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Seiberg-Witten invariants of 3-orbifolds and
non-Kahler surfaces

Weimin Chen

ABSTRACT. A formula is given which computes the Seiberg-Witten invariant of a
3-orbifold from the invariant of the underlying manifold. As an application, we derive
a formula for the Seiberg-Witten invariant of a non-Ké&hler complex surface, which
was originally due to O. Biquard [4] and S.R. Williams [25] independently.

1. Introduction

Let Y be a closed, oriented 3-orbifold with b; > 1 whose singular set XY consists of a
union of embedded circles. Consider a component [ C XY with associated multiplicity «,
and let Yy be the oriented 3-orbifold obtained from Y by removing ! from the singular set.
Our main result in this paper gives a relationship between the Seiberg-Witten invariants
of Y and Yjp.

Theorem 1.1. Let Sy, Sy, denote the set of Spin®-structures on'Y, Y, respectively. There
exists a canonical map ¢ : Sy — Sy,, which is surjective and o to 1, such that the Seiberg-
Witten invariants of Y and Yy obey the following equations

SWy (§) = SWy, (6(€)), V& € Sy.

Remark 1.2. (1) The Seiberg-Witten invariant is defined as in Meng-Taubes [16], Taubes
[22]. See Baldridge [2] for the extension to 3-orbifolds. In particular, when b; = 1, the
Seiberg-Witten invariants of Y, Yy depend on a choice of orientation of H!(|Y'|;R), where
|Y'| stands for the underlying 3-manifold. With this understood, we remark that the same
orientation of H!(]Y];R) is used for Y, Yy in Theorem 1.1. Also, the sign of the Seiberg-
Witten invariants depends on a choice of homology orientation of |Y|; the same is used
for Y, Yy.

(2) A more explicit description of the map ¢ : Sy — Sy, is given in Section 2, together
with a formula relating the determinant line bundles of the Spinc-structures &, ¢(),
V¢ € Sy, cf. Proposition 2.6.

(3) Theorem 1.1 holds true more generally where Y is allowed to have non-empty boundary
dY, where JY consists of a union of tori (cf. [16, 22]), and XY N JY = ().
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(4) Theorem 1.1 (together with Proposition 2.6) shows that, in contrast to geometric
structures, the Seiberg-Witten invariant of a 3-orbifold Y is much less sensitive to the
embedding of the singular set ¥Y in |Y], i.e. Y C [Y] as a knot or link.

(5) The Seiberg-Witten invariant of a 3-manifold is equivalent to the Turaev torsion of
the manifold [16, 22, 23, 24]. The equivalence of the two invariants may be extended to
3-orbifolds by establishing an analog of Theorem 1.1 for the Turaev torsion.

Theorem 1.1 has the following topological consequence. Recall that an orientable
3-orbifold is called pseudo-good if it does not contain any bad 2-suborbifold. The impor-
tance of this notion lies in the fact that the basic theory of 3-manifolds was extended
only to this class of 3-orbifolds (see e.g. [6]). It is known that Thurston’s Geometriza-
tion Conjecture for 3-orbifolds (which is now proven, cf. [5]) implies that a pseudo-good
3-orbifold must be very good, i.e., it admits a finite, regular manifold cover (cf. [15]).

Every pseudo-good 3-orbifold admits a spherical splitting, i.e., the 3-orbifold may be
cut open along a system of spherical 2-suborbifolds such that after capping off the bound-
ary each component becomes irreducible. We remark that, unlike the connected sum
decomposition of a 3-manifold into prime factors, the spherical splitting of a 3-orbifold is
not known to be unique in general, and the issue of non-separating spherical 2-suborbifolds
has to be treated differently (cf. [6], page 41). However, when there are no non-separating
spherical 2-suborbifolds, Petronio showed in [20] that the 3-orbifold admits a so-called ef-
ficient spherical splitting for which the uniqueness statement holds.

The following corollary of Theorem 1.1 follows easily from the fact that if a 3-manifold
with b; > 1 contains a non-separating 2-sphere, or is a connected sum of two manifolds
both of which have nonzero by, then its Seiberg-Witten invariant vanishes.

Corollary 1.3. LetY be an oriented 3-orbifold with by > 1 and SWy # 0, whose singular
set XY consists of a union of embedded circles. Then'Y is pseudo-good and every spherical
2-suborbifold of Y is separating. Moreover, in the efficient spherical splitting of Y exactly
one irreducible component has by # 0.

Corollary 1.3 has application in the study of smooth, fixed-point free circle actions on
4-manifolds.

In this paper, we shall focus on another application of Theorem 1.1, where we de-
rive a formula for the Seiberg-Witten invariant of a non-Kéhler complex surface. Af-
ter this paper was completed, we found that a similar result was already obtained by
O. Biquard [4] and S.R. Williams [25] (independently) using a different (and analytical)
method. The Seiberg-Witten invariants of Kahler surfaces were determined by Brussee [7]
and Friedman-Morgan [13] independently.

In order to state the formula, recall that according to the Enriques-Kodaira classifi-
cation (cf. [3]), a minimal complex surface X with b > 1 is either a rational or ruled
surface, or an elliptic surface, or a surface of general type. Moreover, if X is non-Kahler,
it must be an elliptic surface with Euler number zero. According to [12], Theorem 7.7, X
is obtained from the product E x C, where E = C/A is an elliptic curve and C is a curve
of genus g, by doing logarithmic transforms on lifts x4, -- ,x, € C of m;-torsion points
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& modulo A, with ). z; # 0. Note that the assumption by > 1 implies that g # 0, which
in turn implies that by > 1.

Fix a basis e, es of A. There are integers a;, b; such that
_aer + bes

P =

i=1,2,--,n.

m;

Let X be the 2-orbifold whose underlying space is C, with singular points ¢; of multiplici-
ties my;, where t; € C'is the point over which the logarithmic transform on z; is performed.
(Here we abuse the notation in the sense that when m; = 1, ¢; is in fact a regular point.)
With this understood, there are associated orbifold complex line bundles E;, Es over ¥
which are defined as follows. Let a; = ¢;m; + u;, b; = rym; + v;, where 0 < u;,v; < m;.
Then the Seifert invariants of Ey, Ey are (>, ¢, (ms,u;)) and (>, 74, (m;,v;)) respec-
tively. We remark that F, Fo depend on the choice of the basis e, e, but the subgroup
of orbifold complex line bundles generated by Ej, E depends only on X (see Section 6
for more details). We denote the subgroup by I'x.

For any orbifold complex line bundle D over 3, we denote by (D) the orbit of D under
the action of I'x, i.e., (D) = (D’) if and only if D = D’ (mod I'x). Finally, for an orbifold
complex line bundle D with Seifert invariant (d, (m;, s;)), we denote the “background”
degree d by |D|.

With the preceding understood, we have

Theorem 1.4. Let X be a minimal, non-Kdihler, complex surface with by > 1. With
the notations introduced above, the set of Spin®-structures on X which have nonzero
Seiberg- Witten invariant may be identified with a subset of orbits (D), such that under
this identification, if a Spin©-structure L corresponds to (D) and D has Seifert invariant
(d, (mi, 8;)), then in terms of Poincaré duality,

cri(det £) = (2d — 29+ 2)F + Y (25, + 1 — my)F,
where F' stands for a reqular fiber and F; stands for the fiber at t; of the elliptic fibration
on X. Moreover, the Seiberg- Witten invariant of X is given by

swx(o) = sws(o) = 3 (07 (250,

D'e(D)
29 —2 . oo . .
In the above formula, D] =0 if |D’| lies outside the interval [0,2g — 2].

The organization of the remaining sections is as follows. In Section 2 we define the
map ¢ : Sy — Sy, and discuss its relevant properties. Sections 3 and 4 are devoted to the
proof of Theorem 1.1, which is based on the gluing theorems of Morgan-Mrowka-Szabé
[18] and Taubes [22] respectively. In Section 5 we compute some examples to illustrate the
theorem using Seifert 3-manifolds. The proof of Theorem 1.4 about non-Kéhler complex
surfaces is given in Section 6 (see Theorem 6.2). Part of the material presented in this
paper has been circulated in a preprint [9].
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2. The map ¢ : Sy — Sy,

In order to define the map ¢ : Sy — Sy,, we shall decompose Y as a union of Y, and
Y_ along a 2-torus T, where Y, is the complement of a regular neighborhood of { in |Y],
and Y_ is a regular neighborhood of [ in Y, which is a 3-orbifold modeled by D? x S!/Z,,.
In the above model, D? is the unit disc in C with the standard Z,-action generated by
a rotation of angle 27/a, and the Z,-action on D? x S! is given by the product action
which is trivial on the S'-factor. As D? is canonically oriented as a subset of C, the
orientation of Y determines an orientation of [ = {0} x S!/Z,. Reversing the orientation
of | means reversing the orientation of D?. Likewise, we decompose Y as a union of
Y} and Yy . Here Yy _ is a regular neighborhood of [ in Y, identified with D? x S,
where D? = |D?/Z,| is the underlying 2-disc of the orbifold D?/Z,. The orientation of
[ inherited from the identification Yy ~ = D? x S! is the same as the one inherited from
Y. = D? xS'/Z,.

Fixing such a decomposition for Y (resp. Yj), one can describe a Spinc-structure
on Y (resp. Yp) in terms of Spin®-structures on Y4 and Y_ (resp. Yy and Y _) and
some gluing datum along the 2-torus T = 9Y; = OY_(= JY; _ respectively). To be
more precise, let a normal direction along T be chosen. This is equivalent to fixing an
orientation on 7. Then any Spin‘-structure ¢+ on Y, (likewise any £~ on Y_, or &
on Y) as an isomorphism class of principal Spin©(3)-bundles lifting the SO(3)-bundle of
oriented orthonormal frames admits a reduction to a principal Spin®(2)-bundle over a
neighborhood of T'; that principal Spin®(2)-bundle corresponds to a Spinc-structure on
T, which we will denote by & |7, called the restriction of &, to T. It follows easily that
&+ |7 is isomorphic to the trivial Spin®-structure on T', i.e., the unique Spinc-structure on
T that has a trivial determinant line bundle, which admits a reduction to a Spin-structure
on T. The Spin-structures on T = S' x S! are classified by H'(T;Zy) = Zo x Zs, and
each Spin-structure gives a specific trivialization of the determinant line bundle of the
Spinc-structure on T. There is a special Spin-structure on 7', denoted by &y, which is
the product of the non-trivial Spin-structure of each S'-factor of T. We remark that if
&y is identified with 0 € HY(T;Zs), then for any other Spin-structure n on T which is
identified with ) € H'(T;Zs), /) is non-zero on an S'-factor of T if and only if 1 can be
extended to a Spin-structure on a solid torus bounded by 7" in which the S'-factor of T
bounds a disc.

With the preceding understood, let Sy, , Sy_ be the set of Spin‘-structures on Y, Y_
respectively, and let S&,Sg,_ be the set of pairs ((7,hy), (§7,h_), where £ € Sy, ,
¢ € Sy , and hy, h_ are homotopy classes of isomorphisms 7| — &, €7 — &
respectively. Note that the automorphisms & — & are given by elements of C°°(T;S!),
whose homotopy classes may be identified with H*(T’; Z). Likewise, for any £+ € Sy, , and
¢~ € Sy_, the automorphisms of £, £~ are given by elements of C>° (Y, ;S!), C>°(Y_;St)
respectively. The following lemma determines the set of homotopy classes of elements of
C>(Y4;Sh) and C*°(Y_;S!).
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Lemma 2.1. Let W be a compact orbifold (with or without boundary) whose singular set
consists of a disjoint union of manifolds of co-dimension 2. Let |W| denote the underlying
topological space and let C>°(W;S!) denote the space of smooth circle-valued functions
on the orbifold W. Then there is a natural identification between mo(C*(W;S!)) and
HY(|W];Z).

Proof. Since the singular set of W is a disjoint union of manifolds of co-dimension 2, |W|
is naturally a smooth manifold. Now given any ¢ € C°°(W;S), it induces a continuous
circle-valued function @ on |[W|. We denote by [¢] the element in H(|W|;Z) determined
by the homotopy class of . The correspondence ¢ — [¢] clearly induces a mapping
0 : mo(C®(W;SY)) — HY(|W];Z). We will show that @ is both onto and one to one.

Let * € HY(|W|;Z) be given. Since |W| is a smooth manifold, there is a smooth
St-valued function @ on |W| which represents 2. The pull back of ¢ to W, which we denote
by ¢, is smooth because locally the projection W — |W]| is given by (w, z) — (w, z™) for
some m > 1, where w € R¥ and 2z € C. It is clear that [¢] = z, hence 6 is onto.

To see that 6 is one to one, let 1,02 € C°(W;S!) such that [p1] = [pa]. The
induced continuous functions @1, @2 on |W| are homotopic. We perturb @1, @2 into
smooth functions @14, P2 on |W/| through a family of functions @, with 1 <t <1+¢€
and 2 — e < t < 2 respectively. The pull back of @; to W are continuous, but can be
perturbed to a family of smooth functions on the local uniformizing systems, which after
averaging become equivariant with respect to the local group actions on the uniformizing
systems. In other words, @1, Y14 and s, Y2_, are homotopic through smooth functions
on W. Finally, connect @14, P2, through a family of smooth functions ¢; on |W| with
1+ e <t <2—¢€ Their pull backs to W, ¢, are smooth functions on W. This shows
that (1, o2 have the same class in 7o(C°(W;S!)), and therefore @ is one to one. O

We consider natural actions of H'(T;Z) on Sgﬁr and Sy defined as follows. For any
e € HY(T;Z), (6%, hy) € Sy, , define

€ (£+7h+) = (£+,h+ + 6)7

where h +e denotes the homotopy class of isomorphisms £ |p — & which is given by h
followed by an automorphism of &, whose homotopy class is represented by e. Likewise,
for any e € HY(T;Z), (€~,h_) € SY. , define

e-(E,ho)=(§",h_+e).
With this understood, H(|Y,|;Z) and H'(|]Y_|;Z) act on Sg)q and SY via homomor-
phisms j, : HY(|Y,y|;Z) — HYT;Z) and j_ : HY(|]Y_|;Z) — H*(T;Z), which are in-
duced by the embedding of T in |Y.|,|Y_|. As a consequence of Lemma 2.1, we note
that if e € j4 H'([Y1[;Z) (veps. e € j-H'(|[Y-|;Z)), then for any ((*,hy) € Sy, (resp.
(§7,h_) € S ), there is an automorphism € of £ (resp. ) such that hyoé|e+ |, = hi+e
(resp. h_ o €l¢-|, = h— +e). We denote by Sy , Sy the quotient set of qu and SY
under the action of H'(|Y|;Z) and H'(|Y_|;Z) respectively. Finally, define an action of



CHEN

H'(T;Z) on Sy, xSy_ by

e (€5 h)L (€7 h)]) = (€7, hy + )], (€7~ +e)]),
where e € H'(T;Z), [(§%,hy)] € Sy, . [(§7,h-)] € Sy .
The same discussions apply to Yy, and we obtain the set §Yo,— and a similarly defined
action of H'(T;Z) on Sy, x Sy, .

Lemma 2.2. There are natural identifications ¢ : Sy, X Sy /HYT;Z) — Sy and
o :§Y+ X §y077/H1(T;Z) — Sy, .

Proof. The map 1) is defined as follows. For any ((£7,hy),(E7,h_)) € Sloq x 59 | we
construct a Spin‘-structure on Y by gluing ¢t and £~ along T via the isomorphism
h=tohy : €F|p — € |7, and assign this Spinc-structure to ((¢1,h,), (€7, h_)). Call this
map v : S€,+ x 89— Sy. Clearly ¢ factors through Sy, x Sy_ JHY(T;Z).

First, we check that 1/; is surjective onto Sy. For any & € Sy, set £+ = &y, € Sy,.
Then ¢*|p = &|p. We pick any hy : £F|7 — &, and let h_ = h under the identification
£ |p = &t|p. Then it follows easily that ((€,hy), (€7, h_)) is sent to & under .

Next we check that 1[) is one to one after factoring through the quotient set. To this
end, let ((&,hy ), (& ,h—4)), i = 1,2, be sent to the same image under . Then there
are isomorphisms fy : fli — fzi, such that

hZhohypo filr = f-|rohZhohy.

Without loss of generality, we may assume fli = §2i7 and consequently, fi are given by
elements of C*°(Yy;S'). Then the class of f|T in H(T;Z), [f+|T], lies in the image
ji : H1(|Yi‘; Z) — Hl(T; Z) Replacing h+72 by h+72 o [f+|T], and ]’L_71 by [f—|T] o h_71,
which give the same elements in §Y+ and Sy respectively, we may assume instead

hZhohys = hZhohy,.

Let e € H(T; Z) such that hyo=hy1+e, then h_ o = h_ 1 +e also holds. This finishes
the proof that v is one to one and onto.

The definition of the map 1y and the verification that 1 is one to one and onto are
completely analogous. O

We remark that Lemma 2.2 is analogous to Lemma 2.6 in Taubes [22]. However, the
formulation of Lemma 2.6 in [22] is ambiguous when there are 2-torsions in the second
cohomology. We thank Cliff Taubes for clarifying this issue for us.

With Lemma 2.2, the promised map ¢ : Sy — Sy, will be defined through a map
¢': Sy — Sy, thatis H YT; Z)-equivariant. In order to define ¢’, we first take a closer
look at the set of Spin®-structures on Y_ and Yj _ respectively.

As for Y. = D? x S'/Z,, an element of Sy may be regarded as a Z,-equivariant
Spinc-structure on D? x S'. This said, there are o elements of Sy , labelled by fﬁ_,

where § =0,1,---,a—1. It is more convenient to describe {5 in terms of the associated
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Zq-equivariant spinor bundle S5 on D? x S'. With this understood, for 8 = 0, Sy is the
Zq-equivariant bundle on D? x S' given by 1@ KB%, where I is the trivial Z,-equivariant
complex line bundle and Kp2 is the canonical bundle of D? which is regarded as a
Zq-equivariant complex line bundle on D? x S'. Moreover, for each § # 0, S’/; is the

Zq-equivariant bundle S ® Cg, where Cy is the Zy-equivariant complex line bundle on
D? x S' given by D? x S x C with the Z,-action
A (z,z,w) = Az, 2, VP w), \=exp(2mi/a), (z,x) € D> xS, weC.

The set Sy, _, where Yy - = D? x S, consists of only one element, denoted by £°~.
Lemma 2.3. For ((7,h_) € SY | let c(§,h_) denote the first Chern class of the
determinant line bundle det £~ of £ equipped with the trivialization given by the map
deth_ : det& | — det&y. (Here c({,h_) is defined via Chern-Weil theory and lives

in the relative cohomology group H*(|Y_|,T;R).) Likewise, let c(§%~, ho ) be the first
Chern, class for (€27, ho,—) € S, . Then

. fDQX{pt} (€7, ho,—) takes values in the set {2k + 1|k € Z}.
e Forany (£~ ,h_) €Sy, szX{pt} (€7, h_) takes values in the set

{2k+2ﬁ+1

(07

keZ,,B:O,l,-~-,a—1}.

Proof. Consider [z, ¢ (€97 ho,~), for all (€%~ ho _) € Sy, _, first. Observe that £°~
admits a reduction to a Spin-structure on Yy — = D? x S'. We fix such a Spin-structure
n, and denote by h : €%~ |r — n|r the corresponding isomorphism on 7. Then 7 gives

rise to a trivialization of det %~ on Yy _, with the trivialization of det |7 given by
det h : det €%~ |p — detn|7. With this understood, fDQX{pt} c(¢%7,h) =0, and

/ (€% ho o) = / c(€%7, h) + det ho,— o det h™* ([0D?)),
D2 x{pt} D2x{pt}

where det hg — o deth™! is regarded as an element of H'(T;Z) and 9D? is oriented
as boundary of D?. Since n|r extends to n over D? x S!, the difference between the
Spin-structures nr and & is given by a class 7 € H'(T;Zy) which evaluates nontriv-
ially on 9D?. Consequently, det hg _ o det h=*([0D?]) = #([0D?) = 1 (mod 2), and
fmx{pt} c(€%~, ho,—) = 2k + 1 for some k € Z.

Next we compute fDQX{pt} c(§7,h_), forall (€7,h_) € S% . To this end, we introduce

an oriented 3-orbifold ¥ x S!, where ¥ is the 2-orbifold whose underlying 2-manifold is
|¥] = S? and ¥ has exactly one singular point of multiplicity «. It is easily seen that
¥ x St admits a decomposition as a union of Y, and Y_ along the common boundary T
with Y, = D? x S*.

There is a canonical Spinc-structure £° on £ x S! whose associated spinor bundle S°
is given by 1 ® Ky, ! With this canonical Spin‘-structure £°, any Spin‘-structure & on
¥ x St corresponds to an orbifold complex line bundle E (always a pull-back from )
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such that the associated spinor bundle S is given by S° ® E. Let (b, (a, 3)), where b € Z
and 0 < 8 < a, be the Seifert invariant of E. Then

2 1 26+1
c1(det&)(|1X]) = 2b+§+2+(——1) =2b+1+ b .

« «

Now we apply the identification 1 in Lemma 2.2 to Y = ¥ x S!, and via 1 we identify
€ to a pair of elements (£+,hy), (§7,h-) (note that £~ = 5 by construction). Then

268 +1 _
14 0 gD = [ et [ e,
a D2 x{pt} D2x{pt}
By the previous calculation, fDZX{pt} et hy) =2s+1, s € Z. Thus
2 1
[oodey = [ g =2k B ke
D2 x{pt} D2x{pt} o
This completes the proof of the lemma. O
Note that the correspondences
(50’75}10,—) — 6(50’77}10,—)3 (fiah—) = C(&.iah—)
D2 x{pt} D2 x{pt}

factor through the quotient sets Sy, —and Sy . This gives definitions of the values

A€ ) = [ €@ o), el h) = [ el

which allow us to distinguish elements of §Y0_7 and Sy , because the group of orbifold
complex line bundles on Y_ with a fixed trivialization on the boundary is torsion-free.

With the preceding understood, the definitions of the maps ¢’ and ¢ are given as
follows.

Definition 2.4. (1) Recall that the elements of Sy_ are labelled by §5.0< 0 <o
There are two characteristics of {5, any one of which uniquely determines ;- (i) the
spinor bundle of fﬂ_ is given by the Z,-equivariant bundle (I ® KB%) ®@ Cyz on D? x St,
and (ii) (cf. the proof of Lemma 2.3)

e((€5,h)]) = 2k + 25;1, kel

With this understood, we define ¢’ : Sy, — §Yo,_ which is uniquely determined by
the following condition: for any [(§5,h-)] € Sy_, ¢'([(§5.h-)]) € Sy, _ such that
if e([(§5.h-)]) = 2k + @ for some k € Z uniquely picked out by h_, we require
#(((65 . h)]) to satisy

(@' ([(65,h-)])) = 2k + 1.
The map ¢’ is clearly H'(T’; Z)-equivariant.
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(2) With the identifications 1, ¢ in Lemma 2.2, the map ¢ : Sy — Sy, is defined to be the
one induced by the H!(T'; Z)-equivariant map from Sy, X 8y to Sy, xSy,  given by

([(f-H h-&-)]) [(§—7 h—)]) = ([(§+’ h+)}7 ¢/([(£—7 h—)]))

Remark 2.5. We remark that although the definition of ¢ involves fixing a number of
auxiliary data, such as an orientation of [ and an orientation of 7', as the identifications
Y. = D? x S'/Z, and Yy, - = D? x S', the reduction of a Spin®-structure in a neigh-
borhood of T' to a Spin®-structure on 7', as well as the definitions of ¢([(£%~, ho,—)]) and
c([(€7,h_)]) all require it, one can easily verify that reversing the orientation of [ or T
gives rise to the same map ¢. Hence ¢ is intrinsically defined. However, take note that
the naming of €z depends on the choice of orientation of [.

For any £ € Sy, the determinant line bundle of £ can be nicely related to the de-
terminant line bundle of ¢(£). Such a relation between det ¢ and det ¢(€) is useful in
computations.

In order to state the said relation between det and det ¢(§), we need to introduce
some notations. For each k € Z, we denote by Fj the orbifold complex line bundle on
Y defined as follows. One first defines Ey on Y_ = D? x S!'/Z, by the Z,-equivariant
complex line bundle C,, on D? x S, i.e., the one given by D? x S! x C with the Z,-action

A (z,2,w) = Az, , \fw), A = exp(2ri/a), (z,2) € D* x S',w e C.

This orbifold complex line bundle has a canonical trivialization on 9Y_ = dD? x St given
by the Z,-equivariant nonzero section (z,z) ++ z*. The bundle Ej is defined over the
rest of Y by extending this trivialization. Observe two useful facts about Ey: (1) Ej
descends to a complex line bundle on |Y| if and only if k is divisible by «, in which case
the descendant of Ej, to |Y| has ¢, given by £ . PD(l) in H*(|Y|;Z), and (2) when [ is
non-torsion, the first Chern class of Ej, as an element of H?(|Y[;R) is given by £ . PD(1)
(cf. [8], Lemma 3.6).
With the preceding understood, we have

Proposition 2.6. Given any £ € Sy, suppose &|y_ is given by s for some B = P,

0< B <a. Then
det §(€) = det € @ s, 1.

Proof. We use 1 in Lemma 2.2 to identify £ with the orbit of ([({T, h+)], [({5,h-)]). Then

det§ is given by ([(det&™,det hy)], [(det &y, det h_)]), where det hy : det ™t |r — det o
and det h_ : det §§ |7 — det &. Moreover, we normalize our choice by requiring that

- 28+1

c(l(&5,h-))) = ———-
With the preceding understood, recall that the spinor bundle of {5 is given by
(I & Kp;) ® Cg. Thus deté; = Kp3 ® Cys. Noticing that K3 = C;, so that
det {5 = Cyp. 4, we find that the trivialization of det {5 determined by the Z,-equivariant
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non-zero section (z,z) + 229%! gives the same evaluation of the relative first Chern class
of det &z on D? x {pt} as that determined by deth_ (cf. Lemma 3.6 of [8]). Hence the
trivialization of det h_ may be identified with the trivialization given by the non-zero
section (z, ) —» 22AFL

With this understood, note that det{ ® E,_25—1 is given by the pair

([(det &7, det hy)], [(det €5 ® Ba—ap-1ly_,h))),
where, with det £ ®Eq—2p-1ly. =C,, h : (det s ® Eq—2p-1ly_)|r — det & is given by

o

the Z,-equivariant non-zero section (z, ) — 2%, (2,2) € D? x St = T It follows that
/ c1(det &g @ Ea—sp1ly_,h) =1=c(¢'([(§5,h-)])),
D2 x{pt}

which implies that det ¢(¢) = det{ ® En—2p, -1 as claimed. Hence the proposition. (]

Now we shall proceed to prove Theorem 1.1. Our strategy is to consider the 4-orbifolds
M =S! xY and My = S! x Y;. By a theorem of Donaldson [10], the Seiberg-Witten
invariant of M = S' x Y for a Spin°-structure £ is non-zero only if £ is the pull-back of
a Spinf-structure £ on Y, and in this case one has

SWar (L) = SWy (§).

The same thing is true for My and Yy. Thus, we shall consider the subset Sy of the set of
Spin®-structures on M which are pull-backs of a Spin®-structure on Y, and likewise, con-
sider the subset Sy, of Spin®-structures on My that are pull-backs of a Spin®-structure on
Yy. Note that Sar, Sy, may be canonically identified with Sy, Sy, , so that there is corre-
spondingly a surjective, a-to-one map, also denoted by ¢, from Sys to Spz,. Theorem 1.1
follows if one shows that

By setting My =S' x Y, M_ =S!' xY_,and My =S' x Yy _,and N =S' x T
which is a 3-torus, one similarly obtains decompositions of M as a union of M, with M_
along N, and My as a union of M with M, _ along N.

There are similarly defined sets S M. Sy and S Mo, » €quipped with group actions
by HY(N;Z), which are canonically identified with the sets Sy, Sy_ and Sy, . The
actions by H'(N;Z) and H'(T;Z) are compatible with the understanding that H'(T’;Z)
embeds in H'(N;Z) as a subgroup which is induced by the projection N = S! x T'— T.
Moreover, there are identifications, still denoted by 1, vy,

Vi Sy, % Sy [HYN:Z) = Sy and 4 : Sy, x Sy JHY(N:Z) = Sy,
and a H'(N;Z)-equivariant map ¢’ : S, — S, s such that ¢ : Sy — Shy, is given
by Id x ¢’ /H*(N;Z). We continue to use the notations introduced in the 3-dimensional

setting for the corresponding objects in the 4-dimensional setting.
With the preceding understood, the equations

SWar(L) = SWag, (6(L)), VL € S,

10
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will be derived from the gluing theorems of Seiberg-Witten invariants along 7%, as devel-
oped in Morgan, Mrowka and Szabé [18], as well as in Taubes [22]. This said, we actually
need the extensions of the gluing theorems to 4-orbifolds. Since the singular sets of the
4-orbifolds are all lying in the complement of the gluing region, there are no essential
complications in the analysis involved.

We remark that each of the gluing theorems has its own limitations. For instance,
Taubes’ gluing theorem requires that the 3-torus N be essential (in the sense of [22]), and
Morgan-Mrowka-Szabd’s gluing theorem needs the assumption that by (M, ) > 0. Thus
the proof of Theorem 1.1 is given separately in two cases.

(i) b3 (M) > 0, which means that H;(|Y, |, T;Z) # 0. In the case of by (Y') = 1, this
condition is equivalent to [ being torsion in Hi(|Y]; Z).
(ii) N is essential, which is equivalent to ! being non-torsion in Hy(|Y|; Z).

Note that Case (i) and Case (ii) have overlaps, which means that for these cases,
the gluing theorems of Morgan-Mrowka-Szabé and Taubes give independent proofs for
Theorem 1.1.

3. Proof of Theorem 1.1: case (i)

Let £ € Sy be given. Via v in Lemma 2.2 we identify £ with a pair of elements
(€",hy), (€5, h-), where &7 = L|ar,, §5 = L]n_ for some 0 < < «a, and the maps
hy @ &F[N = &, ho : &5 v — & are isomorphisms. Recall that this identification
means that £ is obtained by gluing £&* with £z along N via h=' o hy. We shall fix h
throughout, and in doing so, h_ is uniquely determined up to the actions by H!(|My|; Z)
and H'(|M_|;Z). Let A = {h_;} be a set of elements of such h_’s each of which
represents an orbit of the H!(|M_|; Z)-action. Furthermore, we shall normalize our choice
of hy by requiring that there is a h_ o € A such that ¢([({5,h—0)]) = (28 +1)/a.

The set A has the following properties. Let e; be the vector in H'(N;Z) which
is the Poincaré dual of {pt} x T2 in N. Then if [ is torsion of order m, the image
j+HY(|My|;Z) C HY(N;Z) is generated by me;. If [ is non-torsion, then no non-zero
multiples of e; is contained in j; H'(|My|;Z). With this understood, in the former case
we have ¢([({5,h-)]) = (28+1)/a (mod 2m),Vh_ € A, and in the latter case, A consists
of a single element h_ with c([(§5,h-)]) = (28 + 1)/

Analogously, via 1y in Lemma 2.2 we identify ¢(L£) with a pair of elements (£, hy ),
and (€%, hg ), where (£7,hy) is the one chosen in the previous paragraph, and the
map ho_ : €|y — & is an isomorphism chosen out of a set Ag, which is given by
the image of the set A under the map ¢’. When [ is torsion of order m, we see that
c([(€%~, ho.—)]) =1 (mod 2m), Yho — € Ag, and if [ is non-torsion, A consists of a single
element ho — with ¢([(£%7,ho —)]) = 1.

Finally, the Dirac operator D associated to the Spin-structure & has ker D = C?2,
which consists of covariantly constant sections. This gives rise to a trivialization of &.
Viewing differently, if we regard &, as a Spin®-structure, then it follows that there is a
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special flat U(1)-connection 6y on det &y, such that the associated Dirac operator Dy, has
ker Dy, = C2. This gives rise to an identification of the space of equivalence classes of
flat U(1)-connections on det & modulo homotopically trivial gauge transformations with
the space H'(N;R) via harmonic 1-forms, under which 6y is identified with the origin
0 € HY(N;R). See [18] for more details.

With the preceding understood, we now review the gluing theorem of Seiberg-Witten
invariant of Morgan, Mrowka and Szabé in [18] (adapted to the present orbifold context).
The key component of this analysis is the structure of L?-moduli spaces of Seiberg-Witten
equations on 4-manifolds (or more generally 4-orbifolds) with cylindrical ends 7T x [0, 00).
We consider M first, which is an oriented 4-orbifold with boundary N = T3. We endow
M with a Riemannian metric g that is flat near N and attach N x [0, 00) to it extending
the metric g naturally. Call the resulting cylindrical-end Riemannian 4-orbifold (M, §).

With £ € Sy given, £ € Sy, being the restriction of £ to M, we extend £ naturally
to a Spin‘-structure on M+. With this understood, one considers the L?-moduli space
of Seiberg-Witten equations

{ Dab = 0
PiFya = 7(@¢%) —iu

where 4 is a compactly supported real-valued smooth self-dual 2-form. The L?-moduli
space, denoted by /\/IM+ (£T,§, 1), is the space of (A,v) modulo gauge transformations

by the group COO(M+; S), where (A4, 1)) satisfies the finite energy condition
/ |Fa|?dvol < oco.
Ay

Let xo(&N) be the space of flat U(1)-connections on det |y modulo gauge transfor-
mations by those ¢ € C°°(N;S') where ¢ is the restriction of an element of C*°(M;S!).
There is a continuous map O : M Ny (1,9, 1) — xo(N) which sends the gauge equiva-
lence class of (A,%) to the class of the asymptotic value of A|y s ast — oo. With the
isomorphism Ay : €|y — & chosen, xo(N) is identified with H'(N;R)/j 2H (|My|; Z)
through det h : det €7y — det &, as the corresponding space of flat U(1)-connections on
det & is identified with H'(N;R)/j,2H!(|M,|;Z) via harmonic 1-forms. As h, is being
fixed, we shall regard 0o as a map from My, (61,9, u) into HY(N;R)/j2H(|M,|; Z).

With the preceding understood, the structure theorem of Morgan, Mrowka and Szabd
(cf. [18], Theorem 2.8) asserts that for a generic choice of u, the L?-moduli space
My, (£T,g, 1) is a compact 1-dimensional manifold with boundary, such that the im-
age of OM Ny (€7, G, ) under the map d. lies in the lattice of points of even integer

coordinates in H'(N;R)/j.2H'(|M4|;Z). We remark that this assertion requires the
condition that b (M, ) > 0, which is assumed to be true. Furthermore, we used the fact
that the dimension of the moduli space M of Seiberg-Witten equations associated to
the Spin®-structure £ is 0. (This follows easily from the fact that £ is the pull-back of
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a Spinc-structure on Y.) Indeed, according to [18], the dimension of My, (€t,g,p) is
given by dim M + 1 (cf. Theorem 2.4 in [18]), which equals 1 since dim M = 0.
Similarly, we consider the L2-moduli space on M_, M N (fﬁ_, g, 1), where §5 € S
is the restriction of £ on M_. Since M_ = D? x T?/Z,,, we can choose a metric § which
has non-negative, somewhere positive scalar curvature. Taking p = 0, it follows that
My; (€59, 1) consists entirely of reducible solutions, i.e., (4,0) where A is flat. For

the purpose of gluing we shall in fact consider the based version M?\Z (€59, 1), which is

the space of finite energy solutions modulo homotopically trivial gauge transformations.
Thus M?\;[ (€5+ G, 1) is given by the set of [A]’s, where [A] is the equivalence class of flat

U(1)-connections on det £z modulo homotopically trivial gauge transformations. Now
for each h_ € A, the isomorphism det h_ : det {5 |v — det &y embeds Mz(\)}[, (€59, p) into
H'(N;R) as follows: [A] € MY, (§5,4,p) is sent to the image of [A]|y in H'(N;R) via
the map induced by det h_. For each h_ € A, we denote by Qg(h_) the corresponding
image in H'(N;R)/j 2H(|M|;Z).

The L2-moduli space on ]\;[0,, has a similar structure. More precisely, we consider
MMO,_ (€97, g, 1), the L2-moduli space on M07_. Again, since My — = D? x T? we can
choose a metric § which has non-negative, somewhere positive scalar curvature. Tak-
ing u = 0, it follows that M Mﬂyf(gov_, g, 1) consists entirely of reducible solutions. Let

Mg;lo 7(50’_,§,u) be the based version. Then for each hg_ € Ag, the isomorphism
det h(;7, embeds M?\;[O - (€97, 9, u) into H*(N;R). Denote by Qo _(hg _) the correspond-

ing image in H*(N;R)/j2H(|M4|;Z), Vho,— € Ao.

Lemma 3.1. Regard e; as a coordinate function on HY(N;Z)/j+2H(|My|;Z), which
takes values only in R/2mZ when [ is torsion of order m. Then for anyh_ € A, hg _ € A,
the subsets Qg(h_), Qo —(ho,—) are 2-dimensional subspaces defined by e1 = —(26+1)/a
and ey = —1 respectively. Consequently, Qg(h_) = Qg, Qo _(ho,—) = Qo,— are inde-
pendent of h_, ho _ respectively, and both Qg and Qo _ miss the lattice of even integer
coordinates in H'(N;R)/j2H (|M|;Z). Moreover, Qg is isotopic to Qo — in the com-
plement of the lattice of even integer coordinates in H(N;R)/j 2HY(|M|;Z).

Proof. First, consider the embedding of ./\/l?\;[ (€7, g, ) into H'(N;R) via det hg —
0,—
for any given ho— € Ag. Let [A] € M?&[ (€97 ,g,1) be any element. Note that the
0

holonomy of [A]|x is zero around the loop dD?. By modifying A with an imaginary
valued harmonic 1-form which vanishes on 9D?  we can assume that [A]|y has integral
holonomy, thus defining a trivialization h of det £€%~|y. Note that this modification does
not change the e;-coordinate of the image of [A] in H(N;R) since the harmonic 1-form
used vanishes on OD2. With respect to the trivialization h, the relative first Chern class
of det €9~ is zero. It follows then that

(€ ho-)]) = —hohgL([0D%]) = —ei([A]),
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where e;([A]) stands for the ej-coordinate of the image of [A] in H*(N;R). This shows
that the ej-coordinate on Qg _(ho,—), taking values in R/2mZ when [ is torsion of order m,
is constant equal to —1. Consequently, Qo _(ho,—) = Qo,_ is independent of hg_ € Ay.
It is the 2-dimensional subspace defined by e; = —1 because M?% (€%~ g,p) is a
2-dimensional space. Clearly, 9 _ misses the lattice of even integér coordinates in
HY(N;R)/j2HY(|M,|;Z) since e; = —1 on Qg _.

The case of Qg(h-) is similar. For any [4] € My (£5,9,p), we regard it as a flat
U(1)-connection on D? x T2, where M_ = D% x T2/Z,. Let N = d(D? x T?) which
covers N, and let é; be the corresponding coordinate on HI(N;R). Then é1 = « - e;.
With this understood, one obtains as argued in the previous paragraph that

a o€ h)) = —en(A).

Hence e1([A]) = —c([(§5, h-)]) = —(2B+1)/a. Analogously, Qg(h—) = Qg is independent
of h_ € A, and is the 2-dimensional subspace defined by e; = —(25 4+ 1)/a. Since for
0<fB<a e =—(26+1)/a takes no even integer values, {23 also misses the lattice of
even integer coordinates in H'(N;R)/j 2H(|M|;Z).

Finally, each Qg is isotopic to €29 — in the complement of the lattice of even integer
coordinates because e; = —(283 + 1)/a lies in the interval [-2 + 1, —1] which contains
no even integers and contains —1, the value of the e;-coordinate of €2 _.

O

With the preceding understood, the boundary map
oo+ My (67,9, p1) = HY(N;R) /53 2H (| M |; Z)

can be made transverse to each subspace {1, {2y _ by taking a generic choice of . Then
the gluing theorem of Morgan, Mrowka and Szabd asserts that

SWar(L) = #(My;, (€F,3, 1) N9 ()
and
SWaty (L)) = #(Migy (€7,9,1) N 021 (0.)),
where the right-hand sides stand for the algebraic intersections of M Ny (€T, g, ) with
01 (Qp) and 9 (Qo,—) respectively. The assertion SWa(L) = SWays, (64(L)) follows

from the fact that g is isotopic to €29 — in the complement of the lattice of even integer
coordinates in H'(N;R)/j.2H(|M, |;7Z).

4. Proof of Theorem 1.1: case (ii)

The 3-torus N being essential in M (resp. My) means that there is a class w in
H?(|M|; R) whose restriction to H?(N;R) is non-trivial, which is easily seen to be equiv-
alent to ! being non-torsion in H;(|Y'|; Z). The existence of such a w is what is required in
the setup of Taubes’ gluing theorem in [22]. This said, we shall fix a covariantly constant
2-form wg on N (with respect to a fixed flat metric) which represents the restriction of w
in H2(N;R).
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With the preceding understood, let £ € Sps be given. We shall endow M with a
Riemannian metric g such that in a regular neighborhood of N, g = ds? + g, where s
is the normal coordinate in the regular neighborhood and gy is a fixed flat metric on .
The Seiberg-Witten equations considered in this context take the following form

{ Dyyp = 0

P.Fy = 1(®@¢Y*)—irw

where w is a self-dual 2-form and r > 0 is a fixed, sufficiently large constant. Moreover,
in a regular neighborhood of N, w = ds A 8 4+ wy where 6 is the metric dual to wyq.

The idea of gluing is to analyze the effect on the moduli space of Seiberg-Witten
equations when the cylindrical neck neighborhood of N gets metrically longer and longer.
This requires knowledge about the corresponding L?-moduli spaces over the cylindrical-
end orbifolds M+, M_ respectively.

Consider ]\2@ first. Given any £t € Sy, , we let M(€1) denote the space of solutions
(A, ) of the above form of the Seiberg-Witten equations modulo gauge transformations,
where (A4, ) satisfies the following finite energy condition

/ |Fa|?dvol < oc.
My

(Here on the cylindrical end of M+, one assumes that w =ds A 0 + wy.)

According to [22], Lemma 3.5, for each gauge equivalence class [(4,%)] € M(£T), the
restriction of (A4,1) to the slice {s} x N on the cylindrical end converges, up to a gauge
transformation, exponentially fast to a (Ao, 1g) as s — 0o, where Ay is a trivial connection
on det(£T| ) and 1 is a non-zero, covariantly constant section of the spinor bundle on N.
This said, each (A, ) determines a trivialization of £¥ |y, which is given by a homotopy
class of isomorphisms from 1|y to &. Consequently, each gauge equivalence class [(A, 1)]
determines an element [(T,h)] € S, , and accordingly, there is a decomposition

MeEH = U MUET R,
[(€+,h)I€S,y,

Furthermore, for any constant C, there are only finitely many [(£1, k)] such that the
moduli space M([(£*, h4)]) is nonempty and

/ (T h)Uw < C.
[My|

Finally, each M([(¢T,h4)]) can be used to define a Seiberg-Witten invariant, which we
will denote by SW([({T, hy)]) € Z.

Similar discussions apply to M_, MQ_ as well. More precisely, given any Eﬁ_ € Sy,
we have the corresponding L?-moduli space /\/l(é“/;) and a decomposition

M(&5) = U M, r,

(€5 h)E€Sps_
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and for %~ ¢ S, _, we have

M) = U M€ ho,-)])-
[(50'_7’10.—)]651%0,_
Finally, Seiberg-Witten invariants SW([({5,h-)]) € Z, SW([(€%~, ho.—)]) € Z are de-
fined using the moduli spaces M([({;,h-)]) and M([(€%7, ho,—)]) respectively.

With the preceding understood, Taubes’ gluing theorem (cf. [22], Theorem 2.7) asserts
that

SWi (L) = > SW((ET,h)]) - SW([(&5.h7)])
[+, h)]:[(E5  h-)])EVH(L)
and
SWar(6(L)) = > SW (€, h)]) - SW([(E™, 7)),

([ h) 1162 ho, ) €Wy (9(£))
where 1, 1 are the maps in Lemma 2.2.

By the definition of the map ¢, it is clear that ([(¢T,hy )], [(€%7, ho,_)]) € g (4(L))
if and only if [(§%7, ho,-)] = ¢/([(€5,h-)]) and ([(§¥,hy)], [(€5,h-)]) € ¥7H(£). Thus
the assertion SWy (L) = SWhy, (¢(L)) follows immediately from the following lemma.
Lemma 4.1. For any [(§5,h-)] € Sy, SW([(&5,h-)]) = SW(S'([(§5, h-)])-

Proof. According to Taubes [22], the Seiberg-Witten invariant of My — = D? xT? is given
by the polynomial

=t =t 43+ 4.
This can be equivalently stated as

SW([(&O’_, h07_)]) _ { é if C([((fslil;;v}é(l)ys;)]) >0

Thus the lemma follows by showing that for any [({5,h—)] € Sy, ,

SW (&5 .h-)) ={ (1) ! c%&ﬁ}@;ﬁ? .

because by the definition of the map ¢/,

([(§5,h-)]) > 0if and only if c(¢'([(§5, h-)])) > 0.

The strategy of the proof is based on the following observation: by Taubes’ gluing
theorem in [22], Lemma 4.1 must be true as long as SWi (L) = SWy, (¢(L)) holds for
any one particular example of 4-orbifold M which has nonzero Seiberg-Witten invariant.
For example, consider M = T? x ¥ where ¥ is the 2-torus with one singular point of
multiplicity a. The corresponding orbifold Mj is simply the 4-torus which has nonzero
Seiberg-Witten invariant. For this 4-orbifold, the relation SWi (L) = SWhy, (¢(L)) has
been established in the previous section using the gluing theorem of Morgan, Mrowka and
Szabd, which would then imply Lemma 4.1.
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For a somewhat independent proof of the lemma, we can take M = T? x ¥ where ¥ is
the 2-sphere with one singular point of multiplicity «. In this case, the claimed relation
SWar (L) = SWi, (¢(L)) can be obtained using the wall-crossing formula in Li-Liu [14].

More concretely, since M has positive scalar curvature, the Seiberg-Witten invariant
of M is given by the wall-crossing number, which equals (cf. Lemma 2.6 in [14])

/ Cby (V+ - V_).
Tb1 2

Here 7% = H'(|M|;R)/H'(|M|;Z) is the torus parametrizing the gauge equivalence
classes of reducible solutions, and V. — V_ is the index bundle of the family of Dirac
operators parametrized by T% . The key observation is that in this case M is Kéhler,
so that the Dirac operators are given by the d-bar operators (cf. [17]). The kernel and
co-kernel of the d-bar operators, which are given by holomorphic sections of orbifold
bundles over an orbifold with co-dimension 2 singularities, can be identified with the
kernel and co-kernel of the corresponding d-bar operators for the de-singularization of the
orbifold bundles over the de-singularization of the orbifold.

With this understood, let £ be a Spin®-structure on M whose spinor bundle is given
by (I Ky 1Y ® E, where E is an orbifold complex line bundle over X with Seifert invariant
(b, (e, B8)), 0 < B < . In this case, the de-singularization of F is the complex line bundle
Ey over S? (the de-singularization of ¥) which has degree b. Thus the Seiberg-Witten
invariant SWy; (L), given by the wall-crossing number, is equal to the Seiberg-Witten
invariant of M associated to the Spin°-structure whose spinor bundle is (I K;') ® Ep
(which is given by the same wall-crossing number). Note that this Spin®-structure on M
is exactly ¢(L£). Finally, the Seiberg-Witten invariant of My = T2 x S? is nonzero, from
which Lemma 4.1 follows. O

5. Examples: Seifert 3-manifolds

Let Y = S! x ¥ where ¥ is a Riemann surface of genus g. Then the Seiberg-Witten
invariant of Y is given by the following polynomial

SWy (t) = (t7' —t)*972, where t = PD(S" x {pt}).

In the polynomial SWy (t), the coefficient of t* is the Seiberg-Witten invariant SWy (€)
where the Spin-structure £ satisfies ¢ (det §) = kt. This formula can be obtained inde-
pendently in two different ways. The first method is to identify SWy with the Seiberg-
Witten invariant of the Kéhler surface 7% x ¥ and then appeal to the formula in Brussee [7]
or Friedman-Morgan [13]. The second method is to use Taubes’ gluing theorem in [22] to
run an induction on the genus g. The latter approach requires initial values for the cases
where g = 0 or 1, i.e., the Seiberg-Witten invariant of 72 x S? or T%. The Seiberg-Witten
invariant of 72 x S? can be computed using the wall-crossing formula in [14], and the
Seiberg-Witten invariant of T follows from Taubes’ work [21].

For our purpose here, we shall reinterpret the formula for SWy (t) as follows. Note
that Y has a canonical Spin®-structure &y, whose associated spinor bundle Sy is given by
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IOK5'. Any relevant Spinc-structure & (i.e., with nonzero Seiberg-Witten invariant) may
be identified with a complex line bundle D over ¥ such that the associated spinor bundle
of € is given by D @ Kgl ® D. With this understood, note that ¢;(det &) = (2d — 29 + 2)t
where d is the degree of D, and we can reinterpret the formula for SWy (t) as

d
d+1 ifg=0,d>0,
0 otherwise.

(1) < 29 2 ) ifg>1,de0,29—2],
SWy(£) = SWy(D) =

As a straightforward application of Theorem 1.1, we shall compute the Seiberg-Witten
invariant of the 3-orbifold Y = S! x ¥, where X is the 2-orbifold whose underlying surface
|X| has genus g and whose singular set consists of m points z1, - - , z,, with the associated
multiplicities aq,- -+, a,;,. To this end, note that Y has a canonical Spin¢-structure &,
whose associated spinor bundle is Sp = I @& Ky, 1. Any Spin‘-structure ¢ with nonzero
Seiberg-Witten invariant can be identified with an orbifold complex line bundle D over
¥ in the sense that the associated spinor bundle of ¢ is S = D @ K5' ® D. Now observe
that if a Spin®-structure £ on Y is given by D over X, then the Spinc-structure ¢(§)
on |Y] = S! x || is given by |D| over |X|, where, if D is given by the Seifert invariant
(d, (o1, 81), -, (qm, Bm)), with 0 < B; < «;, the complex line bundle |D| over |X| has
degree d. With the preceding understood, Theorem 1.1 implies that

(%) gz naebzg -
SWy(§) = SWy(D) = SWyy(ID) = d+1 ifg=0,d>0,
0 otherwise.

Having been able to compute the Seiberg-Witten invariant of the 3-orbifolds S' x X,
we shall next determine the Seiberg-Witten invariant of Seifert 3-manifolds Y, where
m:Y — ¥ is the unit sphere bundle of an orbifold complex line bundle E over . We
assume the Seifert invariant of E is (e, (a1,e1), -+, (Qn,€m)), where 0 < ¢; < «y, and
ged(e;, o) = 1. We remark that if b1 (Y) > 1, then the Euler class of F must be torsion
when the genus of |X| is zero, i.e., g = 0.

The Seiberg-Witten invariant of Y can be identified with the Seiberg-Witten invariant
of the 4-manifold S x Y, which Seifert fibers over the 3-orbifold S' x 3. The work of
Baldridge [2] then allows us to compute the Seiberg-Witten invariant of S! x Y in terms
of that of S! x ¥. More precisely, according to [2], the relevant Spin¢-structures on S' x Y
are pull-backs of Spinc-structures on S' x ¥. With this said, we shall let & denote the
Spinc-structure on S' x Y which is the pull-back of the canonical Spinc-structure on S' x ¥
whose associated spinor bundle is given by 1@ Ky, 1 Then any relevant Spinc-structure
& may be identified with a complex line bundle 7* D, where D is an orbifold complex line
bundle over . Note that the set of complex line bundles 7* D may be identified with the
set of equivalence classes [D], where [D] = [D'] if and only if D — D’ =0 (mod E).
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With the preceding understood, work of Baldridge (cf. [2], Theorem C) implies that
the Seiberg-Witten invariant of Y is given by the following formula

SWy(§) = SWy([D]) = > SWas(D).
[D]

(cf. Mrowka, Ozsvath and Yu [19]; the special case of the above formula where ¥ is
non-singular has been discussed in [1].) It is useful to observe that if a Spinc-structure
¢ corresponds to [D], then ¢;(det &) = 7*(c1(2D — Kx)). In terms of Poincaré duality,
if D is given by the Seifert invariant (d, (a1,51), -, (@m, Bm)) and if F, F; denote the
regular fiber class and the class of the exceptional fiber at z; respectively, then

ci(det§) = (2d — 29+ 2)F + Y _(28; +1— o) F;.

We shall illustrate the above formula for Seifert 3-manifolds with the following three
examples, which occupy the rest of this section.

Example 5.1. Let Y be the Seifert 3-manifold, where X is the 2-orbifold with g = 5,
a1 =3, ag =5, ag = 7, and F has Seifert invariant (1,(3,2), (5,3),(7,5)). Note that
H?(Y;Z) has no 2-torsions, so that each Spin®-structure is uniquely determined by its
determinant line bundle. With this understood, we shall compute the Seiberg-Witten
invariant for the Spin®-structure ¢ where

cl(detﬁ) = —4F — 2F2 — 4F3

It is easily seen that £ corresponds to the equivalence class [D] where D is given by the
Seifert invariant (2, (3,1),(5,1),(7,1)).

In order to determine the D”’s which belong to [D], we first examine the Seifert in-
variants of kE, k € Z. Denote the Seifert invariant of kE by (f, (3, ax), (5,bx), (7, cx)).
It is easy to check that if & < 0, then fy < —4, and if &k > 2, then f; > 5, and
for k = 2, the Seifert invariant of kFE is (5,(3,1),(5,1),(7,3)). From this analysis,
it follows that the only elements of [D] which contribute nontrivially to the Seiberg-
Witten invariant are Dy = D = (2,(3,1),(5,1),(7,1)), D1 = (4,(3,0),(5,4),(7,6)) and
Dy =(7,(3,2),(5,2),(7,4)). Consequently,

SWy(©) = SWy(ID) = 3 SWew(D) = 3 <1>d< 2)—90,
1=0

d=2,4,7

Example 5.2. In this example we consider Y = S' x S?, which is viewed as a Seifert
3-manifold over X, where X is the 2-orbifold whose underlying space is S?, with two
singular points of the same multiplicity a. The corresponding orbifold complex line
bundle E has Seifert invariant (—1, («, 8), (o, & — B8)), where 0 < 8 < «, ged (o, 8) = 1.

We shall compute the Seiberg-Witten invariant of Y as a Seifert 3-manifold over 3,
where for simplicity we take « = 3 and 8 = 1. For each d, there are 3 distinct equivalence
classes [Dg;], i = 0,1,2, where Dgo = (d,(3,0),(3,0)), Dg1 = (d,(3,0),(3,1)) and
Dqo = (d,(3,1),(3,1)). The Spin°-structures £;,; which correspond to [Dg;] satisfy
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ci(det &y ;) = (6d + 2 + 2i)t, where t = PD(S! x {pt}). In order to compute the Seiberg-
Witten invariants, we determine the elements of each [Dg;]. It is straightforward to check
that the elements of [Dg ] have Seifert invaraints

(da (37 0)7 (3a 0))’ (d -1, (37 1)a (37 2))7 (d -1, (Sa 2)» (37 1));
the elements of [Dg 1] have Seifert invaraints

(d,(3,0),(3,1)), (d,(3,1),(3,0)), (d—1,(3,2),(3,2)),

and the elements of [Dy o] have Seifert invaraints

(d,(3,1),(3,1)), (d,(3,2),(3,0)), (d,(3,0),(3,2)).
Consequently, for d > 0,

(d+1)+d+d=3d+1 if i =0,
SWy (&) = SWy([Das]) = (d+1)+(d+1)+d=3d+2 ifi=1,
(d+1)+(d+1)+(d+1)=3d+3 ifi=2,

and for d < 0, SWy (&4,) =0 fori=0,1,2.
The Seiberg-Witten invariant of Y = S! x S? is given by the polynomial

SWy(t) = (t'—t)"2 = Z mt*™,  where t = PD(S! x {pt}).
m=1

It is clear that our computation gives the same result.

Example 5.3. In this example Y is the mapping torus of a periodic diffeomorphism
f:T? — T? of order 6, where f is given by the matrix

(4a)

Topologically, Y is the 0-surgery on the trefoil knot. This description allows us to
compute the Seiberg-Witten invariant in terms of the Alexander polynomial of the knot
(cf. [16, 11]), and it is given by the following polynomial

th—12+1 >
SWy(t) = —F = =1 2m
Y( ) (1 _ t2)2 + m§::1 m
where ¢ is the Poincaré dual of the generator of H;(Y).

On the other hand, since f is periodic, Y can be also viewed as a Seifert 3-manifold
over ¥, where ¥ is the 2-orbifold whose underlying space is S? and which has 3 singular
points z1, 29, z3 with associated multiplicities 2,3 and 6. The corresponding orbifold

complex line bundle E has Seifert invariant (—2,(2,1),(3,2),(6,5)). We shall compute
the Seiberg-Witten invariant of Y from this point of view.
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First, note that E is torsion of order 6, with the Seifert invariant of kE given by

(-2,(2,1),(3,2),(6,5)), ifk=1,
b )(71)’( )) ifk:2,
1),(3,0),(6,3)), if k=3,
,(1))( 2),(6,2)), ifk=4,

),(3,1),(6,1)), if k= 5.

With this understood, for each d, there are 6 distinct equivalence classes [Dg;], with
1=0,1,2,3,4,5, where in terms of the Seifert invariant,

(-1, (2,
(717(
(_17(
(=1,(

5

2,0
2
2
2

(dv (23 0)7 (37 0)7 (Ga O))> if i = 0,

(dv (210)»(370)7(&1))7 ifi =1,

D, — (d, (2,0),(3,1),(6,0))7 if i =2,
“ Y (d,(2,1),(3,0),(6,0)), ifi=3,
(d,(2,1),(3,0),(6,1)), ifi=4,

(dv (23 1)7(371)7(6a0))7 if i =5.

Let &4, be the Spin‘-structure corresponding to [Dg;]. Then one can easily check that
c1(det&q,;) = (12d + 2:)t. It is straightforward, though tedious, to write down the Seifert
invariants of the elements of each [Dg;], with which one obtains

0 if d <0,
SWy (€4:) = SWy([Day]) = 1 ifd=0,7=0,
6d + 17 otherwise.

It is clear that this is the same as given by the polynomial SWy (t) =1+ >, mt2m.

6. Application: non-Kahler elliptic surfaces

We first extend the formula for the Seiberg-Witten invariants of Seifert 3-manifolds
from the previous section to Seifert fibered 3-orbifolds. The proof of Theorem 1.4 follows
easily from this with the help of Baldridge’s theorem in [2].

Let 7 : Y — X be a Seifert fibered 3-orbifold where ¥ has genus g and m singular points
z; with multiplicities «;, ¢ = 1,--- , m, and where the corresponding orbifold complex line
bundle F has Seifert invariant (e, (cy,e;)). Here for each ¢, 0 < e; < «;, and e; and
«; are not necessarily relatively prime. In fact, the components of the singular set of Y
are given by exceptional fibers: the fiber over z; lies in the singular set if and only if
ged (g, €;) > 1, where in this case, a; = ged (au, e;) is the associated multiplicity of the
corresponding singular component.

As we shall see from the proof, the set of Spin®-structures of Y which have nonzero
Seiberg-Witten invariant may be identified with a subset of equivalence classes [D], where
[D] = [D'] if and only if D — D’ = 0 (mod E), such that under the identification, if &
corresponds to [D] and D has Seifert invariant (d, («;, £;)), one has

det{ = (2d—29+2)F + (28 +1—a,)F;.
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Here F stands for the complex line bundle whose first Chern class is Poincaré dual to
a regular fiber, and for each i, if a; = ged (ay,€;) = 1, F; stands for the complex line
bundle whose first Chern class is Poincaré dual to the exceptional fiber at z; (which is not
a singular component), and if a; = ged (o, €;) > 1, F; stands for the orbifold complex
line bundle defined as follows: in a neighborhood of the exceptional fiber at z; (which is a
singular component with multiplicity a;), F; is given by the Z,,-equivariant complex line
bundle D? x S! x C with the standard Z,,-action

A (z,z,w) = (A2, 2, \w), A =exp(2mi/a;), (z,2) € D* x S*,w e C,

and over the rest of Y, F; is defined by extending the trivialization determined by the
Z,,-equivariant nonzero section (z,z) — z along 9D? x S

Theorem 6.1. The Seiberg- Witten invariant of Y is given by

SWy(§) = SWy([D]) = > SWays(D).
D’e[D]

Proof. Without loss of generality, we can assume that a,, > 1, which means that the
exceptional fiber at z,, is a singular component. We let Y be the 3-orbifold obtained by
removing the exceptional fiber at z,, from the singular set of Y. Then it follows easily
that Yy is Seifert fibered over ¥y, where ¥ is the 2-orbifold obtained from ¥ by changing
the multiplicity of z,, to au,/am,. The corresponding orbifold complex line bundle Ey for
Y, has Seifert invariant

(67 (0[1, 61)7 Tty (amfla 6mfl)7 (am/am7 em/am))~

In fact, let 7 : Y — ¥ and 7o : Yy — Xy denote the Seifert fibrations. Then the local
models for 7 and g near z,, are given as follows. Consider the Z,, -action on D? x S!
given by

A (z,w) = (A2, Amw), A = exp(27i/am), (z,w) € D* x S'.

The Seifert fibration 7 is given by the Z,,, -equivariant map (z,w) +— z. Likewise, mq is
given by the Z, /,,, -equivariant map (z,w) — z, where the Z,, /,, -action on D? x St
is given by

Ao (z,w) = (Aoz,)\gm/amw), Ao = A = exp(2mami/am), (z,w) € D* x S'.

Now let X_, 3o, be regular neighborhoods of z,, in ¥, ¥y respectively. Then there
are decompositions ¥ = ¥ U, X_ and Yo = X4 Uy Xg _, where v is the link around
zm. These decompositions are compatible with the decompositions ¥ = Y, Ur Y_ and
Yo =Y, Ur Yy —, where T is the 2-torus over v. Moreover, m = mp : Y — .

With the preceding understood, we shall reduce the proof of the theorem for Y to that
for Yy using Theorem 1.1, and inductively, the theorem is reduced to the case of Seifert
3-manifolds, which we have already established.

To this end, we associate to each orbifold complex line bundle D over ¥ an orbifold
complex line bundle Dy over ¥y as follows. Suppose D has Seifert invariant (d, (v, 5;))-
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Then we define Dy to be the one which has Seifert invariant

(d7 (a13ﬁ1)7 Ty (am7176m71)7 (am/am7 [ﬂm/am]))y

where 8., = [Bm/am] - @m + b, with 0 < b, < @, We claim that under the map ¢
in Theorem 1.1, the Spin®-structure corresponding to [D] is sent to the Spin®-structure
corresponding to [Dy)].

To see this, let &, £ be the Spinc-structures corresponding to [D] and [Dy] respectively.
Then the associated spinor bundles are S = 7*(D@ Ky '®D) and S° = 7§ (Do EBKEJ@DO).
Over Yy, S and S° are identified as follows. Consider D over ¥_ and Dy over 3 _. There
are canonical trivializations of D and Dy along -y, such that with these trivializations the
relative first Chern class of D and Dy over ¥_ and X _ are By, /ay, and [By, /am ]/ (0tm/am)
respectively. In fact, these trivializations are given by the equivariant nonzero sections
z — 2P and z — z[Bm/am] respectively. Now by the definition of Dy, D is isomorphic to
Dy over ¥4 with these trivializations on the boundary v = 93 . Likewise, Kgl and Kgol
are isomorphic over ¥ with certain canonical trivializations on v, which are given by the
equivariant nonzero section z — z. Note that with respect to these trivializations, the
relative first Chern class of K5 and Kgol over ¥_ and Xy _ are 1/a,, and 1/(am/am)
respectively. Now with m = m : Y3 — ¥, these isomorphisms between D, Dy and K L
K 501 over ¥ give an identification between S and S over Y., as a bundle with a fixed
trivialization on T' = 0Y.

With this understood, the claim £° = ¢(¢) will follow by examining the relative first
Chern classes of det S and det S over Y_ and Y, _ with respect to these trivializations
on T. The relative first Chern classes can be calculated using the local models for 7
and my near z,, and the equivariant nonzero sections defining these trivializations; their
evaluations on the 2-disc D? x {pt} are (cf. [8], Lemma 3.6)

28m +1 2b,, +1
Dmt ] B fam] + 2t

am am

for det S,

and

2[Bm/am] +1 for detSp.
By Lemma 2.3, the trivializations of S|y_ and So|y0,7 on T must be of the form
he : &r — & and ho_ : %7 — &, and moreover, by Definition 2.4, €% = ¢(&) as
claimed.

By Theorem 1.1, we have SWy ([D]) = SWy,([Do]). Thus the proof of the theorem
boils down to verifying

Y SWaiks(D) = > SWaiyx, (Dp).
D) Dye[Dy]

To see this, first note that under the correspondence D +— Dy, D’ € [D] if and only if
Dj, € [Dy] (where D’ — Dj), because D' — D = 0 (mod E) if and only if Dj — Dy = 0
(mod Ep). Secondly, SWgiyx(D') = SWsiyx,(Dy), because if D’ is given by the Seifert
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invariant (d', (a;, 8})), then Dj is given by

(dl7 (ala 51)7 R (O{m,h B;nfl% (am/am7 [57/71/(17%]))7
so that both SWs1,x(D’) and SWgi 5, (Dy) are equal to

d/
d+1 ifg=0,d >0,
0 otherwise.

o (7)) ez Laebz-o

Finally, we remark that the above proof also shows that the equation

deté = (2d—29+2)F + Y (26 +1—a))F;

follows, with the help of Proposition 2.6, from the corresponding equation for Seifert
3-manifolds. This finishes the proof of Theorem 6.1. (]

In the remaining part of this section, we give a proof of Theorem 1.4. To this end, let
X be a minimal elliptic surface obtained from FE x C, where E = C/A and C'is a curve of
genus g, by doing logarithmic transforms on lifts z; € C of m;-torsion points &; modulo A,
i=1,2,--- ,n. We remark that X is non-Kéhler if and only if ), z; # 0. In this case,
b3 (X) = 2g. If X is Kéhler, i.e., Y, 2; = 0, then bJ (X) = 2¢g + 1. See [12] for details.

For our purpose here it is more convenient to describe X topologically as a principal
T?-bundle over ¥, where ¥ is the 2-orbifold canonically obtained from C as follows. Let ¢,
i=1,---,n, be the point of C' over which the logarithmic transform on x; is performed.
Then the singular points of % consist of ¢; with multiplicity m; for all ¢ where m; > 1.

As we explained in the introduction, after fixing a basis e, es of A, X gives rise to a
pair of orbifold complex line bundles (or equivalently, principal S!-bundles) E;, Es over X.
We shall give a more intrinsic description of Fy, F5 here. Note that e;, es determine an
identification of T? = C/A with S* x S = R/Ze; x R/Zes. Let p1,ps : T? — S! be the
corresponding projections onto the first and the second factor respectively, and let Y7,
Y5 be the principal S'-bundles over ¥ induced by pi,p2. Then E;, Fy are the orbifold
complex line bundles associated to Y7, Y5. Note that this process can be reversed: given
a pair of principal S'-bundles Y7, Y5 over ¥, we obtain X back as the pull-back bundle
of Y1 x Y5 — ¥ x ¥ via the diagonal map ¥ — ¥ x X.

If we choose a different basis e}, e}, with Ej, F) being the corresponding orbifold
complex line bundles, where

(e1,e2) = (e’l,e'2)< a Z ), for some ( z Z ) € SL(2;7Z),

c

then E| = aFy + bEs, Ey = cEy + dF5. In particular, the subgroup of orbifold complex
line bundles generated by E7, F5 coincides with the subgroup generated by Ff, E}, which
was denoted by I'x in the introduction.

Finally, X may be regarded as a principal S'-bundle over the 3-orbifold Y5, with a
bundle morphism X — Y7 which induces the Seifert fibration w5 : Yo — X. In other
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words, the orbifold complex line bundle corresponding to the Seifert fibration 7 : X — Y5
is ’/T;El .

With the preceding understood, the following theorem is a slightly more general version
of Theorem 1.4, where X is allowed to be Kéhler.

Theorem 6.2. Suppose by > 1 (which means that X must be Kihler when g =0). Then
the subset of Spin®-structures which may have nonzero Seiberg- Witten invariant can be
identified with the set {(D)}, where (D) is the orbit of an orbifold complex line bundle D
under the action of I'x. With this understood,

’ 29— 2 .
D
SWX((D)) — ZD’E(D),\D’\E[O,2g—2](_1)‘ | ‘D/| > ng >1

> prey,pzo(ID|+1) if g=0.

Moreover, if L is the Spin©-structure corresponding to (D), then

ci(det£) = (2d—2g+2)F + > (25; +1—m;)F;

where F' stands for a reqular fiber and F; for the fiber at t; of the elliptic fibration on X,
and (d, (my, s;)) is the Seifert invariant of D.

We remark that when bé" = 1, which happens if and only if g = 0 and X is Ké&hler, the
Seiberg-Witten invariant of X is defined using the Taubes chamber, i.e., using the Kéhler
form to orient H**(X;R).

Proof. Applying Baldridge’s theorem in [2] to the Seifert fibration 7 : X — Y5, and with
Theorem 6.1, we see that the relevant Spin©-structures of X are parametrized by the set
of equivalence classes [[D]], where [[D]] = [[D’]] if and only if [D] and [D'] differ by a
multiple of [E4]. On the other hand, recall from Theorem 6.1 that [D] stands for the
equivalence class of D where D, D’ are considered equivalent if and only if D — D' =0
(mod Ej5), or equivalently, 75D = 7 D’. Tt follows easily that the equivalence class [[D]]
coincides with the orbit (D). Furthermore, by Baldridge’s formula in [2] as well as the
formula in Theorem 6.1,

SWx((D)) = Y SWy([Di])
[D1]€[[D]]

= D) SWaiw(Dy)

[D1]€[[D]] D2€[D1]
= ) SWaus(D),

D'e(D)

from which the claimed formula for SWx((D)) in Theorem 6.2 follows. Finally, the
formula for ¢q(det £) follows directly from the corresponding formula for Seifert fibered
3-orbifolds (cf. Theorem 6.1). O
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