite (in particular non-degenerate),

(2) w|, =0, and

(3) [u,v,w]c =0 for u,v,w € L.
We denote the space of all B-real associative planes by RA C Gr®(3,14).

Remark 8. In Definition 8, (1) is a technical condition which simplifies the statements
and discussions later on.
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Remark 9. If L is a real associative plane, g(u,v) = B(u,v) for u,v € L. Hence, a g
orthonormal frame is also a B orthonormal frame. Therefore, the natural complexification
Lc=L®JL of L is in Gr(pc). Under this map, we obtain the following disk bundle

D? = RA — Gr(ec).
Next, we determine the tangent space of RA.

Lemma 6. Let L = (eq,ea,e3) be a B-real associative plane in Im(Q). By E, we denote
the (real) tautological bundle over Gr®(3,14). Set V=E+5. Then E@EI is a splitting
of the trivial R™ bundle over RA, B9 decomposes as JE ®V and
3
TLRA(ITTL(@)) = {Z et & (fZ + Ui) € E* ®r (J]E EBV) | Z e; X v; =0 and (f”) S 50(3)
i=1
(21)
where by fi; we mean the gt component of f; with respect to the basis {Jey, Jea, Jes}.

Proof. Since g is non-degenerate on L, it is clear that E;, & Efg spans R for L € RA.
This gives a global splitting E @ E+9 of the trivial R bundle over RA.

Furthermore, it is clear that V = E+5 is a subbundle of E*9. Since B(u,v) = g(u,v) —
ig(Ju,v) and w(u,v) = g(Ju,v) restricted to L vanishes, JE is a subbundle of E+9. Also,
JENV =0. So, for dimension reasons, JE @V = E19.

Recall that the tangent space TpGr®(3,14) = L* ® L*9. The above discussion gives
us the refinement L9 = JL @ L. So, after choosing an orthonormal frame {e;, 2, e3}
for L, we have X = (Zf’zl et @ (f; +vi)) € TrRA(Im(0)) C TrGr®(3,14) where
{61,62763} is the basis dual to {e1, e, e3}, f; € JL and v; € L5,

A path v in Gr®(3,14) with v(0) = L is (locally) given by paths f; in JL and v; in
LB with f;(0) = 0 and v;(0) = 0 for i = 1,2,3. Set v;(t) = e; + fi(t) +vi(t). So, we have

(1) = (1())izy
Assuming v(t) € RA for all (small) ¢, we check the conditions imposed on ~/(0).
Positive-definiteness is an open condition and hence, it does not introduce any condition

on 7/(0).
Next, by condition 2, v satisfies

w(i(t), 7 () = g(J7i(t),7;(t)) = 0
for all 1 <i,5 < 3. Applying %|t:0 to both sides, we get
Tfi(0) + J0i(0), ;) + g(Jei, £5(0) +105(0))
Jfi(0),€5) + g(Jes, f3(0))
£:(0), Jeg)Jrg(Jeufj(O))
+g(Jei, £5(0)).
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Since {Jeq, Jea, Jesz} is an orthonormal basis for L, the last equality gives us
F1(0) = =f;(0)

where f;(0) = S20_, f7(0)Je;.
Finally, by condition 3, v satisfies

0=[y1(t),72(t),73(t)] -
Applying %’t:o to both sides, we get

0= [£1(0) + 91(0), e2, €3] + [e1, f2(0) + 12(0), e3] + [e1, e2, £3(0) + ©3(0))].

Note that since L is real associative and f;(0) € L¢, we have
[fi(o)’ €js ek] =0
for all i, j, k. So, the equation (22) simplifies to
0= [01(0), e2, e3] + [e1, 02(0), €3] + [e1, e2, ¥3(0)].

The rest of the proof is as in the proof of Lemma 3 and we get

3
i=1

3.5. Diagram of all Grassmannians

In this section, we give a diagram of all the relevant Grassmannians showing various
maps between them. Whenever we have a map from a real k-plane Grassmannian to
a complex k-plane Grassmannian, the complexification is well defined and we implicitly
complexify. Let F be R or C. Let us recall G (F™) is the Grassmannian of k planes in F™,
and G¥(F7) is the associative grassmannian 3-planes in F7, and I3(C") is the isotropic
Grassmannian of 3-planes in C”. Then we have the following inclusions and fibrations

(the vertical maps):

G3(R14) SO(g)Ox(;g(u)
]
I£(C7) — I5(C7) Ty
|
soty — GE(RT) —— G£(CT) —— G4(CT) O
[ J
G3(R") somxsom — G5(R7) SO CI0T)
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4. GS-manifolds

In this section, we fix a particular octonion algebra as in subsection 3.3. Let O be a
copy of C® generated by ey = 1,e1,...,e; forming an orthonormal basis (with respect to
the standard B) and €°,...,e” be its dual basis. The non-degenerate three-form ¢ is
given by

0o = €123 _ QM5 _ o167 _ ;246 | (25T 347 _ 356 (23)

in this basis where e”* = e’ A e/ A eF. Let u € Im(Q) be of norm 1. We define Q, by
69, = t(u)po A tlu)pg A @o- (24)
Surprisingly, this definition is independent of u. Indeed, for any u,v € Im(Q) of norm 1,
there is a linear transformation A € GS such that Au = v. Thus,
Q, = A" (Q)
= A"((u)po A t(u)po A po)
(Au)A%pg A L(Au)A%po N A% po
= u(Au)po A L(Au)eo Ao
(V)0 A t(v)eo A o
= Q,.
Let Qo = Q, for any N(u) = 1. Evaluating €2, for u = e;, we see that Qy =e
For the rest of this section, we identify (z1,...,27,y1,...,y7) € R with Xzje; +
yjie; € Rler,...,e7)@iR(ey,. .., er) = Im(0). This allows us to identify G5 as a subgroup
of GL(14,R). Let M be a 14-manifold and m € M. An R-isomorphism L : R'* — T,, M

is called a frame over m and the frame bundle of M is the collection of all frames as m
varies over M.

I
-

|
~

1.7

Definition 9. A (real) 14-dimensional manifold M is called an (almost) GS-manifold if
its frame bundle admits a reduction to a principal G(Qc-bundle.

Proposition 12. A G$-manifold M naturally has the following structures

an almost complex structure J € T'(M; End(TM))

a C-linear three-form ¢ € Q3(M;C)

a C-linear seven-form Q € Q7(M;C)

a symmetric bilinear form B € T(M; S*(TM) ® C)

two signature (n,n) pseudo-Riemannian metrics g1 = Re(B) and g2 = Im(B).

Proof. Since GS preserves each one of these structures, one may pull them back onto M
by using a GS-frame. |

Next, we reformulate the above definition. Since G is the stabilizer of ¢ in SL(Im(Q))
(by Proposition 8), one may also use the following definition of (almost) GS-manifolds.

Definition 10. A (real) 14 dimensional manifold (M, J,¢,Qd) with an almost com-
plex structure J, a C-multilinear three form ¢ and a C-multilinear seven-form € is
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called an (almost) GS-manifold if for every m € M, there is an R-linear isomorphism
(TmM7 J; 2 Q) = (Im(©)7 ia 2 QO)

Let Y be a (real) 3-dimensional submanifold of a G§-manifold M. If T,Y is a B-real
associative plane in T, M for every p, then Y is called a B-real associative submanifold.
In order to define isotropic associative submanifolds, one needs an (almost) symplectic
structure compatible with GS structure. We say that a symplectic structure is compatible
with GS structure if they are point-wise compatible in the sense of subsection 2.5. We
call a (real) 3-submanifold Y isotropic associative submanifold if 7,Y is an isotropic
associative plane in T, M for every p.

5. Complexification of a G; manifold

In this section, we give two examples of GS manifolds with a compatible (almost)
symplectic structure. We start with a usual G5 manifold and construct two different GS
manifold structures on its cotangent bundle.

Our first construction is as follows. Let (M, ¢) be a (real) 7-dimensional G manifold.
Recall that M is naturally equipped with a Riemannian metric g and a volume form )
satisfying

v(w)e A(v)p Ao = 6g(u,v)Qd. (25)
We can think of the Levi Civita connection on the cotangent bundle as a horizontal
distribution and hence, it induces the isomorphism

T, T"M =T,M & T, M (26)

where a € Ty M and p € M. To define an almost complex structure on 77" M, we view
the metric as a vector bundle isomorphism g : TM — T*M and we set

J(X +B) = —g7(B) + 9(X) (27)
for (X,8) € T,M © Ty M = T,T*M. Clearly, J? = —Ippep.
Next, we “extend ¢ complex linearly” to TT*M, i.e. we define ¢c to be the unique
C-valued 3-form satisfying
(1) ¢c(X,Y,Z) = ¢(X,Y, Z) and
(2) ¢c(J(X),Y,Z) =ip(X,Y, Z)
for horizontal vectors X,Y, Z; where we identify T,M with horizontal part of T,7™*M
using (26). Similarly, we extend g and € complex linearly and we denote the complexifi-
cations by B and Qg¢, respectively. Then, from (25), we immediately get

L(&)pc A u(e)pc A pe = 6B(&,€)c (28)

for £, € TT*M. Note that B is non-degenerate and Q¢ is a non-vanishing complex
volume form. Therefore, by (28), ¢ is non-degenerate. We extend g as a hermitian form
h as well. So, Re(h) is a positive definite metric and w = Im(h) is an almost symplectic
form on T* M. More explicitly,

wX+a,Y+8)=alY) - B(X).
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From the construction it is clear that ¢¢ is compatible with w.

Note that Re(B) is a (n,n) semi-Riemannian metric on T*M. Since it agrees with ¢
on horizontal vectors, we denote it by g as well. Clearly, J and g are skew-compatible.
We also set w = —Im(B). More explicitly, w(&,e) = g(J&,€). w is also a (n,n) semi-
Riemannian metric.

In the above example, the symplectic form we obtained is not necessarily closed. Our
next example is a similar construction but the symplectic form we obtain at the end is
the canonical symplectic form on 7% M. We obtain this result at the cost of losing some
control of the almost complex structure.

Again, we start with a (real) 7-dimensional G2 manifold (M, ¢) and we think of g
as an isomorphism between TM and T*M. Using this isomorphism, we think of ¢ as
an element of T'(A3T'M). Therefore, (T; M, ) is a Ga-space. The vertical subspace of
T,T*M is canonically defined and isomorphic to T;(Q)M . The vertical subbundle defines a
Lagrangian 7-plane distribution on (7% M, wcan). The space of compatible almost complex
structures on (TXTM,A = T:( a)M ,©,Wean) 1s contractible by Lemma 1. Therefore, one
can find a global almost complex structure J such that the complexification of (A, )
with respect to J gives us a compatible triple (Wean, ¢c,g). Compatibility here means
compatibility at every point in the sense of subsection 2.5.

6. Deforming associative submanifolds in complexification

Note that an associative submanifold Y of a G5 manifold M, naturally sits as both an
isotropic associative submanifold and a B-real associative submanifold in the zero section
of T*M. We consider the infinitesimal deformations of Y in which Y stays isotropic
associative in subsection 6.1 and B-real associative in subsection 6.2. We obtain Seiberg-
Witten type equations from the former.
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6.1. Deformation as isotropic associative

We denote the normal bundle of Y in M (resp. T*M) by vgY (resp. vcY) and set
V =wrY & JrY. Then we have the following decomposition

weY = JTY @ V. (29)

Let 0y : Y — T*M be a one parameter family of embeddings. Without loss of gener-
ality, we may assume that &g is a section of I'(vcY). Let f € T'(JTY), v € I'(V) with
n:= f+4+wv=4dy. Also, let G = Gr(3,TT*M) — T*M denote the Grassmann 3-plane
bundle over T*M. We can lift the embedding Y — T*M to Y — G using the Gauss
map. Then, the infinitesimal deformation of Y by 7 induces and infinitesimal deformation

of the lift as in [3].
For a tangent space L = T, Y = (e1, €2, e3), infinitesimal deformation is given by

3
L= Zei & En(ei) € TLé.
i=1
So, the conditions for Y to stay isotropic associative are given by
(1) Zei X /.Zv(ei) =0
(2) wlei, Lylej)) = wlej, Ly(ei))
by Lemma 5.
Using the Levi-Civita connection V of (T*M, g), we define a Dirac type operator
on : QO(V(CY) — QO(VCy)
Da,(w) = eix Ve, (v). (30)

Note that in the role of Clifford multiplication we are using the cross product operation.

0=> e x Ly(e;)
= Zei X (Vye; — Ve,v)
= Zei X Vye; — Zei X Veiv

We set the perturbation parameter a(v) = — > e; X Vye;. So, we the last equation

becomes
Da(v) =D 4,(v) +alv)=0 (31)
where A = Ay + a.

For the isotropy condition, we choose a standard coordinate chart (g%, p?) for the sym-
plectic form so that w = Y dq* A dp* where (¢*) are coordinates on the base space and
(p') are fiber directions. Write o} = oi(zt,22%,23) = ¢'(oy(a!,2%,23)) for 1 < i < 7
and o) = ol (2,22, 23) = pl(op(at, 22, 2%)) for 8 < j < 14 where (z',22,23) are lo-
cal coordinates on Y. Note that (possibly after reparametrization) we may assume that
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(o},02,03) = (2%, 2%,23). Furthermore, since the image of oy lies in the O-section of

T*M, we may also assume o) = 0 for 8 < j < 14.
During the deformation Y stays isotropic if ojw = 0. Since

Zaat AN

aqﬂ oxt Op’
Z 50 N~0ol 0 oo o
" OqI axz gl = ozt OpJ

Caof 0 ot
q" = ox® OqJ = ox' Opl

we have

LA AR X R R R )
OxJ oxt — Oxt  Oxd Oxi Oxt

Note that the last equation is already of the form da = —¢(11 ® ¥9) where a is a 1-form
on Y given by

a=obdx' +olda? + o}dx?,

1 and 9y are spinors living as sections of Q! (vgY) and Q' (JrrY') given by

3
9 i
Yn :Zami(af,...,obdx,

i=1
3

o ‘
Y= 2ol ol

j=1
and ¢ is a bilinear map given by

q(1 @ a) = 11 X 1o

here the cross product is taken in the 1-form parts with metric identification.

2. Deformation as B-real associative

We proceed as in subsection 6.1. The conditions for Y to stay B-real associative are
given as in Lemma 6.

(1) Zei X L’U(ei) =0
(2) g(Jej, Lg(ei)) +g(Jei, Lf(e5)) =0
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The first condition is the same as before so we get the same equation
D a(v) = P4, (v) +a(v) = 0. (33)

For the second condition, we identify f € I'(JTY) with —Jf € I'(TY"). Then, we see
that

Ly (g(eie;)) = Ls(g)(ei,e;) +g(Lyei,e;) + glei, Lyes)
Ly (8i5) = Ly(g)(eise5).

In other words, f is the image of a Killing vector field on Y.
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