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Isotropy subgroup of the Hurwitz action of the 4-braid

group on braid systems

Yoshiro Yaguchi

Abstract. We study the Hurwitz action of the 4-braid group B4 on the 4-fold direct
product B

4

5
of the 5-braid group B5 and determine explicitly a system of generators

of the isotropy subgroup of the Hurwitz action of B4 at the standard generators of
B5. As a corollary 125 representatives of its coset space are also presented.

1. Introduction

Let Bn denote the n-braid group, which has the following presentation [1, 2]:
〈

σ1, . . . , σn−1

∣

∣

∣

∣

σiσjσi = σjσiσj (|i− j| = 1),
σiσj = σjσi (|i− j| > 1)

〉

,

where σi is the i-th standard generator.

Definition 1.1. The Hurwitz action of the n-braid group Bn on the n-fold Cartesian
product Gn of a group G is the right action defined by

(b1, . . . , bi−1, bi, bi+1, bi+2, . . . , bn) · σi = (b1, . . . , bi−1, bi+1, bi+1
−1bibi+1, bi+2, . . . , bn),

where σ1, . . . , σn−1 are the standard generators of Bn.

The Hurwitz action by the standard generators σi and their inverses σ−1
i are called

elementary transformations.
When G is the mapping class group of a Riemann surface Σg of genus g and when

each bj (j = 1, . . . , n) is a positive Dehn twist along a simple closed curve on Σg, the
orbit of an n-tuple (b1, . . . , bn) by the Hurwitz action of Bn corresponds to an equivalence
class of a genus g Lefschetz fibration f : W → D2 over a 2-disk with n singular fibers
(cf. [3]). When G is the m-braid group Bm and when each bj (j = 1, . . . , n) is a
conjugate of σ1, the orbit of an n-tuple (b1, . . . , bn) corresponds to an equivalence class of
an “algebraic” braided surface in a bi-disk D2 ×D2 with n branch points [4, 6, 7]. Here
we say that two braided surfaces S and S′ are equivalent if there is a fiber-preserving
diffeomorphism f : D2 ×D2 → D2 ×D2 (that is, f(D2 × {x}) = D2 × {g(x)} for some
diffeomorphism g : D2 → D2) carrying S to S′ rel D2 × ∂D2. Moreover if the fiber-
preserving diffeomorphism f : D2×D2 → D2×D2 keeps every fiber D2×{x} setwise for
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all x ∈ D2 (i.e. g : D2 → D2 is the identity map), we say that S and S′ are isomorphic

(cf. [4]). By definition, isomorphic braided surfaces are equivalent and have the same
branch point set. It is natural to ask if two given braided surfaces are equivalent or not,
and if given equivalent braided surfaces with the same branch point set are isomorphic
or not. The former question is equivalent to asking if two given n-tuples (b1, . . . , bn) and
(b′1, . . . , b

′

n) determined by their monodromies are in the same Hurwitz orbit or not. This
is a very hard problem and no algorithm to solve it is known. The second question is
quite easy to solve. Two braided surfaces S and S′ with the same branch point set are
isomorphic if and only if their monodromies determine the same n-tuples (b1, . . . , bn) with
respect to the same generating system of D2 \{branch points}. So an interesting question
is to ask how many braided surfaces are there which are equivalent to S and have the same
branch point set with S but are not isomorphic to each other. This number is exactly
equal to the cardinal number of the orbit of an n-tuple (b1, . . . , bn) of S [8]. Therefore
it is important to study the orbit of an n-tuple (b1, . . . , bn) ∈ Bn

m under the Hurwitz
action. We shall consider a special case of (σ1, . . . , σn) in Bn

n+1, since it corresponds to
the “standard” braided surface of degree n+ 1 with n branch points, and it is related to
an unknotted surface braid (cf. [4, 7]).

An element of the n-fold direct product Bn
m of Bm is called a braid system of degree m

and of length n (cf. [4]).
Let (b1, . . . , bn) be a braid system of degree m and of length n. We denote the isotropy

subgroup of the Hurwitz action of Bn at the braid system (b1, . . . , bn) by H(b1, . . . , bn).
Namely, H(b1, . . . , bn) = {β ∈ Bn | (b1, . . . , bn) · β = (b1, . . . , bn)}. The elements of
the orbit of (b1, . . . , bn) under the Hurwitz action correspond to the cosets of Bn by the
isotropy subgroup H(b1, . . . , bn). In particular, the cardinal number of the orbit is that
of the coset space H(b1, . . . , bn)\Bn.

In [8] we described the isotropy subgroup of Hurwitz action of B3 at the standard
generators of B4 and its coset space which consists of 16 elements.

In this paper, we study the isotropy subgroup of Hurwitz action of B4 at those of B5

and its cosets. To state the main theorem, we need some preparations.
For integers i (0 ≤ i ≤ 3) and s (0 ≤ s ≤ 4), let asi , b

s
i , c

s
i , d

s
i , e

s
0, e

s
1, . . . , e

s
8 be elements

of B4 defined by

asi = (σ1σ2σ3)
s(σ2σ3)

i, bsi = (σ1σ2σ3)
s(σ2σ3)

iσ2,

csi = (σ1σ2σ3)
s(σ2σ3)

iσ3, dsi = (σ1σ2σ3)
s(σ2σ3)

iσ2
2,

es0 = (σ1σ2σ3)
sσ1

2, es1 = (σ1σ2σ3)
sσ1

2σ2,

es2 = (σ1σ2σ3)
sσ1

2σ2σ3, es3 = (σ1σ2σ3)
sσ1

2σ2σ3σ2,

es4 = (σ1σ2σ3)
sσ1

2(σ2σ3)
2, es5 = (σ1σ2σ3)

sσ1
2(σ2σ3)

2σ2,

es6 = (σ1σ2σ3)
sσ1

2(σ2σ3)
3, es7 = (σ1σ2σ3)

sσ1
2(σ2σ3)

3σ2,

es8 = (σ1σ2σ3)
sσ1

2(σ2σ3)
4.

Now we define two subsets of B4 denoted by X and S.

Let X = (

3
⋃

i=0

Ai)∪ (

3
⋃

i=0

Bi)∪ (

3
⋃

i=0

Ci)∪ (

3
⋃

i=0

Di)∪ (

8
⋃

i=0

Ei) be the subset of B4 defined by
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Ai = {asi | 0 ≤ s ≤ 4} (i = 0, . . . , 3),
Bi = {bsi | 0 ≤ s ≤ 4} (i = 0, . . . , 3),
Ci = {csi | 0 ≤ s ≤ 4} (i = 0, . . . , 3),
Di = {dsi | 0 ≤ s ≤ 4} (i = 0, . . . , 3),
Ei = {esi | 0 ≤ s ≤ 4} (i = 0, . . . , 8).

Moreover, let Yj (j = 1, 2, 3) be the subset of X defined by

Y1 = A1 ∪ A2 ∪ B0 ∪ B1 ∪ C1 ∪ C2 ∪ D1 ∪ D3 ∪ E3 ∪ E4,
Y2 = C0 ∪ C1 ∪ C2 ∪ C3 ∪ E0 ∪ E1 ∪ E4 ∪ E5 ∪ E6 ∪ E7,
Y3 = D0 ∪ D1 ∪ D2 ∪ D3 ∪ E1 ∪ E2 ∪ E3 ∪ E4 ∪ E7 ∪ E8

and let Zj be the complement of Yj in X for j = 1, 2, 3.
Finally a subset S of B4 is defined by

S = {βσ2
jβ

−1 | β ∈ Yj , j = 1, 2, 3} ∪ {βσ3
jβ

−1 | β ∈ Zj , j = 1, 2, 3}.

The following theorem is the main result of this paper.

Theorem 1.2. Let s1, s2, s3, s4 be the standard generators of B5. Then, we have

(1) H(s1, s2, s3, s4) is generated by S.
(2) #(H(s1, s2, s3, s4)\B4) = 125. Moreover, all the representatives are given by X .

Remark 1.3. For any integer n ≥ 2, the equality #(H(s1, . . . , sn)\Bn) = (n + 1)n−1

has been proven in [5]. In particular, the first half of Theorem 1.2(2) was known. So, the
purpose of this paper is to give explicitly a system of generators S of the isotropy subgroup
and 125 representatives of its cosets. In fact, we give a direct proof of Theorem 1.2 without
using the above mentioned result of [5].

Remark 1.4. In [9], for any integer n ≥ 2 and any element ϕ of the symmetric group
Sn, the author shows the equality #(H(sϕ(1), . . . , sϕ(n))\Bn) = (n+ 1)n−1.

2. Proof of Theorem 1.2

The notation β1 ≡ β2 (mod H) stands for Hβ1 = Hβ2 (or equivalently β1β
−1
2 ∈ H),

where H is a subgroup of B4 and β1, β2 ∈ B4. In the middle column of Table 2.1, b1 ∗ b2
stands for b2

−1b1b2 for b1, b2 ∈ B5 and “1, 2, 3, 4” are abbreviations of “s1, s2, s3, s4” of
B5, respectively. In the right column of Table 2.1, (ij) is the transposition of i and j for
1 ≤ i < j ≤ 5, which is an element of the symmetric group S5. For each β ∈ X ,
we write the result of (1, 2, 3, 4) · β in the middle column of Table 2.1 and that of
(π(1), π(2), π(3), π(4))·β in the right column of Table 2.1, where π is the natural homomor-
phism from B5 to S5 which sends i(= si) to the transposition (i i+1). For any distinct ele-
ments β1 and β2 of X , we see that (π(1), π(2), π(3), π(4)) ·β1 6= (π(1), π(2), π(3), π(4)) ·β2.
Thus, (s1, s2, s3, s4) · β1 6= (s1, s2, s3, s4) · β2, and we obtain the following lemma.

Lemma 2.1. For any distinct elements β1 and β2 of X , β1 6≡ β2 (mod H(s1, s2, s3, s4)).

The following proposition is given in [8] and it is useful to prove Lemma 2.3.
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Proposition 2.2. Let (b1, b2) be a braid system of degree m and of length 2.

(1) σ2
1 ∈ H(b1, b2) if and only if b1b2 = b2b1.

(2) σ3
1 ∈ H(b1, b2) if and only if b1b2b1 = b2b1b2.

Lemma 2.3.

(1) If β ∈ Yj for j = 1, 2 or 3, then βσ2
j ≡ β (mod H(s1, s2, s3, s4)).

(2) If β ∈ Zj for j = 1, 2 or 3, then βσ3
j ≡ β (mod H(s1, s2, s3, s4)).

β (1, 2, 3, 4) · β (π(1), π(2), π(3), π(4)) · β
A0 a00 (1, 2, 3, 4) ((12), (23), (34), (45))

a10 (2, 3, 4, 1 ∗ (234)) ((23), (34), (45), (15))
a20 (3, 4, 1 ∗ (234), 1) ((34), (45), (15), (12))
a30 (4, 1 ∗ (234), 1, 2) ((45), (15), (12), (23))
a40 (1 ∗ (234), 1, 2, 3) ((15), (12), (23), (34))

A1 a01 (1, 3, 4, 2 ∗ (34)) ((12), (34), (45), (25))
a11 (2, 4, 1 ∗ (234), 1 ∗ 2) ((23), (45), (15), (13))
a21 (3, 1 ∗ (234), 1, 2 ∗ 3) ((34), (15), (12), (24))
a31 (4, 1, 2, 3 ∗ 4) ((45), (12), (23), (35))
a41 (1 ∗ (234), 2, 3, 1 ∗ (23)) ((15), (23), (34), (14))

A2 a02 (1, 4, 2 ∗ (34), 2) ((12), (45), (25), (23))
a12 (2, 1 ∗ (234), 1 ∗ 2, 3) ((23), (15), (13), (34))
a22 (3, 1, 2 ∗ 3, 4) ((34), (12), (24), (45))
a32 (4, 2, 3 ∗ 4, 1 ∗ (234)) ((45), (23), (35), (15))
a42 (1 ∗ (234), 3, 1 ∗ (23), 1) ((15), (34), (14), (12))

A3 a03 (1, 2 ∗ (34), 2, 3) ((12), (25), (23), (34))
a13 (2, 1 ∗ 2, 3, 4) ((23), (13), (34), (45))
a23 (3, 2 ∗ 3, 4, 1 ∗ (234)) ((34), (24), (45), (15))
a33 (4, 3 ∗ 4, 1 ∗ (234), 1) ((45), (35), (15), (12))
a43 (1 ∗ (234), 1 ∗ (23), 1, 2) ((15), (14), (12), (23))

B0 b00 (1, 3, 2 ∗ 3, 4) ((12), (34), (24), (45))
b10 (2, 4, 3 ∗ 4, 1 ∗ (234)) ((23), (45), (35), (15))
b20 (3, 1 ∗ (234), 1 ∗ (23), 1) ((34), (15), (14), (12))
b30 (4, 1, 2 ∗ (34), 2) ((45), (12), (25), (23))
b40 (1 ∗ (234), 2, 1 ∗ 2, 3) ((15), (23), (13), (34))

B1 b01 (1, 4, 3 ∗ 4, 2 ∗ (34)) ((12), (45), (35), (25))
b11 (2, 1 ∗ (234), 1 ∗ (23), 1 ∗ 2) ((23), (15), (14), (13))
b21 (3, 1, 2 ∗ (34), 2 ∗ 3) ((34), (12), (25), (24))
b31 (4, 2, 1 ∗ 2, 3 ∗ 4) ((45), (23), (13), (35))
b41 (1 ∗ (234), 3, 2 ∗ 3, 1 ∗ (23)) ((15), (34), (24), (14))

Table 2.1(a)
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β (1, 2, 3, 4) · β (π(1), π(2), π(3), π(4)) · β
B2 b02 (1, 2 ∗ (34), 2 ∗ 3, 2) ((12), (25), (24), (23))

b12 (2, 1 ∗ 2, 3 ∗ 4, 3) ((23), (13), (35), (34))
b22 (3, 2 ∗ 3, 1 ∗ (23), 4) ((34), (24), (14), (45))
b32 (4, 3 ∗ 4, 2 ∗ (34), 1 ∗ (234)) ((45), (35), (25), (15))
b42 (1 ∗ (234), 1 ∗ (23), 1 ∗ 2, 1) ((15), (14), (13), (12))

B3 b03 (1, 2, 3 ∗ 4, 3) ((12), (23), (35), (34))
b13 (2, 3, 1 ∗ (23), 4) ((23), (34), (14), (45))
b23 (3, 4, 2 ∗ (34), 1 ∗ (234)) ((34), (45), (25), (15))
b33 (4, 1 ∗ (234), 1 ∗ 2, 1) ((45), (15), (13), (12))
b43 (1 ∗ (234), 1, 2 ∗ 3, 2) ((15), (12), (24), (23))

C0 c00 (1, 2, 4, 3 ∗ 4) ((12), (23), (45), (35))
c10 (2, 3, 1 ∗ (234), 1 ∗ (23)) ((23), (34), (15), (14))
c20 (3, 4, 1, 2 ∗ (34)) ((34), (45), (12), (25))
c30 (4, 1 ∗ (234), 2, 1 ∗ 2) ((45), (15), (23), (13))
c40 (1 ∗ (234), 1, 3, 2 ∗ 3) ((15), (12), (34), (24))

C1 c01 (1, 3, 2 ∗ (34), 2 ∗ 3) ((12), (34), (25), (24))
c11 (2, 4, 1 ∗ 2, 3 ∗ 4) ((23), (45), (13), (35))
c21 (3, 1 ∗ (234), 2 ∗ 3, 1 ∗ (23)) ((34), (15), (24), (14))
c31 (4, 1, 3 ∗ 4, 2 ∗ (34)) ((45), (12), (35), (25))
c41 (1 ∗ (234), 2, 1 ∗ (23), 1 ∗ 2) ((15), (23), (14), (13))

C2 c02 (1, 4, 2, 3 ∗ 4) ((12), (45), (23), (35))
c12 (2, 1 ∗ (234), 3, 1 ∗ (23)) ((23), (15), (34), (14))
c22 (3, 1, 4, 2 ∗ (34)) ((34), (12), (45), (25))
c32 (4, 2, 1 ∗ (234), 1 ∗ 2) ((45), (23), (15), (13))
c42 (1 ∗ (234), 3, 1, 2 ∗ 3) ((15), (34), (12), (24))

C3 c03 (1, 2 ∗ (34), 3, 2 ∗ 3) ((12), (25), (34), (24))
c13 (2, 1 ∗ 2, 4, 3 ∗ 4) ((23), (13), (45), (35))
c23 (3, 2 ∗ 3, 1 ∗ (234), 1 ∗ (23)) ((34), (24), (15), (14))
c33 (4, 3 ∗ 4, 1, 2 ∗ (34)) ((45), (35), (12), (25))
c43 (1 ∗ (234), 1 ∗ (23), 2, 1 ∗ 2) ((15), (14), (23), (13))

D0 d00 (1, 2 ∗ 3, 2, 4) ((12), (24), (23), (45))
d10 (2, 3 ∗ 4, 3, 1 ∗ (234)) ((23), (35), (34), (15))
d20 (3, 1 ∗ (23), 4, 1) ((34), (14), (45), (12))
d30 (4, 2 ∗ (34), 1 ∗ (234), 2) ((45), (25), (15), (23))
d40 (1 ∗ (234), 1 ∗ 2, 1, 3) ((15), (13), (12), (34))

D1 d01 (1, 3 ∗ 4, 3, 2 ∗ (34)) ((12), (35), (34), (25))
d11 (2, 1 ∗ (23), 4, 1 ∗ 2) ((23), (14), (45), (13))
d21 (3, 2 ∗ (34), 1 ∗ (234), 2 ∗ 3) ((34), (25), (15), (24))
d31 (4, 1 ∗ 2, 1, 3 ∗ 4) ((45), (13), (12), (35))
d41 (1 ∗ (234), 2 ∗ 3, 2, 1 ∗ (23)) ((15), (24), (23), (14))

Table 2.1(b)
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β (1, 2, 3, 4) · β (π(1), π(2), π(3), π(4)) · β
D2 d02 (1, 2 ∗ 3, 4, 2) ((12), (24), (45), (23))

d12 (2, 3 ∗ 4, 1 ∗ (234), 3) ((23), (35), (15), (34))
d22 (3, 1 ∗ (23), 1, 4) ((34), (14), (12), (45))
d32 (4, 2 ∗ (34), 2, 1 ∗ (234)) ((45), (25), (23), (15))
d42 (1 ∗ (234), 1 ∗ 2, 3, 1) ((15), (13), (34), (12))

D3 d03 (1, 3 ∗ 4, 2 ∗ (34), 3) ((12), (35), (25), (34))
d13 (2, 1 ∗ (23), 1 ∗ 2, 4) ((23), (14), (13), (45))
d23 (3, 2 ∗ (34), 2 ∗ 3, 1 ∗ (234)) ((34), (25), (24), (15))
d33 (4, 1 ∗ 2, 3 ∗ 4, 1) ((45), (13), (35), (12))
d43 (1 ∗ (234), 2 ∗ 3, 1 ∗ (23), 2) ((15), (24), (14), (23))

E0 e00 (1 ∗ 2, 1, 3, 4) ((13), (12), (34), (45))
e10 (2 ∗ 3, 2, 4, 1 ∗ (234)) ((24), (23), (45), (15))
e20 (3 ∗ 4, 3, 1 ∗ (234), 1) ((35), (34), (15), (12))
e30 (1 ∗ (23), 4, 1, 2) ((14), (45), (12), (23))
e40 (2 ∗ (34), 1 ∗ (234), 2, 3) ((25), (15), (23), (34))

E1 e01 (1 ∗ 2, 3, 1, 4) ((13), (34), (12), (45))
e11 (2 ∗ 3, 4, 2, 1 ∗ (234)) ((24), (45), (23), (15))
e21 (3 ∗ 4, 1 ∗ (234), 3, 1) ((35), (15), (34), (12))
e31 (1 ∗ (23), 1, 4, 2) ((14), (12), (45), (23))
e41 (2 ∗ (34), 2, 1 ∗ (234), 3) ((25), (23), (15), (34))

E2 e02 (1 ∗ 2, 3, 4, 1) ((13), (34), (45), (12))
e12 (2 ∗ 3, 4, 1 ∗ (234), 2) ((24), (45), (15), (23))
e22 (3 ∗ 4, 1 ∗ (234), 1, 3) ((35), (15), (12), (34))
e32 (1 ∗ (23), 1, 2, 4) ((14), (12), (23), (45))
e42 (2 ∗ (34), 2, 3, 1 ∗ (234)) ((25), (23), (34), (15))

E3 e03 (1 ∗ 2, 4, 3 ∗ 4, 1) ((13), (45), (35), (12))
e13 (2 ∗ 3, 1 ∗ (234), 1 ∗ (23), 2) ((24), (15), (14), (23))
e23 (3 ∗ 4, 1, 2 ∗ (34), 3) ((35), (12), (25), (34))
e33 (1 ∗ (23), 2, 1 ∗ 2, 4) ((14), (23), (13), (45))
e43 (2 ∗ (34), 3, 2 ∗ 3, 1 ∗ (234)) ((25), (34), (24), (15))

E4 e04 (1 ∗ 2, 4, 1, 3 ∗ 4) ((13), (45), (12), (35))
e14 (2 ∗ 3, 1 ∗ (234), 2, 1 ∗ (23)) ((24), (15), (23), (14))
e24 (3 ∗ 4, 1, 3, 2 ∗ (34)) ((35), (12), (34), (25))
e34 (1 ∗ (23), 2, 4, 1 ∗ 2) ((14), (23), (45), (13))
e44 (2 ∗ (34), 3, 1 ∗ (234), 2 ∗ 3) ((25), (34), (15), (24))

E5 e05 (1 ∗ 2, 1, 4, 3 ∗ 4) ((13), (12), (45), (35))
e15 (2 ∗ 3, 2, 1 ∗ (234), 1 ∗ (23)) ((24), (23), (15), (14))
e25 (3 ∗ 4, 3, 1, 2 ∗ (34)) ((35), (34), (12), (25))
e35 (1 ∗ (23), 4, 2, 1 ∗ 2) ((14), (45), (23), (13))
e45 (2 ∗ (34), 1 ∗ (234), 3, 2 ∗ 3) ((25), (15), (34), (24))

Table 2.1(c)
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β (1, 2, 3, 4) · β (π(1), π(2), π(3), π(4)) · β
E6 e06 (1 ∗ 2, 1, 3 ∗ 4, 3) ((13), (12), (35), (34))

e16 (2 ∗ 3, 2, 1 ∗ (23), 4) ((24), (23), (14), (45))
e26 (3 ∗ 4, 3, 2 ∗ (34), 1 ∗ (234)) ((35), (34), (25), (15))
e36 (1 ∗ (23), 4, 1 ∗ 2, 1) ((14), (45), (13), (12))
e46 (2 ∗ (34), 1 ∗ (234), 2 ∗ 3, 2) ((25), (15), (24), (23))

E7 e07 (1 ∗ 2, 3 ∗ 4, 1, 3) ((13), (35), (12), (34))
e17 (2 ∗ 3, 1 ∗ (23), 2, 4) ((24), (14), (23), (45))
e27 (3 ∗ 4, 2 ∗ (34), 3, 1 ∗ (234)) ((35), (25), (34), (15))
e37 (1 ∗ (23), 1 ∗ 2, 4, 1) ((14), (13), (45), (12))
e47 (2 ∗ (34), 2 ∗ 3, 1 ∗ (234), 2) ((25), (24), (15), (23))

E8 e08 (1 ∗ 2, 3 ∗ 4, 3, 1) ((13), (35), (34), (12))
e18 (2 ∗ 3, 1 ∗ (23), 4, 2) ((24), (14), (45), (23))
e28 (3 ∗ 4, 2 ∗ (34), 1 ∗ (234), 3) ((35), (25), (15), (34))
e38 (1 ∗ (23), 1 ∗ 2, 1, 4) ((14), (13), (12), (45))
e48 (2 ∗ (34), 2 ∗ 3, 2, 1 ∗ (234)) ((25), (24), (23), (15))

Table 2.1(d)

Proof of Lemma 2.3. The result of (s1, s2, s3, s4) · β (= (1, 2, 3, 4) · β) for each
β ∈ X is written in the middle column of the table above. In this proof, we denote
it by (b1, b2, b3, b4) for each β ∈ X .

(1) If β ∈ Yj for j = 1, 2 or 3, we see that bjbj+1 = bj+1bj by direct calculations. So,
by Proposition 2.2(1), we have (s1, s2, s3, s4) · βσ

2
j = (s1, s2, s3, s4) · β.

(2) If β ∈ Zj for j = 1, 2 or 3, we see that bjbj+1bj = bj+1bjbj+1 by direct calculations.
So, by Proposition 2.2(2), we have (s1, s2, s3, s4) · βσ

3
j = (s1, s2, s3, s4) · β. �

By Lemma 2.3 βσ2
jβ

−1 ∈ H(s1, s2, s3, s4) if β ∈ Yj and βσ3
jβ

−1 ∈ H(s1, s2, s3, s4) if
β ∈ Zj hold for j = 1, 2, 3. Thus, we see that any element of S belongs to H(s1, s2, s3, s4)
and hence 〈S〉 ⊂ H(s1, s2, s3, s4).

Now we consider the following commutative diagram:

X

〈S〉\B4 H(s1, s2, s3, s4)\B4

i′ i

j

where i and i
′

are the restrictions p |X and p ′ |X of the natural projections
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p : B4 → H(s1, s2, s3, s4)\B4 and p ′ : B4 → 〈S〉\B4, and j is the natural surjection.
By Lemma 2.1 we see that i is injective and hence i′ is also injective.

We will show that i′ is surjective in Lemma 2.9 by preparing Lemmas 2.4, 2.5, 2.6, 2.7
and 2.8. Hereafter we will use the abbreviation α ≡ β instead of α ≡ β (mod 〈S〉) unless
otherwise stated.

Lemma 2.4. For 1 ≤ j ≤ 3, we have the following formulas.

(1) If β ∈ Yj, then βσ2
j ≡ β.

(2) If β ∈ Zj, then βσ3
j ≡ β.

Proof. This is obtained immediately from the definition of S. �

Lemma 2.5. For 0 ≤ s ≤ 4, we have the following formulas.

(1) as0(σ2σ3)
4 ≡ as0,

(2) es2(σ2σ3)
3σ2 ≡ es2 and

(3) es0(σ2σ3)
5σ2 ≡ es0.

Proof. (1) In the braid group B4, we have as0(σ2σ3)
4 = as0σ

2
2σ3σ2σ3σ2σ

2
3 . Since as0 is in

A0 ⊂ Z2, by Lemma 2.4(2) we have as0σ
2
2σ3σ2σ3σ2σ

2
3 ≡ as0σ

−1
2 σ3σ2σ3σ2σ

2
3 . In B4, we

have as0σ
−1
2 σ3σ2σ3σ2σ

2
3 = ds1σ3σ

−1
2 σ3. Since ds1 ∈ D1 ⊂ Y3, by Lemma 2.4(1) we have

ds1σ3σ
−1
2 σ3 ≡ ds1σ

−1
3 σ−1

2 σ3 = as1σ
2
2σ

−1
3 σ−1

2 σ3. Since as1 ∈ Z2, by Lemma 2.4(2) we have
as1σ

2
2σ

−1
3 σ−1

2 σ3 ≡ as1σ
−1
2 σ−1

3 σ−1
2 σ3 = as0. Thus, we obtain as0(σ2σ3)

4 ≡ as0.
(2) Since es2(σ2σ3)

3σ2 = es5σ
2
3σ2σ3 and es5 ∈ Z3, using Lemma 2.4(2) we have

es5σ
2
3σ2σ3 ≡ es5σ

−1
3 σ2σ3 = es4σ

2
2σ3σ

−1
2 . Since es4 ∈ Y2, using Lemma 2.4(1) we have

es4σ
2
2σ3σ

−1
2 ≡ es4σ3σ

−1
2 = es3σ

2
3σ

−1
2 . Since es3 is in Y3, using Lemma 2.4(1) we have

es3σ
2
3σ

−1
2 ≡ es3σ

−1
2 = es2.

(3) Since es0(σ2σ3)
5σ2 = es7σ

2
3σ2σ3 and es7 ∈ Y3, by Lemma 2.4(1) we have es7σ

2
3σ2σ3 ≡

es7σ2σ3 = es6σ
2
2σ3. Since es6 ∈ Y2, by Lemma 2.4(1) we have es6σ

2
2σ3 ≡ es6σ3 = es5σ

2
3 .

Since es5 ∈ Z3, by Lemma 2.4(2) we have es5σ
2
3 ≡ es5σ

−1
3 = es1σ

2
3σ2. Since es1 ∈ Y3, by

Lemma 2.4(1) we have es1σ
2
3σ2 ≡ es1σ2 = es0σ

2
2 . Since es0 ∈ Y2, by Lemma 2.4(1) we have

es0σ
2
2 ≡ es0. �

Lemma 2.6. (σ1σ2σ3)
5 ≡ id.

Proof. In B4, we have (σ1σ2σ3)
5 = c20σ2σ1σ2σ3

2σ2σ3
2. Since c20 ∈ Y2, by Lemma 2.4(1)

c20σ2σ1σ2σ3
2σ2σ3

2 ≡ c20σ
−1
2 σ1σ2σ3

2σ2σ3
2 = a20σ3σ

−1
2 σ1σ2σ3

2σ2σ3
2. Since as0 ∈ Z3, by

Lemma 2.4(2) we have a20σ3σ
−1
2 σ1σ2σ3

2σ2σ3
2 ≡ a20σ

−2
3 σ−1

2 σ1σ2σ3
2σ2σ3

2. In B4, we
have a20σ

−2
3 σ−1

2 σ1σ2σ3
2σ2σ3

2 = b00σ
2
1σ3σ2σ

2
3σ2σ

2
3 . Since b00 ∈ Y1, by Lemma 2.4(1)

we have b00σ
2
1σ3σ2σ

2
3σ2σ

2
3 ≡ b00σ3σ2σ

2
3σ2σ

2
3 = (σ2σ3)

4. Using Lemma 2.5(1), we have
(σ2σ3)

4 = a00(σ2σ3)
4 ≡ a00 = id. �
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Lemma 2.7. (1) The following equations hold.

(i) as0σ1
2 ≡ at3σ1 ≡ es0 for s, t ∈ {0, 1, 2, 3, 4} with t ≡ s+ 1 (mod 5),

(ii) as1σ1 ≡ ct2 for s, t ∈ {0, 1, 2, 3, 4} with t ≡ s+ 2 (mod 5),
(iii) as2σ1 ≡ bt0 for s, t ∈ {0, 1, 2, 3, 4} with t ≡ s+ 3 (mod 5),
(iv) bs1σ1 ≡ ct1 for s, t ∈ {0, 1, 2, 3, 4} with t ≡ s+ 3 (mod 5),
(v) bs2σ

2
1 ≡ et6σ1 ≡ bt3 for s, t ∈ {0, 1, 2, 3, 4} with t ≡ s+ 4 (mod 5),

(vi) cs0σ
2
1 ≡ ct3σ1 ≡ es5 for s, t ∈ {0, 1, 2, 3, 4} with t ≡ s+ 1 (mod 5),

(vii) ds0σ
2
1 ≡ et7σ1 ≡ eu2 for s, t, u ∈ {0, 1, 2, 3, 4}

with u ≡ t+ 2 ≡ s+ 3 (mod 5),
(viii) ds1σ1 ≡ et4 for s, t ∈ {0, 1, 2, 3, 4} with t ≡ s+ 2 (mod 5),
(ix) ds2σ

2
1 ≡ et8σ1 ≡ eu1 for s, t, u ∈ {0, 1, 2, 3, 4}

with u ≡ t+ 2 ≡ s+ 3 (mod 5),
(x) ds3σ1 ≡ et3 for s, t ∈ {0, 1, 2, 3, 4} with t ≡ s+ 2 (mod 5).

(2) For each s ∈ {0, 1, 2, 3, 4}, the following equations hold.

(i) as0σ2
2 ≡ bs0σ2 ≡ ds0,

(ii) as1σ
2
2 ≡ bs1σ2 ≡ ds1,

(iii) as2σ
2
2 ≡ bs2σ2 ≡ ds2,

(iv) as3σ
2
2 ≡ bs3σ2 ≡ ds3,

(v) cs0σ2 ≡ cs2,

(vi) cs1σ2 ≡ cs3,

(vii) es0σ2 ≡ es1,

(viii) es2σ
2
2 ≡ es3σ2 ≡ es8,

(ix) es4σ2 ≡ es5,

(x) es6σ2 ≡ es7.

(3) For each s ∈ {0, 1, 2, 3, 4}, the following equations hold.

(i) as0σ3
2 ≡ cs0σ3 ≡ bs3,

(ii) as1σ
2
3 ≡ cs1σ3 ≡ bs0,

(iii) as2σ
2
3 ≡ cs2σ3 ≡ bs1,

(iv) as3σ
2
3 ≡ cs3σ3 ≡ bs2,

(v) ds0σ3 ≡ ds2,

(vi) ds1σ3 ≡ ds3,

(vii) es0σ
2
3 ≡ es5σ3 ≡ es6,

(viii) es1σ3 ≡ es2,

(ix) es3σ3 ≡ es4,

(x) es7σ3 ≡ es8.

Proof. First, we prove (2).
Since dsi = bsiσ2 = asiσ

2
2 for 0 ≤ i ≤ 3, we have (i), (ii), (iii) and (iv).

Let i be 0 or 1. Then, we have csiσ2 = bsi+1σ
−1
3 in B4. Since b

s
i+1 ∈ Z3, by Lemma 2.4(2)

we have bsi+1σ
−1
3 ≡ bsi+1σ

2
3 = csi+2. Hence, (v) and (vi) hold.
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Let i ∈ {0, 2, 4, 6}. Then, esiσ2 = esi+1. Hence, (vii), (ix), (x) and es2σ2
2 ≡ es3σ2 of (viii)

hold.
We show es3σ2 ≡ es8 of (viii). Note that es3σ2 = es2σ

2
2 . By Lemma 2.5(2), we have

es2σ
2
2 ≡ es2(σ2σ3)

3σ3
2 = es8σ

3
2 . Since es8 ∈ Z2, by Lemma 2.4(2) we have es8σ

3
2 ≡ es8.

Next, we prove (3).
Let i ∈ {0, 1, 2, 3}. By Lemma 2.5(1), asi = as0(σ2σ3)

i ≡ as0(σ2σ3)
i+4. Then, asiσ

2
3 =

as0(σ2σ3)
i+3σ2σ

3
3 . When i = 0, we see that as0(σ2σ3)

i+3σ2σ
3
3 = bs3σ

3
3 . Since bs3 ∈ Z3,

by Lemma 2.4(2) we have bs3σ
3
3 ≡ bs3. When i ∈ {1, 2, 3}, by Lemma 2.5(1) we have

as0(σ2σ3)
i+3σ2σ

3
3 ≡ as0(σ2σ3)

i−1σ2σ
3
3 = bsi−1σ

3
3 . Since bsi−1 ∈ Z3, by Lemma 2.4(2) we

have bsi−1σ
3
3 ≡ bsi−1. Since csi = asiσ3, we have (i), (ii), (iii) and (iv).

Let i be 0 or 1. Then, dsiσ3 = asi+2σ
−1
2 in B4. Since asi+2 ∈ Z2, by Lemma 2.4(2) we

have asi+2σ
−1
2 ≡ asi+2σ

2
2 = dsi+2. Thus, we have (v) and (vi).

Let i ∈ {1, 3, 5, 7}. Then, esiσ3 = esi+1. Hence, (viii), (ix), (x) and es5σ3 ≡ es6 of (vii)
hold.

We show es0σ3 ≡ es5 of (vii). Since es0σ3 = es3σ
−1
3 σ−1

2 in B4 and es3 ∈ Y3, by Lemma
2.4(1) we have es3σ

−1
3 σ−1

2 ≡ es3σ3σ
−1
2 = es4σ

−1
2 . Since es4 ∈ Y2, by Lemma 2.4(1) we have

es4σ
−1
2 ≡ es4σ2 = es5.

Finally, we prove (1).
We show (i). It is obvious that as0σ

2
1 = es0. We show as0σ1 ≡ at3 for s, t ∈ {0, 1, 2, 3, 4}

with t ≡ s + 1 (mod 5). Note that as0σ1 = (σ1σ2σ3)
s+1(σ2σ3)

−1. When s 6= 4,
(σ1σ2σ3)

s+1(σ2σ3)
−1 = as+1

0 (σ2σ3)
−1. By Lemma 2.5(1), we have as+1

0 (σ2σ3)
−1 ≡

as+1
0 (σ2σ3)

3 = as+1
3 = at3. When s = 4, by Lemma 2.6 (σ1σ2σ3)

s+1(σ2σ3)
−1 =

(σ1σ2σ3)
5(σ2σ3)

−1 ≡ (σ2σ3)
−1. By Lemma 2.5(1), we have (σ2σ3)

−1 = a00(σ2σ3)
−1 ≡

a00(σ2σ3)
3 = a03.

We show (iii) before (ii). Since as2 ∈ Y1, it suffices to prove as2σ
−1
1 ≡ bt0 with t ≡ s+ 3

(mod 5). Since bt0σ1 = (σ1σ2σ3)
t+2(σ2σ3)

−2, we will prove (σ1σ2σ3)
t+2(σ2σ3)

−2 ≡ as2,
where t ≡ s+3 (mod 5). When t = 0, 1, 2, we have (σ1σ2σ3)

t+2(σ2σ3)
−2 = at+2

0 (σ2σ3)
−2.

By Lemma 2.5(1), we have at+2
0 (σ2σ3)

−2 ≡ at+2
0 (σ2σ3)

2 = at+2
2 = as2. When t = 3, 4,

by Lemma 2.6 (σ1σ2σ3)
t+2(σ2σ3)

−2 ≡ (σ1σ2σ3)
t−3(σ2σ3)

−2 = at−3
0 (σ2σ3)

−2. By Lemma
2.5(1), at−3

0 (σ2σ3)
−2 ≡ at−3

0 (σ2σ3)
2 = at−3

2 = as2.
We show (ii). Note that as1σ1 = bs0σ1σ3. Since bs0 ∈ Y1, by Lemma 2.4(1) we have

bs0σ1σ3 ≡ bs0σ
−1
1 σ3. By (1)(iii), bs0σ

−1
1 ≡ at2 for t ∈ {0, 1, 2, 3, 4} with t ≡ s + 2 (mod 5).

Thus, we have bs0σ
−1
1 σ3 ≡ at2σ3 = ct2.

We show (iv). In B4, b
s
1σ1 = (σ1σ2σ3)

s+3σ2
−1σ3

−2σ−1
2 σ−1

3 . When s is 0 or 1, it is
as+3
0 σ2

−1σ3
−2σ−1

2 σ−1
3 . Since as+3

0 ∈ Z2, by Lemma 2.4(2) we have as+3
0 σ2

−1σ3
−2σ−1

2 σ−1
3

≡ as+3
0 σ2

2σ3
−2σ−1

2 σ−1
3 = ds+3

0 σ3
−2σ−1

2 σ−1
3 . Since ds+3

0 ∈ Y3, by Lemma 2.4(1) we
have ds+3

0 σ3
−2σ−1

2 σ−1
3 ≡ ds+3

0 σ−1
2 σ−1

3 = bs+3
0 σ−1

3 . Since bs+3
0 ∈ Z3, by Lemma 2.4(2)

we have bs+3
0 σ−1

3 ≡ bs+3
0 σ2

3 = cs+3
1 = ct1. When s ∈ {2, 3, 4}, by Lemma 2.6 we get
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bs1σ1 = (σ1σ2σ3)
s+3σ2

−1σ3
−2σ−1

2 σ−1
3 ≡ as−2

0 σ2
−1σ3

−2σ−1
2 σ−1

3 . By the same argument as
in the case where s ∈ {0, 1}, we see that as−2

0 σ−1
2 σ−2

3 σ−1
2 σ−1

3 ≡ cs−2
1 = ct1.

We show (v). First, we show bs2σ1 ≡ et6 with t ≡ s + 4 (mod 5). Note that
bs2σ1 = bs2σ3σ3

−1σ1 = as0(σ2σ3)
3σ3

−1σ1. By Lemma 2.5(1), we have as0(σ2σ3)
3σ3

−1σ1 ≡
as0(σ2σ3)

−1σ−1
3 σ1. When s 6= 0, we have as0(σ2σ3)

−1σ−1
3 σ1 = es−1

2 σ−1
2 σ−1

3 σ−1
2 . Since

es−1
2 ∈ Z2, by Lemma 2.4(2) we have es−1

2 σ−1
2 σ−1

3 σ−1
2 ≡ es−1

2 σ2
2σ

−1
3 σ−1

2 = es−1
3 σ−1

3 σ−1
2 σ3.

Since es−1
3 ∈ Y3, by Lemma 2.4(1) we have es−1

3 σ−1
3 σ−1

2 σ3 ≡ es−1
3 σ3σ

−1
2 σ3 = es−1

4 σ−1
2 σ3.

Since es−1
4 ∈ Y2, by Lemma 2.4(1) we have es−1

4 σ−1
2 σ3 ≡ es−1

4 σ2σ3 = es−1
6 =

et6. When s = 0, by Lemma 2.6 we have as0(σ2σ3)
−1σ−1

3 σ1 = (σ2σ3)
−1σ−1

3 σ1 ≡
(σ1σ2σ3)

5(σ2σ3)
−1σ−1

3 σ1 = e42σ
−1
2 σ−1

3 σ−1
2 . By the same argument as in the case where

s 6= 0, we see that e42σ
−1
2 σ−1

3 σ−1
2 ≡ e46 = et6.

Next we show bs2σ
2
1 ≡ bt3 with t ≡ s + 4 (mod 5). Note that bs2σ

2
1 = bs2σ3σ3

−1σ2
1 =

as0(σ2σ3)
3σ3

−1σ2
1 . By Lemma 2.5(1), we have as0(σ2σ3)

3σ3
−1σ2

1 ≡ as0(σ2σ3)
−1σ−1

3 σ2
1 .

When s 6= 0, as0(σ2σ3)
−1σ−1

3 σ2
1 = as−1

0 σ1σ
−1
3 σ2

1 = as−1
0 σ3

1σ
−1
3 . Since as−1

0 ∈ Z1, by
Lemma 2.4(2) we have as−1

0 σ3
1σ

−1
3 ≡ as−1

0 σ−1
3 . By Lemma 2.5(1), we have as−1

0 σ−1
3 ≡

as−1
0 (σ2σ3)

4σ−1
3 = bs−1

3 = bt3. When s = 0, by Lemma 2.6, we have as0(σ2σ3)
−1σ−1

3 σ2
1 ≡

(σ1σ2σ3)
5(σ2σ3)

−1σ−1
3 σ2

1 = a40σ
3
1σ

−1
3 . By the same argument as in the case where s 6= 0,

we see that a40σ
3
1σ

−1
3 ≡ b43 = bt3.

We show (vi). Note that cs0σ
2
1 = as0σ3σ

2
1 = as0σ

2
1σ3. By (1)(i), we have as0σ

2
1σ3 ≡

at3σ1σ3 = at3σ3σ1 with t ≡ s + 1 (mod 5). By (3)(iv), we have at3σ3σ1 ≡ ct3σ1. Thus,
we have cs0σ

2
1 ≡ ct3σ1 with t ≡ s + 1 (mod 5). On the other hand, by (1)(i) we have

at3σ1σ3 ≡ es0σ3. By (3)(vii), we see that es0σ3 ≡ es5. Thus, we have cs0σ
2
1 ≡ es5.

We show (vii). Since ds0 ∈ Z1, by Lemma 2.4(2) we have ds0σ
2
1 ≡ ds0σ

−1
1 . Note that

ds0σ
−1
1 = as0σ

2
2σ

−1
1 . Since as0 ∈ Z2, by Lemma 2.4(2) we have as0σ

2
2σ

−1
1 ≡ as0σ

−1
2 σ−1

1 . In B4,
we have as0σ

−1
2 σ−1

1 = (σ1σ2σ3)
s−2σ2

1σ2σ3. When s = 2, 3, 4, we see (σ1σ2σ3)
s−2σ2

1σ2σ3 =
es−2
2 . When s = 0, 1, by Lemma 2.6 we have (σ1σ2σ3)

s−2σ2
1σ2σ3 ≡ (σ1σ2σ3)

s+3σ2
1σ2σ3 =

es+3
2 . Thus, we have ds0σ

2
1 ≡ eu2 with u ≡ s + 3 (mod 5). We show that ds0σ1 ≡ et7

for t ∈ {0, 1, 2, 3, 4} with t = s + 1 (mod 5). In B4, ds0σ1 = (σ1σ2σ3)
s+1σ2

1σ
−1
3 σ−1

2 .
When s 6= 4, we have (σ1σ2σ3)

s+1σ2
1σ

−1
3 σ−1

2 = es+1
0 σ−1

3 σ−1
2 . By Lemma 2.5(3), we have

es+1
0 σ−1

3 σ−1
2 ≡ es+1

0 (σ2σ3)
5σ2σ

−1
3 σ−1

2 = es+1
7 σ2

3 . Since es+1
7 ∈ Y3, by Lemma 2.4(1) we

have es+1
7 σ2

3 ≡ es+1
7 . Thus, ds0σ1 ≡ es+1

7 = et7. When s = 4, by Lemma 2.6 we have
(σ1σ2σ3)

s+1σ2
1σ

−1
3 σ−1

2 ≡ σ2
1σ

−1
3 σ−1

2 = e00σ
−1
3 σ−1

2 . By the same argument as in the case
where s 6= 4, we see that e00σ

−1
3 σ−1

2 ≡ e07 = et7.
We show (viii). In B4, d

s
1σ1 = (σ1σ2σ3)

s+1σ2
2σ1σ

−1
3 σ−1

2 σ3. When s ∈ {0, 1, 2}, we have
(σ1σ2σ3)

s+1σ2
2σ1σ

−1
3 σ−1

2 σ3 = as+1
0 σ2

2σ1σ
−1
3 σ−1

2 σ3. Since as+1
0 ∈ Z2, by Lemma 2.4(2) we

have as+1
0 σ2

2σ1σ
−1
3 σ−1

2 σ3 ≡ as+1
0 σ−1

2 σ1σ
−1
3 σ−1

2 σ3. In B4, it is as+2
0 σ−1

1 σ−2
3 σ−1

2 . Since
as+2
0 ∈ Z1 and es+2

0 ∈ Z3, by Lemma 2.4(2) we have as+2
0 σ−1

1 σ−2
3 σ−1

2 ≡ as+2
0 σ2

1σ
−2
3 σ−1

2 =
es+2
0 σ−2

3 σ−1
2 ≡ es+2

0 σ3σ
−1
2 . Since es+2

0 ∈ Y2, by Lemma 2.4(1) we have es+2
0 σ3σ

−1
2 ≡

es+2
0 σ2

2σ3σ
−1
2 = es+2

1 σ−1
3 σ2σ3. Since es+2

1 ∈ Y3, we have es+2
1 σ−1

3 σ2σ3 ≡ es+2
1 σ3σ2σ3 =

es+2
4 = et4. When s ∈ {3, 4}, by Lemma 2.6, we have (σ1σ2σ3)

s+1σ2
2σ1σ

−1
3 σ−1

2 σ3 ≡
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(σ1σ2σ3)
s−4σ2

2σ1σ
−1
3 σ−1

2 σ3. By the same argument as in the case where s ∈ {0, 1, 2}, we
see that (σ1σ2σ3)

s−4σ2
2σ1σ

−1
3 σ−1

2 σ3 ≡ es−3
4 = et4.

We show (ix). First, we show ds2σ1 ≡ et8 with t+2 ≡ s+3 (mod 5). Note that ds2σ1 =
as2σ

2
2σ1. Since as2 ∈ Z2 and as0 ∈ Z2, by Lemma 2.4(2) we have as2σ

2
2σ1 ≡ as2σ

−1
2 σ1 =

as0σ
2
2σ3σ1 ≡ as0σ

−1
2 σ3σ1. In B4, we have as0σ

−1
2 σ3σ1 = (σ1σ2σ3)

s+1σ−1
1 σ2σ

−1
3 σ−1

2 . When
s 6= 4, we see that (σ1σ2σ3)

s+1σ−1
1 σ2σ

−1
3 σ−1

2 = as+1
0 σ−1

1 σ2σ
−1
3 σ−1

2 . Since as+1
0 ∈ Z1,

by Lemma 2.4(2) we have as+1
0 σ−1

1 σ2σ
−1
3 σ−1

2 ≡ as+1
0 σ2

1σ2σ
−1
3 σ−1

2 = es+1
1 σ−1

3 σ−1
2 . Since

es+1
1 ∈ Y3, by Lemma 2.4(1) we have es+1

1 σ−1
3 σ−1

2 ≡ es+1
1 σ3σ

−1
2 = es+1

2 σ−1
2 . Since

es+1
2 ∈ Z2, by Lemma 2.4(2) we have es+1

2 σ−1
2 ≡ es+1

2 σ2
2 . By Lemma 2.5(2), we

have es+1
2 σ2

2 ≡ es+1
2 (σ2σ3)

3σ3
2 = es+1

8 σ3
2 . Since es+1

8 ∈ Z2, by Lemma 2.4(2) we
have es+1

8 σ3
2 ≡ es+1

8 = et8. When s = 4, by Lemma 2.6, (σ1σ2σ3)
s+1σ−1

1 σ2σ3σ
−1
2 ≡

(σ1σ2σ3)
s−4σ−1

1 σ2σ3σ
−1
2 = a00σ

−1
1 σ2σ3σ

−1
2 . By the same argument as in the case where

s 6= 4, we see a00σ
−1
1 σ2σ3σ

−1
2 ≡ e08 = et8.

Next, we show et8σ1 ≡ eu1 with u ≡ t + 2 (mod 5). Note that et8σ1 =
(σ1σ2σ3)

t+2σ1
2σ−1

2 σ3σ
−1
1 σ2

2σ1σ3. When t ∈ {0, 1, 2}, it is et+2
0 σ−1

2 σ3σ
−1
1 σ2

2σ1σ3. Since
et+2
0 ∈ Y2, by Lemma 2.4(1) we have et+2

0 σ−1
2 σ3σ

−1
1 σ2

2σ1σ3 ≡ et+2
0 σ2σ3σ

−1
1 σ2

2σ1σ3 =
et+2
3 σ2

1σ
−1
2 σ3. Since et+2

3 ∈ Y1 and et+2
1 ∈ Y3, by Lemma 2.4(1) we have that

et+2
3 σ2

1σ
−1
2 σ3 ≡ et+2

3 σ−1
2 σ3 = et+2

1 σ2
3 ≡ et+2

1 = eu1 . When t ∈ {3, 4}, by Lemma 2.6
we have (σ1σ2σ3)

t+2σ1
2σ−1

2 σ3σ
−1
1 σ2

2σ1σ3 ≡ (σ1σ2σ3)
t−3σ1

2σ−1
2 σ3σ

−1
1 σ2

2σ1σ3 =
et−3
0 σ−1

2 σ3σ
−1
1 σ2

2σ1σ3. By the same argument as in the case where t ∈ {0, 1, 2}, we
see that et−3

0 σ−1
2 σ3σ

−1
1 σ2

2σ1σ3 ≡ et−3
1 = eu1 .

We show (x). In B4, ds3σ1 = as3σ
2
2σ1. Since as3 ∈ Z2, by Lemma 2.4(2) we have

as3σ
2
2σ1 ≡ as3σ

−1
2 σ1 = as0(σ2σ3)

3σ−1
2 σ1. By Lemma 2.5(1), we have as0(σ2σ3)

3σ−1
2 σ1 ≡

as0(σ2σ3)
−1σ−1

2 σ1 = (σ1σ2σ3)
s−1σ1σ

−1
2 σ1. In B4, it is (σ1σ2σ3)

s−3σ2
1σ2σ3σ2σ

2
1 . When s is

3 or 4, we see that (σ1σ2σ3)
s−3σ2

1σ2σ3σ2σ
2
1 = es−3

3 σ2
1 . Since es−3

3 ∈ Y1, by Lemma 2.4(1)
we have es−3

3 σ2
1 ≡ es−3

3 = et3. When s = 0, 1, 2, by Lemma 2.6 we have the indentity
(σ1σ2σ3)

s−3σ2
1σ2σ3σ2σ

2
1 ≡ (σ1σ2σ3)

s+2σ2
1σ2σ3σ2σ

2
1 = es+2

3 σ2
1 . By the same argument as

in the case where s ∈ {3, 4}, we have es+2
3 σ2

1 ≡ es+2
3 = et3. �

By Lemmas 2.4 and 2.7, we shall obtain Lemma 2.8.

Lemma 2.8. For any element α ∈ X and for any power σl
j of each standard generator

σj (j = 1, 2, 3) of B4, there is an element β of X such that ασl
j ≡ β.

Proof. Since X = Yj

∐

Zj , α belongs to either Yj or Zj . Suppose that α ∈ Yj . Then, by
Lemma 2.4(1) we have ασl

j ≡ α for an even number l or ασl
j ≡ ασj for an odd number l.

We will show that for α ∈ Yj there is an element β of X such that ασj ≡ β. By Lemma
2.7(1)(ii) and Lemma 2.4(1), we have as1σ

2
1 ≡ ct2σ1 ≡ as1 (i.e., as1σ1 ≡ ct2 and ct2σ1 ≡ as1)

for s, t ∈ {0, 1, 2, 3, 4} with t ≡ s + 2 (mod 5). Similarly, by Lemma 2.4(1) and Lemma
2.7(1)(iii), (1)(iv), (1)(viii), (1)(x); (2)(v), (2)(vi), (2)(vii), (2)(ix), (2)(x); (3)(v), (3)(vi),
(3)(viii), (3)(ix) and (3)(x) we have as2σ

2
1 ≡ bt0σ1 ≡ as2 for s, t ∈ {0, 1, 2, 3, 4} with t ≡ s+3

(mod 5), bs1σ
2
1 ≡ ct1σ1 ≡ bs1 for s, t ∈ {0, 1, 2, 3, 4} with t ≡ s+ 3 (mod 5), ds1σ

2
1 ≡ et4σ1 ≡
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ds1 for s, t ∈ {0, 1, 2, 3, 4} with t ≡ s+2 (mod 5), ds3σ
2
1 ≡ et3σ1 ≡ ds3 for s, t ∈ {0, 1, 2, 3, 4}

with t ≡ s+2 (mod 5); cs0σ2 ≡ cs2, c
s
2σ2 ≡ cs0, c

s
1σ2 ≡ cs3, c

s
3σ2 ≡ cs1, e

s
0σ2 ≡ es1, e

s
1σ2 ≡ es0,

es4σ2 ≡ es5, e
s
5σ2 ≡ es4, e

s
6σ2 ≡ es7, e

s
7σ2 ≡ es6; d

s
0σ3 ≡ ds2, d

s
2σ3 ≡ ds0, d

s
1σ3 ≡ ds3, d

s
3σ3 ≡ ds1,

es1σ3 ≡ es2, e
s
2σ3 ≡ es1, e

s
3σ3 ≡ es4, e

s
4σ3 ≡ es3, e

s
7σ3 ≡ es8 and es8σ3 ≡ es7 for s ∈ {0, 1, 2, 3, 4}.

Hence, we have the result when α ∈ Yj .
We consider the case where α ∈ Zj . By Lemma 2.4(2) we have ασl

j ≡ α for l ∈ 3Z,

ασl
j ≡ ασj for l ∈ 3Z+1 or ασl

j ≡ ασ2
j for l ∈ 3Z+2. We will show that for α ∈ Zj , there

are elements β and γ of X such that ασj ≡ β and ασ2
j ≡ γ. By Lemma 2.7(1)(i) and

Lemma 2.4(2), we have as0σ
3
1 ≡ at3σ

2
1 ≡ es0σ1 ≡ as0 (i.e., as0σ1 ≡ at3, a

t
3σ1 ≡ es0 and es0σ1 ≡

as0) for s, t ∈ {0, 1, 2, 3, 4} with t ≡ s + 1 (mod 5). Similarly, by Lemma 2.4(2) and
Lemma 2.7(1)(v), (1)(vi), (1)(vii), (1)(ix); (2)(i), (2)(ii), (2)(iii), (2)(iv), (2)(viii); (3)(i),
(3)(ii), (3)(iii), (3)(iv) and (3)(vii) we have bs2σ1 ≡ et6, et6σ1 ≡ bt3 and bt3σ1 ≡ bs2 for
s, t ∈ {0, 1, 2, 3, 4} with t ≡ s + 4 (mod 5), cs0σ

2
1 ≡ ct3σ1 ≡ es5, c

t
3σ

2
1 ≡ es5σ1 ≡ cs0 and

es5σ
2
1 ≡ cs0σ1 ≡ ct3 for s, t ∈ {0, 1, 2, 3, 4} with t ≡ s+1 (mod 5), ds0σ1 ≡ et7, e

t
7σ1 ≡ eu2 and

eu2σ1 ≡ ds0 for s, t, u ∈ {0, 1, 2, 3, 4} with u ≡ t+ 2 ≡ s+ 3 (mod 5), ds2σ1 ≡ et8, e
t
8σ1 ≡ eu1

and eu1σ1 ≡ ds2 for s, t, u ∈ {0, 1, 2, 3, 4} with u ≡ t + 2 ≡ s + 3 (mod 5); as0σ2 ≡ bs0,
bs0σ2 ≡ ds0, d

s
0σ2 ≡ as0, a

s
1σ2 ≡ bs1, b

s
1σ2 ≡ ds1, d

s
1σ2 ≡ as1, a

s
2σ2 ≡ bs2, b

s
2σ2 ≡ ds2, d

s
2σ2 ≡ as2,

as3σ2 ≡ bs3, b
s
3σ2 ≡ ds3, d

s
3σ2 ≡ as3, e

s
2σ2 ≡ es3, e

s
3σ2 ≡ es8, e

s
8σ2 ≡ es2; a

s
0σ3 ≡ cs0, c

s
0σ3 ≡ bs3,

bs3σ3 ≡ as0, a
s
1σ3 ≡ cs1, c

s
1σ3 ≡ bs0, b

s
0σ3 ≡ as1, a

s
2σ3 ≡ cs2, c

s
2σ3 ≡ bs1, b

s
1σ3 ≡ as2, a

s
3σ3 ≡ cs3,

cs3σ3 ≡ bs2, b
s
2σ3 ≡ as3, e

s
0σ3 ≡ es5, e

s
5σ3 ≡ es6 and es6σ3 ≡ es0 for s ∈ {0, 1, 2, 3, 4}. Hence,

we have the result when α ∈ Zj . �

By Lemma 2.8, we have the following lemma;

Lemma 2.9. i′ is surjective.

Proof. Let ω be an element in B4. Then we may assume ω = σi1
j1 · · ·σik

jk , where
il ∈ {1, 2, 3} and jl is a non-zero integer for l = 1, . . . , k and with il1 6= il2 for |l1− l2| = 1.
Since id = a00 ∈ X , we see by Lemma 2.8 that there exists an element β1 ∈ X such that
ω = id · σi1

j1 · · ·σik
jk ≡ β1σi2

j2 · · ·σik
jk . Applying Lemma 2.8 repeatedly, we can induc-

tively find elements β1, β2, . . . , βl in X such that ω ≡ βlσil+1

jl+1 · · ·σik
jk for l = 1, . . . , k.

Hence, we get ω ≡ βk ∈ X at the end. �

We are now in a position to prove Theorem 1.2.

Proof of Theorem 1.2. Recall that i and i′ are injective and j is surjective. Since i′ is
surjective by Lemma 2.9, the maps i′, i = j ◦ i′ and j are bijective. The bijectivity of i
implies that X is a complete system of representatives of H(s1, s2, s3, s4)\B4. Since X
consists of 125 elements, we have #(H(s1, s2, s3, s4)\B4) = 125. This completes the proof
of Theorem 1.2(2). Moreover, the bijectivity of j implies H(s1, s2, s3, s4) = 〈S〉. This
completes the proof of Theorem 1.2 (1). �
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