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Isotropy subgroup of the Hurwitz action of the 4-braid
group on braid systems

Yoshiro Yaguchi

ABSTRACT. We study the Hurwitz action of the 4-braid group B4 on the 4-fold direct
product Bg of the 5-braid group Bs and determine explicitly a system of generators
of the isotropy subgroup of the Hurwitz action of By at the standard generators of
Bs. As a corollary 125 representatives of its coset space are also presented.

1. Introduction

Let B,, denote the n-braid group, which has the following presentation [1, 2]:

<O'1a ceeyO0n—1

where o; is the i-th standard generator.

000 = 050035 (|Z —]| = 1),
00 = 004 (|Z—]|>1) ’

Definition 1.1. The Hurwitz action of the n-braid group B, on the n-fold Cartesian
product G™ of a group G is the right action defined by

(b17 e 7bi—1a b’ia bi+1a bi+25 cey bn) 0 = (b17 e 7bi—17 b'é+1a bi+1_1bibi+1a b1'+23 ey bn)7

where o1, ...,0,_1 are the standard generators of B,.

L are called

The Hurwitz action by the standard generators o; and their inverses o,
elementary transformations.

When G is the mapping class group of a Riemann surface ¥, of genus g and when
each b; (j = 1,...,n) is a positive Dehn twist along a simple closed curve on X4, the
orbit of an n-tuple (b1, ..., b,) by the Hurwitz action of B, corresponds to an equivalence
class of a genus g Lefschetz fibration f : W — D? over a 2-disk with n singular fibers
(cf. [3]). When G is the m-braid group B, and when each b; (j = 1,...,n) is a
conjugate of 1, the orbit of an n-tuple (by,...,b,) corresponds to an equivalence class of
an “algebraic” braided surface in a bi-disk D? x D? with n branch points [4, 6, 7]. Here
we say that two braided surfaces S and S’ are equivalent if there is a fiber-preserving
diffeomorphism f : D? x D? — D? x D? (that is, f(D? x {x}) = D? x {g(z)} for some
diffeomorphism g : D? — D?) carrying S to S’ rel D? x 9D?. Moreover if the fiber-
preserving diffeomorphism f : D? x D? — D? x D? keeps every fiber D? x {x} setwise for
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all v € D? (i.e. g: D? — D? is the identity map), we say that S and S’ are isomorphic
(cf. [4]). By definition, isomorphic braided surfaces are equivalent and have the same
branch point set. It is natural to ask if two given braided surfaces are equivalent or not,
and if given equivalent braided surfaces with the same branch point set are isomorphic
or not. The former question is equivalent to asking if two given n-tuples (b1, ..., b,) and
(b),...,b.,) determined by their monodromies are in the same Hurwitz orbit or not. This
is a very hard problem and no algorithm to solve it is known. The second question is
quite easy to solve. Two braided surfaces S and S’ with the same branch point set are
isomorphic if and only if their monodromies determine the same n-tuples (b1, ..., b,) with
respect to the same generating system of D?\ {branch points}. So an interesting question
is to ask how many braided surfaces are there which are equivalent to S and have the same
branch point set with S but are not isomorphic to each other. This number is exactly
equal to the cardinal number of the orbit of an n-tuple (by,...,b,) of S [8]. Therefore
it is important to study the orbit of an n-tuple (b1,...,b,) € B} under the Hurwitz
action. We shall consider a special case of (01,...,0,) in B}, since it corresponds to
the “standard” braided surface of degree n + 1 with n branch points, and it is related to
an unknotted surface braid (cf. [4, 7]).

An element of the n-fold direct product B}, of B, is called a braid system of degree m
and of length n (cf. [4]).

Let (b1,...,b,) be a braid system of degree m and of length n. We denote the isotropy
subgroup of the Hurwitz action of B,, at the braid system (b1,...,b,) by H(b1,...,by).
Namely, H(b1,...,b,) = {8 € By, | (b1,...,b,) -8 = (b1,...,b,)}. The elements of
the orbit of (by,...,b,) under the Hurwitz action correspond to the cosets of B,, by the
isotropy subgroup H(by,...,b,). In particular, the cardinal number of the orbit is that
of the coset space H(by,...,b,)\Bp.

In [8] we described the isotropy subgroup of Hurwitz action of B3 at the standard
generators of By and its coset space which consists of 16 elements.

In this paper, we study the isotropy subgroup of Hurwitz action of B, at those of B
and its cosets. To state the main theorem, we need some preparations.

For integers ¢ (0 < i < 3) and s (0 < s <4),let ai, b, cf, di, ef, €i,...,e5 be elements
of By defined by

a; = (010203)%(0203)", b = (010203)%(0203)" 02,

c; = (010203)%(0203)" 03, di = (010203)°(0203)'02%,
e = (010203)%012, e; = (010203)%01%09,

6; = (0’1020’3)50'1 0203, 673 = (0’1020’3)50'1 0903072,
ei = (010203)%01%(0203)2, e = (010203)%01%(0903)%09,
el = (010203)%01%(0203)3, €3 = (010203)%01%(0903)%09,
ey = (010203)°01%(0203)

Now we deﬁne two Subsets of B4 denoted by X and S.

Let X = U A;) U B;) U Ci) U D;) U &;) be the subset of B, defined by

=0
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A, = {ai|0<s<4} (t=0,...,3),

B, = {b|0<s<4} (t=0,...,3),

C = {]0<s<4} (1=0,...,3),

D, = {d&|0<s<4} (1=0,...,3),

& = {e]0<s<4} (t=0,...,8).

Moreover, let ); (j = 1,2,3) be the subset of X defined by

Vi = A1 U Ay U By U By UCi UCy UDy UDg U E3 U &y,
Yo = Co U CL UC UZC Ué&E U&E UE&E U&E U&E U &y
Y3 = Dy UD; UDy UD3 U E UéE U E U & UE U &

and let Z; be the complement of V; in & for j =1,2,3.
Finally a subset S of By is defined by

S = {Bo3p7 M| Bey;, j=1,23 U {Bosp " |BeZ;, j=1,2,3}
The following theorem is the main result of this paper.

Theorem 1.2. Let s1, Sa, S3, S4 be the standard generators of Bs. Then, we have
(1) H(s1,s2,S3,54) is generated by S.
(2) #(H(s1,52,53,54)\Ba) = 125. Moreover, all the representatives are given by X.

Remark 1.3. For any integer n > 2, the equality #(H(s1,...,8,)\Bn) = (n+ 1)"7!
has been proven in [5]. In particular, the first half of Theorem 1.2(2) was known. So, the
purpose of this paper is to give explicitly a system of generators S of the isotropy subgroup
and 125 representatives of its cosets. In fact, we give a direct proof of Theorem 1.2 without
using the above mentioned result of [5].

Remark 1.4. In [9], for any integer n > 2 and any element ¢ of the symmetric group
Sy, the author shows the equality #(H (s4(1), - - -5 Sp(n))\Bn) = (n+1)" 1.

2. Proof of Theorem 1.2

The notation 8; = B2 (mod H) stands for HBy, = HpPs (or equivalently 61651 € H),
where H is a subgroup of By and 31, 82 € Bjs. In the middle column of Table 2.1, by * by
stands for by~ 'byby for b1,bo € By and “1,2,3,4” are abbreviations of “sq, s9, s3,84” of
Bs, respectively. In the right column of Table 2.1, (ij) is the transposition of ¢ and j for
1 <4 < j <5, which is an element of the symmetric group S5. For each § € X,
we write the result of (1,2,3,4) - § in the middle column of Table 2.1 and that of
(m(1),m(2),7(3),7(4))-/ in the right column of Table 2.1, where 7 is the natural homomor-
phism from Bj to S5 which sends i(= s;) to the transposition (i i41). For any distinct ele-
ments 1 and B2 of X, we see that (7(1), 7(2),m(3),7(4))- 51 # (7(1),7(2),7(3),7(4)) - Fa.

Thus, (s1, 2, S3,84) - f1 # (51, S2, 3, 84) - P2, and we obtain the following lemma.
Lemma 2.1. For any distinct elements 51 and By of X, B1 £ P2 (mod H(s1, S2, $3,84))-

The following proposition is given in [8] and it is useful to prove Lemma 2.3.
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(mod H (s1, s2,53,54))-
(mod H(s1, S2, 53, 54))-

2
J

1,2 or 3, then 50?

Isotropy subgroup of the Hurwitz action of the 4-braid group
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(2) O’if € H(bl, bg) Zf and only Zf b1bab; = babiba.

(1) O’% € H(bl,bg) Zf and O’I’Lly Zfb1b2 = bgbl.

(1) If B € Y; for j =1,2 or 3, then Bo;

Proposition 2.2. Let (by,bs) be a braid system of degree m and of length 2.
(2) If B Z; forj

Lemma 2.3.
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B 1(1,2,3,4)-8 (m(1),7(2),7(3),7(4)) - B8
E [ ed] (1%2,1,3%4,3) ((13), (12), (35),(34))
eé (2%3,2,1%(23),4) ((24), (23), (14), (45))
e2 | (3%4,3,2%(34),1%(234)) | ((35),(34),(25), (15))
eg | (1#(2 ) 4,1x2,1) ((14), (45), (13), (12))
eg | (2% (34),1%(234),2+3,2) | ((25),(15),(24),(23))
Er 19 (1%2,3%4,1,3) ((13), (35), (12), (34))
er | (2x3,1% (23) 2,4) ((24), (14), (23), (45))
e2 | (3x4,2%(34),3,1%(234)) | ((35),(25), (34), (15))
2 | (1%(23),1%2,4,1) ((14), (13), (45), (12))
e7 | (2%(34),2%3,1 % (234),2) | ((25),(24), (15),(23))
Es [ ed ] (1%2,3%4,3, 1) ((13), (35), (34), (12))
ed | (2x%3,1% (23) ,2) ((24), (14), (45), (23))
e2 | (3%4,2%(34),1%(234),3) | ((35),(25), (15), (34))
g | (1%(23),1%2,1,4) ((14), (13), (12), (45))
ed | (2%(34),2%3,2,1%(234)) | ((25),(24), (23), (15))

Table 2.1(d)

Proof of Lemma 2.3. The result of (si,s2,83,84) - 8 (= (1,2,3,4) - 5) for each
[ € X is written in the middle column of the table above. In this proof, we denote
it by (b1, ba, bs, by) for each 5 € X.

(1) If B e, for j =1,2 or 3, we see that b;jb; 11 = bj11b; by direct calculations. So,
by Proposition 2.2(1), we have (s1, $2, $3,54) 5032- = (81, $2,83,54) - .

(2)If B € Z; for j = 1,2 or 3, we see that bjb;j1b; = bj11b;b;41 by direct calculations.
So, by Proposition 2.2(2), we have (s1, 2, $3,54) ~ﬁa§-’ = (81, $2,83,84) - . O

By Lemma 2.3 ﬂa?ﬂ’l € H(s1,89,83,84) if § € YV; and 50?571 € H(sy,82,83,84) if
B € Z; hold for j =1,2,3. Thus, we see that any element of S belongs to H(s1, s2, 53, 54)
and hence (S) C H(s1, 82, 83, S4)-

Now we consider the following commutative diagram:

N

\B I H 51782383784 \B4
J

where i and 4 are the restrictions plx and p’lx of the natural projections
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p: By — H(s1,82,83,84)\Bs and p’ : By — (S)\By, and j is the natural surjection.
By Lemma 2.1 we see that 7 is injective and hence 7’ is also injective.

We will show that ¢’ is surjective in Lemma 2.9 by preparing Lemmas 2.4, 2.5, 2.6, 2.7
and 2.8. Hereafter we will use the abbreviation a = f instead of a = § (mod (S)) unless
otherwise stated.

Lemma 2.4. For 1 < j <3, we have the following formulas.

(1) If B €Y, then fo? = 3.
(2) If B € Z;, then Bof} = B.

Proof. This is obtained immediately from the definition of S. (]

Lemma 2.5. For 0 < s <4, we have the following formulas.

(2) es(0903)309 = €5 and

Proof. (1) In the braid group By, we have af(0203)* = ajo3o302030203. Since af is in
Ao C Zo, by Lemma 2.4(2) we have ajo30302030205 = agag_lagagagagag. In By, we
have a802_1030203020§ = diagaglag. Since d§ € D; C Y5, by Lemma 2.4(1) we have
djosoy toy = djog oy toy = ajodoy oy tos. Since af € 25, by Lemma 2.4(2) we have
afo%a;laglag = afa;laglaglag, = a§. Thus, we obtain a(0203)* = aj.

(2) Since e3(0203)300 = efo30903 and ef € Z3, using Lemma 2.4(2) we have
e0lo903 = efoy '0903 = ej030o30, . Since e € )y, using Lemma 2.4(1) we have
ejodoz0, ! = ejozo,! = ejoloy'. Since e§ is in Vs, using Lemma 2.4(1) we have

s~2 —1 __ s _—1__ _s
630302 26302 = €5.

(3) Since €§(0203)°02 = €5030203 and €5 € V3, by Lemma 2.4(1) we have e$030203 =
e30903 = eio303. Since ef € Vs, by Lemma 2.4(1) we have eioios = efoz = eio3.
Since ef € Z3, by Lemma 2.4(2) we have efo? = efo; ' = ejo30,. Since ef € Vs, by
Lemma 2.4(1) we have ej0302 = €502 = ejos. Since ¢ € Vs, by Lemma 2.4(1) we have

s .2 — s
eyos = €f. O

Lemma 2.6. (010203)° = id.

Proof. In By, we have (010203)° = c302010203%02032. Since ¢3 € Vs, by Lemma 2.4(1)

0302010203202032 = 03051010203202032 = a30302_1010203202032. Since aj € Zs, by
Lemma 2.4(2) we have a3030;1010203202032 = a%a§20;1010203202032. In By, we

have a8052051010203202032 = byolos09030903. Since b) € Y, by Lemma 2.4(1)
we have bYoi0302020005 = b)o300030203 = (0203)*. Using Lemma 2.5(1), we have

(0203)* = ad(0203)* = af = id. O
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Lemma 2.7. (1) The following equations hold.

(i) ajoi? = dbor = ¢ fors,te€{0,1,2,3,4} witht=s+1 (mod 5),
i) ajoy = d for s,t €{0,1,2,3,4} witht =s+2 (mod 5),
(ili) ajo1 = bh for s,t €{0,1,2,3,4} witht =s+3 (mod 5),
(iv) bjoy = for s,t €{0,1,2,3,4} witht =s+3 (mod 5),
(v) bjo? = ekor = b, forste{0,1,2,3,4} witht=s+4 (mod5),
(vi) cfo? = clor = e fors,t€{0,1,2,3,4} witht=s+1 (mod 5),
(vii) d§o? = etoy = €Y fors,t,ue{0,1,2,3,4}

withu=t+2=s+3 (mod5),

(vili)  djoy e} for s,t €{0,1,2,3,4} witht =s+2 (mod 5),

(ix) dso? ekoy = v fors,t,ue{0,1,2,3,4}
withu=t+2=s+3 (mod 5),
(x) djor = € for s,t € {0,1,2,3,4} witht =s+2 (mod 5).
(2) For each s € {0,1,2,3,4}, the following equations hold.
(i) ajox® = biox = di,
(i) a0 = bjoy = dj,
(ili) a303 = byoy, = ds,
(iv) a302 = bjoy, = dj,
(v) o2 = o,
(vi) oy = 5,
(vil)  ejo2 = e,
(viii) ejo = efor = e,
((ix)) esoe = el
X egoa = €3
(3) For each s € {0,1,2,3,4}, the following equations hold.
(i) ajos® = cioz = b,
ii ajo? = clog = b,
((iii)) ai 0_% = c% 03 = :
i) oof = do = B
iv) afo; = cjoz = b3,
(v) djos = d3,
(vi) djos = d3,
(vil) ejo2 = efoz = e,
(viii) efo3 = €5,
(ix) ejo3 = ef,
(x) efoz = ef.

Proof. First, we prove (2).

Since df = bfoy = a0 for 0 < i < 3, we have (i), (i), (iii) and (iv).

Let i be 0 or 1. Then, we have c{os = b ;05 ' in By. Since bf,, € Z3, by Lemma 2.4(2)
we have b3, ;05" = bf 02 = i, ,. Hence, (v) and (vi) hold.
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Let i € {0,2,4,6}. Then, efos = €f, ;. Hence, (vii), (ix), (x) and e§o9? = e§oy of (viii)
hold.

We show eoe = e§ of (viii). Note that ejos = ejo3. By Lemma 2.5(2), we have
e50% = e5(0903)%03 = e§03. Since e§ € 25, by Lemma 2.4(2) we have e§os = ef.

Next, we prove (3).

Let i € {0,1,2,3}. By Lemma 2.5(1), a$ = aj(0203)" = ai(0203)"t%. Then, afo3 =
a§(o203) 30903, When i = 0, we see that af(c203) 30903 = bjos. Since b§ € Zs,
by Lemma 2.4(2) we have b303 = b5. When i € {1,2,3}, by Lemma 2.5(1) we have
ai(0203) 30903 = af(0903) " toaos = bi_j03. Since bf_; € Z3, by Lemma 2.4(2) we
have b3_ 03 = bf_;. Since ¢f = ajos3, we have (i), (i), (iii) and (iv).

Let i be 0 or 1. Then, dfo3 = af+2051 in By. Since af,, € Z, by Lemma 2.4(2) we
have af 405 ' = a3, ,03 = di,,. Thus, we have (v) and (vi).

Let i € {1,3,5,7}. Then, efo3 = ej,,. Hence, (viii), (ix), (x) and ego3 = e of (vii)
hold.

We show efoz = ef of (vii). Since ejos = ejo; ‘05" in By and e§ € V3, by Lemma
2.4(1) we have e50; 'oy ' = e§oz0, ' = ejo, . Since ef € Vs, by Lemma 2.4(1) we have
ejagl =ej09 = €5.

Finally, we prove (1).
We show (i). It is obvious that aio? = ej. We show aioy = af for s,t € {0,1,2,3,4}
with ¢ = s + 1 (mod 5). Note that ajo; = (010203)°t 1 (0203)7L. When s # 4,

(010203)° (0903) "1 = a5t (0903)"!. By Lemma 2.5(1), we have aj™(oq03)~"
agt(0903)® = a™ = af. When s = 4, by Lemma 2.6 (010903)* ! (0203)"! =
(010203)%(0203) ™t = (0203)"!. By Lemma 2.5(1), we have (0903)~! = af(oq03)7! =

ad(oy03)% = al.

We show (iii) before (ii). Since a§ € V1, it suffices to prove ajo; * = bl with t = s + 3
(mod 5). Since bjo; = (010203) 2 (0203) 72, we will prove (o10203)7%(0203)72 = a3,
where t = s+3 (mod 5). When ¢ = 0, 1,2, we have (010203)'"2(0203) 72 = al?(0203) 2.
By Lemma 2.5(1), we have a6+2(0203)_2 = a3 (0903)? = aé“ = a3. When t = 3,4,
by Lemma 2.6 (010203)' 72 (0903) "2 = (010203)' 3 (0203) "2 = al3(0203) 2. By Lemma
2.5(1), a . 3(0203)72 = aé 3(0203)2 = ag_?’ =aj.

We show (ii). Note that ajo1 = b§o103. Since b) € Vi, by Lemma 2.4(1) we have
bio103 = bjoy tos. By (1)(iii), bga;1 =ab for t € {0,1,2,3,4} with t = s +2 (mod 5).
Thus, we have bjo; ‘o3 = abos = cb.

We show (iv). In By, bjo; = (010203)* 30 _103_202_103_1. When s is 0 or 1, it is
agt3oy o3 205 o5t Since ajt? € 25, by Lemma 2.4(2) we have ajt3 oy 1o3™ 202 103_1
= aitor203 %0y oyt = d‘“L3 “205'05!. Since djT* € Vs, by Lemma 2.4(1) w
have d5+303_202 103 = d8+3a;10§1 = b5 05!, Since bt € Z3, by Lemma 2.4(2)
we have bjT2o5 ! = bs+3 =™ = ¢, When s € {2,3,4}, by Lemma 2.6 we get
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s+3 —1 -2 _—1_—-1 _ -2 —-1_ -2 _—1

So1 = (010203) 03 %0, 05" =aj <272 103 , 021 o3 N By t2he same argument as
S— - — S

in the case where s 6 {0,1}, we see that ay ‘05 03 %05 03 =c¢] °=cl.
We show (v). First, we show bjoy = e with ¢ = s + 4 (mod 5). Note that
byoy = byozos Loy = af(0203)3037 1oy, By Lemma 2.5(1 ) we have af(0203)3037 10y =
ag(0203) o3 o1, When s # 0, we have a§(0203) tos o1 = €5 oy 'os oyt Since
e5~! € 25, by Lemma 2.4(2) we have e 'o, o5 toy = e 10%03 Yogt =eylog oy tos.

Since e§_1 € V3, by Lemma 2.4(1) we have 63_103_102 log = e; 10302 log = ey 102_103.

Since e~' € ),, by Lemma 2.4(1) we have e 'o,'03 = e logoz = et =
ek. When s = 0, by Lemma 2.6 we have aj(o203) log'or = (0203) 'og'lo =

(010903)°(0203) oz toy = €30, o5 oy . By the same argument as in the case where
s # 0, we see that ejoy 'oy o, = ef = €.

Next we show bj07 = b with t = s +4 (mod 5). Note that bjo? = bjozo3 107 =
a$(0203)3037 10}, By Lemma 2.5(1), we have 0,8(0'20'3)30'3 Yo = af(og03) tog Lol
When s # 0, af(0203) Loy 0} = aj tor05'0? = a5 'ojog!. Since o' € Zi, by
Lemma 2.4(2) we have aj ‘005" = a5 'o;'. By Lemma 2.5(1), we have aj 'o; ' =
ay t(o903)toyt = b1 = b. When s = 0, by Lemma 2.6, we have aj(0203) 'o5 ' 0? =
(010203)5(0203) o3 lo} = a%oi”o?) !, By the same argument as in the case where s # 0,
we see that ajoio; ' = bs = bh.

We show (vi). Note that cio? = ajozo? = ajoios. By (1)(i), we have ajoios =
akoio3 = aloszo; with t = s+ 1 (mod 5). By (3)(iv), we have a}o301 = c¢fo1. Thus,
we have c§o? = cloy with t = s + 1 (mod 5). On the other hand, by (1)(i) we have
akoi03 = ejos. By (3)(vii), we see that ejos = ef. Thus, we have cga% =es.

We show (vii). Since d§ € Z;, by Lemma 2.4(2) we have djo? = do; . Note that
djort = ajodo;t. Since af € 2o, by Lemma 2.4(2) we have ajo3o; ! = ajo, 'oy*. In By,

we have a§oy o7 = (010203)* 2070203. When s = 2,3, 4, we see (010203)° 2070003 =

6;72. When s = 0,1, by Lemma 2.6 we have (010903)* 2020903 = (010203)* 3020303 =
e5T. Thus, we have dio? = €% with u = s+ 3 (mod 5). We show that djo; = et

for t € {0,1,2,3,4} with t = s + 1 (mod 5). In B4, dyoy = (o10203)* o?as oyt
When s # 4, we have (010203)* 10?05 oyt = efT o5 o5 . By Lemma 2.5(3), we have

estloy a;l = 60“1(0203)5‘7205102 t= ?7”1032) Since e5™' € V3, by Lemma 2.4(1) we
have ei™'o2 = €5t Thus, djo, = ei™' = ¢f. When s = 4, by Lemma 2.6 we have
(010203)”10203 oyt = 0%03_102_1 = eJo; o5 . By the same argument as in the case
where s # 4, we see that eJo; ‘o5 ' = € = ek
We show (viii). In By, djo; = (010903)* T 030105 05 o3. When s € {0, 1,2}, we have
(010903) T 030105 05 oz = ait odoi05 oyt as. Since aj™ € 2, by Lemma 2.4(2) w
s+l 2 = 1 T s+l -1 1 1 s+2,—1 -2 —1
have ay" 050105 05 03 = ay’ 04 0105 05 03. In B47 it is a0y oy oy " Smce

agt? € Z; and €52 € Z3, by Lemma 2.4(2) we have a0 *o; 202 L =aiT0t05 %05t =

68+203_202_1 = 68+203O'2_1. Since €™ € Vs, by Lemma 2.4(1 ) we have €530, =
esT?030305 1 = €05 ogos. Smce eiT? € Vs, we have €205 o903 = ef 2030903 =
ei™ = ¢}, When s € {3,4}, by Lemma 2.6, we have (010203)*t 030105 0y o3 =
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(010203)3_40%0103_102_103 By the same argument as in the case where s € {0, 1,2}, we

4 -1 s—3
see that (010203)° 4030105 oy oy = €573 = el

We show (ix). First, we show djo; = e} with t +2 = s+ 3 (mod 5). Note that djo; =
ajo3oy. Since ay € Z; and af € Z5, by Lemma 2.4(2) we have a20§al : a202_101 =
aiolosoy = a80510301. In By, we have a80;10301 = (010203)5+10 0203 02 When

s # 4, we see that (010203)S+10f102051051 = a0+101 10203 102 1 Since aé"’l € Z,

by Lemma 2.4(2) we have a5 o 'ogos oyt = CL8+1O'%O'20'3 togt = eftloy oyt Since
e‘i“ € Vs, by Lemma 2.4(1) we have el+1 o 051 = e‘f“agazl = eé“ 51. Since
es™ € Z, by Lemma 2.4(2) we have ejTlo;! = e5t'o3. By Lemma 2.5(2), we
have ejT'o? = est!(0203)%03 = eitas. Since es™ € 2y, by Lemma 2.4(2) we
have ef™'of = 5™ = ef. When s = 4, by Lemma 2.6, (010203)* oy togozoy " =

(010903) 4o, 10203051 = agoflagogagl. By the same argument as in the case where
s # 4, we see agoflagagagl =ed =el.
Next, we show 680'1 = e} with v = t + 2 (mod5). Note that efo; =

(0'10'20'3)t+20'1 0y toso o313, When t € {0,1,2}, it is efT0y togoy ! 050103 Since
ol +2

eb® € Y, by Lemma 2.4(1) we have €20, 10301 Yo2o103 = el Pog030] o305 =
et2oloy tos.  Since e§+2 € Y and €/*? € Y, by Lemma 2.4(1) we have that

t+20102 log = e?‘ oy toz = et1+2032) = e§+2 = eY. When t € {3,4}, by Lemma 2.6

we have (010903) 20120, 0301 10%0103 = (01Uzag)t’301202_10301_1030103 =

66730'2710'320';10'%10'10'3.1 By the satmg argument as in the case where ¢ € {0,1,2}, we
-3, _— -1 _2 — t-3 _ _u

see that ey o, “030] 050103 = €] ° = ef.

We show (x). In By, djo1 = ajo3o;. Since aj € Z, by Lemma 2.4(2) we have
aj0301 = a305 01 = af(0203)%05 Loy, By Lemma 2.5(1), we have af(oz03)%05 'oy =
ag(agag)*loglal = (010203)° ’10105101 In By, it is (010203)5 30%02030201 When s is
3 or 4, we see that (010203) 30702030207 = €5~ 3 o%. Since 5~ 3 € Y1, by Lemma 2.4(1)
we have €5 %07 = e57® = e4. When s = 0, 1,2, by Lemma 2.6 we have the indentity

(010203)° 30209030007 = (010203)”20%0203020% = 520}, By the same argument as
in the case where s € {3,4}, we have €507 = ™ = ef. O

By Lemmas 2.4 and 2.7, we shall obtain Lemma 2.8.

Lemma 2.8. For any element o € X and for any power 0’5 of each standard generator

0j (7 =1,2,3) of By, there is an element 8 of X such that aal =p.

Proof. Since X = Y, [ Z;, a belongs to either ); or Z;. Suppose that o € };. Then, by
Lemma 2.4(1) we have ozaé = « for an even number [ or aag- = ao; for an odd number [.
We will show that for o € V; there is an element 8 of X such that ao; = 8. By Lemma
2.7(1)(ii) and Lemma 2.4(1), we have ajo} = cboy = a (i.e., ajo; = b and choy = af)
for s,t € {0,1,2,3,4} with ¢t = s+ 2 (mod 5). Similarly, by Lemma 2.4(1) and Lemma
2.7(1) (i), (1)(iv), (1)(viid), (1)(x); (2)(v), (2)(v), (2)(viD), (2)(ix), (2)(x); B)(¥), (B)(¥i),
(3)(viii), (3)(ix) and (3)(x) we have ajo? = bhoy = a$ for s,t € {0,1,2,3,4} witht = s+3
(mod 5), bj0? = cloy = b5 for s,t € {0,1,2,3,4} with t = s+ 3 (mod 5), djo} = o1 =
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d; for s,t €{0,1,2,3,4} with t = s+2 (mod 5), djo? = elo1 = dj for s,t € {0,1,2,3,4}
with t = s+ 2 (mod 5); cjos = 5, 502 = ¢, cjoa = ¢, cioa = ¢, efoa = €5, e5oq = €,
ei02 = €, efoy = €ff, egoa = €3, e509 = €F; dijos = d3, djo3 = djj, djos = dj, d3o3 = df,
ejos = €5, eSo3 = €}, efo3 = ef, ejo3 = €}, eSo3 = e§ and efos = ef for s € {0,1,2,3,4}.
Hence, we have the result when o € Y.

We consider the case where oo € Z;. By Lemma 2.4(2) we have aa} =aforl € 3Z,
aaé. =aoj forl € 3Z+1or ac; = cw]z for | € 3Z+2. We will show that for o € Z;, there
are elements f and v of A such that ac; = § and oza?- = v. By Lemma 2.7(1)(i) and
Lemma 2.4(2), we have ajo; = alo? = ejo; = af (i.e., ajo; = al, aho) = ef and efo; =
af) for s,t € {0,1,2,3,4} with ¢ = s + 1 (mod 5). Similarly, by Lemma 2.4(2) and
Lemma 2.7(1)(v), (1)(v1), (1)(vii), (1)(ix); (2)(1), (2)(ii), (2)(ii), (2)(iv), (2)(vii); (3)(0),
(3)(ii), (3)(iii), (3)(iv) and (3)(vii) we have bjoy = ef, ekoy = b} and bhoy, = b for
s,t € {0,1,2,3,4} with ¢t = s + 4 (mod 5), cjo} = cho1 = e, cho? = eso1 = ¢ and
eio? = cioy = c for s,t € {0,1,2,3,4} witht = s+1 (mod 5), djo; = b, eboy = e and
eYoy = d§ for s,t,u € {0,1,2,3,4} withu =t +2=s5+3 (mod 5), djo1 = ek, eko1 = e}
and eYo; = dj for s,t,u € {0,1,2,3,4} with u = t +2 = s+ 3 (mod 5); ajoa = bf,
bjoe = dfy, djos = af, afos = by, bjoa = df, djos = af, ajoz = b3, bjo2 = d5, d302 = a3,
a300 = b3, b0 = d3, dj02 = a3, e502 = €3, e302 = €3, e§oa = e3; ajos = ¢j, cjoz = b3,
bo3 = aj, ajos = ci, cjoz = b}, bjos = ai, a503 = ¢35, c503 = b7, bjos = a3, aos = c5,
cios = b3, bjos = af, ejos = ef, efos = ef and efoz = €} for s € {0,1,2,3,4}. Hence,
we have the result when a € Z;. O

By Lemma 2.8, we have the following lemma;

Lemma 2.9. ¢ is surjective.

Proof. Let w be an element in By. Then we may assume w = o0,/ ---0;,7%, where
i1 € {1,2,3} and j; is a non-zero integer for I = 1,...,k and with 4, # 4, for |I; — 3] = 1.
Since id = a) € X, we see by Lemma 2.8 that there exists an element 8; € X' such that
w=id- ;%04 = B10;,72 -+ 04, 7. Applying Lemma 2.8 repeatedly, we can induc-
tively find elements 31, B2,..., 8 in X such that w = oy, 741 -+ 0y, 7% for I =1,... k.
Hence, we get w = 8, € X at the end. O

We are now in a position to prove Theorem 1.2.

Proof of Theorem 1.2. Recall that ¢ and ¢/ are injective and j is surjective. Since 7’ is
surjective by Lemma 2.9, the maps i’, ¢ = j o4’ and j are bijective. The bijectivity of ¢
implies that X’ is a complete system of representatives of H(s1, s, S3,54)\Bs. Since X
consists of 125 elements, we have #(H (s1, sa, 83, 84)\B4) = 125. This completes the proof
of Theorem 1.2(2). Moreover, the bijectivity of j implies H(s1, S2,83,54) = (S). This
completes the proof of Theorem 1.2 (1). O
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