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Locality of continuous Hamiltonian flows
and Lagrangian intersections with
the conormal of open subsets

Yong-Geun Oh

ABSTRACT. In this paper, we prove that if a continuous Hamiltonian flow fixes the
points in an open subset U of a symplectic manifold (M, w), then its associated Hamil-
tonian is constant at each moment on U. As a corollary, we prove that the Hamiltonian
of compactly supported continuous Hamiltonian flows is unique both on a compact M
with contact-type boundary M and on a non-compact manifold bounded at infinity.
An essential tool for the proof of the locality is the Lagrangian intersection theorem
for the conormals of open subsets proven by Kasturirangan and the author [KO],
combined with Viterbo’s scheme that he introduced in the proof of uniqueness of the
Hamiltonian on a closed manifold [V2]. We also prove the converse of the theorem
which localizes a previously known global result in symplectic topology.
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1. Introduction

Let ¢ be a Hamiltonian diffeomorphism on a symplectic manifold (M,w). Hofer’s
L*°-norm of Hamiltonian diffeomorphisms is defined by

= inf |H
6] = jnf 1]~

where H — ¢ means that ¢ = ¢}; is the time-one map of Hamilton’s equation
T = XH (t, .Z‘)
and the norm || H|| is defined by
Hl||oc = max osc H, 1
]l = mass ose Hy (1)

where

osc H;y = max H; — min H;.
We equip the group Homeo(X) of homeomorphisms with the metric defined as
d(h, k) = max(d(h(z), k(z)) + d(h™" (), k™ (2)))
re

where d is the distance induced by any given Riemannian metric. With this metric,
Homeo(X) becomes a topological group which is a complete metric space. For two given
continuous paths A, i : [a,b] — Homeo(M), we define their distance by

d(A\ ) = mex d(A(t), u(t))- (2)

Definition 1.1 (Continuous Hamiltonian flow). A continuous map A : R — Homeo(M)
is called a continuous Hamiltonian flow if there exists a sequence of smooth Hamiltonians
H; : R x M — R satisfying the following :

(1) ¢m, — A locally uniformly on R x M.
(2) the sequence H; is Cauchy in the C°-topology and so has a limit H lying in C°.

We call a continuous path A : [a,b] — Homeo(M) a continuous Hamiltonian path if it
satisfies the same conditions with R replaced by [a,b], and the limit C°-function H a
continuous Hamiltonian. In any of these cases, we say that the pair (A, H) is the C°-
hamiltonian limit of (¢u,, H;), and write

hlim; oo (¢n,, H;) — (A, H)
or sometimes even hlim; o (¢m,, H;) = A

We denote by Pgoa_’[’; b](Sympeo(M ,w),1d) the set of continuous Hamiltonian paths
defined on [a,b]. When [a, b] = [0, 1] or when we do not specify the domain of A, we often
just write PR (Sympeo(M,w),id) for the corresponding set of continuous Hamiltonian
paths.

For the rest of the paper until the last section, we will assume that M is closed.
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A proof of the following theorem was provided by Viterbo in [V2] for the C%-hamiltonian
limits. An immediate corollary of the theorem is that each continuous Hamiltonian path
carries a unique Hamiltonian. This uniqueness question was asked by the author in [OM].

Theorem 1.2 (Viterbo, [V2]). Let M be a closed symplectic manifold. Suppose H; :
[0,1] x M — R is a sequence of smooth normalized Hamiltonian functions converging
to a continuous function H :' Y — R in C°-topology. Then if ¢, — id uniformly on
[0,1] x M, we have H = 0.

The main purpose of the present paper is to prove the following local version of Theorem
1.2 and its converse.

Theorem 1.3 (C%Locality). Let U C M be an open subset. Suppose H; : [0,1]x M — R
is a sequence of smooth normalized Hamiltonian functions such that both ¢m, and H;
converge in C°-topology. Denote their limits by A and H respectively. Then the followings
are equivalent

(1) M(z) =z for all (t,z) € [0,1] x U,

(2) H(t,x) =c(t) on U for a continuous function c: [0,1] — R depending only on t.

This locality of Hamiltonians is an easy and well-known fact for the case of smooth
(or more generally C'') Hamiltonian paths. The case U = M is precisely the uniqueness
question asked in [OM] and answered by Viterbo. Our proof uses the crucial idea from
[V2] which reduces the uniqueness proof to a certain Lagrangian intersection theorem.

One rather immediate consequence of the locality theorem above is the following
uniqueness theorem for compactly supported continuous Hamiltonian flows. We refer
to [OM] for the precise definition of compactly supported topological Hamiltonian flows
(i.e., L(H>)_case) which can be adapted to the current continuous Hamiltonian flows (i.e.,
CP-case).

Theorem 1.4 (C°-Uniqueness on open manifolds). Let M be a compact symplectic man-
ifold with contact-type boundary OM or a noncompact manifold bounded at infinity. Sup-
pose H; : [0,1] x M — R is a sequence of smooth Hamiltonian functions such that

(1) there exists a compact set K C Int M such that
supp H; C K

(2) H; uniformly converges to a continuous function H : M — R.
Then if ¢, — id uniformly on [0,1] x M, we have H = 0.

The special case of two-dimensional compact surface with smooth boundary is an im-
mediate consequence of the uniqueness result on closed surfaces by the (space)-doubling
argument. But this doubling argument cannot be applied to the high dimensional cases.
The presence of the geometric conditions ‘with contact-type boundary’ or ‘bounded an
infinity’ in the hypothesis is an artifact of our proof that relies on the Floer homology
theory of conormals from [KO]. It is not obvious to the author whether the same unique-
ness holds on arbitrary open symplectic manifolds which are not necessarily bounded at
infinity.
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The main idea of our proof of the locality theorem is again to reduce its proof to a
version of Lagrangian intersection theorem. Viterbo used the global version of Lagrangian
intersection theorem on the cotangent bundle from [H1], [LS], [Gr]. For the current
locality proof, the Lagrangian intersection theorem that we use is the relative version of
Lagrangian intersection theorem that Kasturirangan and the author proved in [KO] using
the study of Floer homology of conormals of open subsets :

Theorem 1.5 (Kasturirangan-Oh, [KOJ). Let U C N be any open subset with smooth
boundary OU, and H : T*N x [0,1] — R be any smooth Hamiltonian. Then

o (on) NV T #0
where v*U is the conormal of U.

We refer readers to section 2.1 for the definition of the conormal v*U. Once we have
this local Lagrangian intersection theorem, the proof will follow a localized version of
Viterbo’s argument [V2] after proving a simple lemma in Morse theory. Here we use the
constructions of the looping process of Hamiltonian paths and of Lagrangian suspension
together with the arguments in geometric measure theory in a more systematic way than
Viterbo did in [V2].

Specialized to the case U = M and stripping the usage of conormals of general open
subsets but restricting to the zero section of the whole manifold in the Lagrangianization,
our proof of the uniqueness theorem, when restricted to the closed case, is essentially
the same as the one given by Viterbo in [V2] except that we put his scheme in general
perspective of C%-symplectic topology and C°-Hamiltonian dynamics, and added some
more details in the proof so that we can safely apply them to the current local setting.
The more general case of L(1:°)-Hamiltonian flows is a subject of future study.

We will assume that M is closed throughout the paper until section 9 where we explain
how to generalize the main theorem to (M, w) that is bounded at infinity in the sense of
Gromov [Gr].

I like to thank S. Miiller and C. Viterbo for useful communications regarding the proof
of Lemma 6.3 in Appendix.

Notations

(1) St =R/Z, S1(2) = R/2Z

) m:T*N — N, the canonical projection of cotangent bundle.

) T TH(SY(2)xY) — T*S1(2), o : T*(SY(2)xY) — T*Y the obvious projections.

) w1 SY(2) x Y — SY(2), ma : S1(2) x Y — Y, the obvious projections.

) ty = [0,1] x Y — T*Y, the map defined by vty (t,y) = o, where o, the zero at
y€T,Y. Or when Y C (X,w) is a Lagrangian submanifold, ¢ty also denotes the
corresponding map [0,1] X Y — X induced by the inclusion.

(6) iy : Y — T*Y, X the obvious inclusion maps of Y.
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2. Preliminaries
2.1. Conormal of open subsets

In this section, we recall the definition of the conormal of an open subset and state
some results from a Morse theory, which will be used in the proof of the locality theorem
later.

Definition 2.1. Let U C M be an open subset with smooth boundary U. We define the
conormal of OU by

oy [[v> (0U) :== T
Here we define v* (9U) to be the “negative” part of the conormal bundle of 9U, i.e.,
v (OU) ={a e v*(0U) | a(f) < 0,7 outward normal to OU}.
In the case U = (—1,1) C R, the conormal to U = [—1,1] is the one pictured below

Ficure 1. “Conormal” to [-1,1] in R

The following lemma will be used in the proof of the main theorem. For the simplicity
but without loss of any generality, we assume that U is compact.

Lemma 2.2. Let U be an open subset of Y with smooth boundary and let V' be an open
subset of Y such that

VcVcu.

Then there exists a smooth Morse function k : U — R such that
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(1) we have
—dk(i)(y) >0 on U or equivalently Graph(—dk) Nv* (9U) =0
(2) the function k : U — R has no critical points on U\ V.

Proof. We choose any function k constant on QU such that (1) holds on OU. Then perturb
the function to a Morse function away from a neighborhood of QU. Finally we compose
the function k£ with a diffeomorphism of U that is supported away from OU and moves
all the critical points into V. This finishes the proof. O

2.2. Continuous Hamiltonian flows and their Hamiltonians
Following [OM], we denote by
P (Symp(M, w), id)

the set of smooth Hamiltonian paths A : [0,1] — Symp(M,w) with A(0) = id, and equip
it with the Hamiltonian topology. We refer to [OM], [Oh2] for an extensive study of this
topology in the L(1:>)_context and [Mu] in the L> or C%-context. In this paper, we will
exclusively use the C°-Hamiltonian topology.

It is equivalent to the metric topology induced by the metric

dham.. (A 1) 7= d(A, ) +leng o (A1)
where leng  is the L°>°-Hofer length given by
lengo(A) = [[Hl[oo, A= on
(Proposition 3.10 [OM]), and d is the C° metric on P(Homeo(M),id). We consider the
developing map
Dev : P"™ (Symp(M, w),id) — C2([0,1] x M,R) :
This is defined by the assignment of the normalized generating Hamiltonian H of A, when
A= ¢y :t— ¢'. We also consider the inclusion map
tham : PP™(Symp(M, w),id) — P(Symp(M,w),id) — P(Homeo(M,w),id).

Following [OM], we call the product map (tpam,Dev) the unfolding map and denote the
image thereof by

Q := Image(tpam, Dev) C P(Homeo(M),id) x CY ([0,1] x M,R). (3)

Then both maps Dev and ¢4, are Lipschitz with respect to the metric djq,, by definition

and so the unfolding map canonically extends to the closure Q in that we have the
following continuous projections

Tham : Q — P(Homeo(M),id) (4)
Dev :Q — CY([0,1] x M,R). (5)
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We would like to note that by definition we also have the extension of the evaluation

map evy : P (Symp(M,w),id) — Symp(M,w) — Homeo(M) to
evy : Image(Tham) — Homeo(M). (6)
In this context, Theorem 1.2 is equivalent to saying that the map 7j4,, is one-one.

Now we recall the notion of continuous Hamiltonian paths studied in [OM], [V2], [Mu].
Definition 2.3 (Definition 3.18 [OM], [Mu]). We define the set P24 (Sympeo(M),id)
by

Pham(Sympeo(M,w), id) := Image(iham) C P(Homeo(M),id)
and call any element thereof a continuous Hamiltonian path. We also define the group of
C°-Hamiltonian homeomorphisms, denoted by Hameos, (M,w), to be
Hameos (M, w) := Image(evy).
Similarly to the case of the interval [0, 1], we can define a continuous Hamiltonian path
on [a,b] with b > a
A [a,b] — Hameoos (M, w)
to be a path such that
Xo (Ma)™h € LAy by (Sympeo(M, w), id) (7)

where 7720“,’[2 p) (Sympeo(M,w), id) is defined in the same way as Pham (Sympeo(M,w), id)
with [0, 1] replaced by [a, b].
We consider smooth functions ¢ : [0,1] — [0, 1] satisfying

0 for 0<t<eg
Ct) = (8)
1 for 1—¢g9<t<1

and
¢'(t)>0 forall tel0,1],
for some small £y > 0, and denote the reparameterized Hamiltonian by H¢ defined by

HE(t,x) = ('(H(C(t), z)

which generates the Hamiltonian isotopy t — ¢)§}t) in general. Using this reparmetriza-
tion, we can always make the Hamiltonian path boundary flat and its Hamiltonian vanishes
near t =0, 1.

We will always assume this boundary-flatness until section 9, where we will explain
how to treat the general case.

Now we introduce the notion of continuous Hamiltonians.

Definition 2.4. We denote
H° ([0,1] x M) := Im (Dev)

and call an element in HY, ([0,1] x M) a normalized continuous Hamiltonian.
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By definition, if H € HY,([0,1] x M), we have a sequence of smooth Hamiltonian
functions H; such that

(1) ¢, converges uniformly over [0, 1] x M.
(2) H; converges in C9 ([0,1] x M,R) to H.

3. The first half of Theorem 1.3

In this section, we prove a half of Theorem 1.3. This is the localized version of the
corresponding theorem from [V1], [HZ], [OM] where U = M is considered.

Theorem 3.1. Let U C M be an open subset. Suppose H; : [0,1] x M — R is a
sequence of smooth normalized Hamiltonian functions such that both ¢, and H; converge
in C%-topology. Denote by X\ and H the corresponding C°-limits respectively. Then if
H(t,z) = ¢(t) on U for a continuous function ¢ : [0,1] — R depending only on t, then
A=id on [0,1] x U.

Proof. We first note that H (¢, z) = ¢(t) on U is equivalent to ||H||oo,v = 0.
It is enough to prove that for any given é > 0, we have

AMt,x) =2 for all x € Us 9)
where Uy is the subset
Us={xze€U]|d(x0U) > d}.

Suppose (9) does not hold and so there exists tg € [0,1] and x¢ € Uy such that A(to, zo) #
xo. Then there exists ey > 0 such that the closed ball B, (z¢) satisfies

Ato (Beo (20)) N Bey (z0) = 0.

Furthermore, since X is continuous and \g = ¢d there exists t; > 0 such that
ty := max{t € [0,1] | \s(B-, (7)) C U for all 0 < s < #1}.

Then we can choose another smaller ball B, (x1) C Bg,(xo) such that

Aty (Be, (1)) N Bey (w1) =0 (10)
and

A(Be, (z1)) CU (11)
for all 0 <t < t; in addition.
By the uniform convergence of ¢,, we still have

O, (Be, (21)) N Bey (1) =0
for all 0 < ¢ <, if we choose a sufficiently large i. Choose an open subset V' C U such
that V' C U and

Vo | o (B (21).

0<t<t,
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We multiply to H; a cut-off function y : Y — R satisfying

)1 rel <t<t; o) i(le (71))
x(@) = {0 xeYo\V !

and define a new Hamiltonian F; = xH;. Then we still have
¢, (Be, (x1)) N Be, (1) = 0

for all 0 <t < t; because the flow of F; and that of H; coincide on y<,<,, %, (Be, (1))
since x = 1 thereon. Therefore we obtain

1F oo = e(Bz, (1)) > 0 (12)
where Fit1 is the reparameterized F; given by
Fl'(t,x) =t Fi(tit, x)

and e(Be, (1)) is the displacement energy of B., (z1). (See [H2], [LM] for its definition.)
The positivity of e(Be, (1)) follows from the energy-capacity inequality from [LM]. On
the other hand, obviously we have

F{* = xH{* — xH"
in C%topology and hence (12) implies

Se(Bey(a2)) > 0 (13)

for all sufficiently large i’s. However we have

HXHtl floo >

IXH™ |

H(tqt
nax, (géa;;OSC(x (t1 ,x))>

= H(t
2, (ot )

< Hh (4, =||H||oov =0 14
< (moosctt (t.0) ) = ] (1)
where the inequality holds since suppy C U for all ¢ € [0,1] for a sufficiently ¢ and
0<x(t) <1

Obviously (13) and (14) contradict to each other. This finishes the proof. O

For the rest of the paper, we will provide the other half of the proof of Theorem 1.3.

4. Continuous exact Lagrangian isotopy

In this section, we denote a general symplectic manifold by (X,w), instead of using
the letter M. We also denote a closed manifold by Y. When we are given a Lagrangian
embedding of YV into (X,w), we often do not distinguish Y from the image in X of the
given embedding.
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Let ¢ : [0,1] x Y — X be an isotopy of embeddings ¢; : Y — X. The pull-back ¢*w
is decomposed to

Y'w=dtNa+ 0 (15)
where o and ( are forms on Y satisfying

0 0

EJQ =U= aJﬂ

The following definition is given in [Gr].

Definition 4.1. Anisotopy ¢ : [0,1]xY — X is called a Lagrangian isotopy (respectively,
an eract Lagrangian isotopy) if in the above decomposition 8 = 0 and if« is closed
(respectively, exact) for all ¢ € [0, 1].

We remark that in this definition, the condition S = 0 automatically implies closedness
of if . Therefore the latter condition is redundant for the definition of Lagrangian isotopy.
We however put it there separately to make comparison with the case of exact Lagrangian
isotopy.

The following lemma is well-known and is an easy consequence of the definition whose
proof we omit.

Lemma 4.2. If 1 is an exact Lagrangian isotopy, then there exists a function h : [0, 1] x
Y — R such that ¥*w = dt A dh i.e.,

V*w+ dt A (—dh) = 0.

Furthermore if h' is another such function, we have h' — h is a function depending only
on t, but not on'Y.

We call any such h a hamiltonian of 1. Here we like to alert readers that we use the
lower case ‘h’ to call the function h the ‘hamiltonian’ associated to v to distinguish it
from the Hamiltonian functions defined on the ambient symplectic manifold X .

According to this lemma, for a given exact Lagrangian isotopy v its associated hamil-
tonian is not unique. As we will see later, the suspension of an exact Lagrangian isotopy
depends not just on the isotopy ¢ but also on its hamiltonian. Because of this, we will
regard the pair

(h,) : [0,1] XY - R x X

as an exact Lagrangian isotopy. With a suitable normalization on the hamiltonians asso-
ciated to 1, the choice of h can be made unique in the smooth category.
The following extension lemma is also well-known whose proof is omitted.

Lemma 4.3. For any exact Lagrangian isotopy ¢ : [0,1] x Y — X of Lagrangian embed-
dings, there exists a Hamiltonian H : [0,1] x X — R such that

Ut ) = 0 (¥(0,2)) = ¢y (Yo(2)). (16)

10
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When the exact Lagrangian isotopy (h, ) is given, we can always adjust H away from
the support of the isotopy so that H satisfies the normalization condition

/HthZO
X

where €, is the Liouville volume form.
And if the isotopy is boundary flat, then h and H can be made boundary flat. Namely,
we may assume that there exists eg > 0 such that

H=0 for te0,e0]U[l—ep,1] (17)

Definition 4.4. Let Y C X be a Lagrangian submanifold and (h, ) an exact Lagrangian
isotopy. The time-reversal of (h,1) is the pair (h,) defined by

Yt x) =1 —t,x), h(t,x)=—h(l—1tz).
Obviously for a boundary flat (h, ), the concatenated isotopy
(h, ) % (B, )

defines a smooth closed embedding S (2) x Y — R x §*(2) x X, where we represent S* by
R/27Z. We call this concatenated isotopy an odd double of the isotopy (h, ) and denote
it by (hed, o).

Now we are ready to give the definition of the odd-double suspension of an exact
Lagrangian isotopy (h, ).

Definition 4.5. The odd-double suspension of an exact Lagrangian isotopy (h,%) :
[0,1] x Y — R x X is defined by the embedding

Ly 1 SH2) XY = T8 (2) x X

(0, —h(0,2),¥(0,z)) for 0 € [0, 1]

0,x) = 18
a0, ) {(9,h(2 —0,2),4(2—0,2)) for 0 e[1,2]. (18)
We also denote the obvious double & * h of the hamiltonian h by hod.

Now we state a proposition which is an essential ingredient in the proof of Theorem
1.3. We provide its proof in the appendix. (See also Theorem 6.1.B [P].)

Proposition 4.6. Let (h,v) be an exact Lagrangian isotopy. Suppose that the image of
Y is contained in U C X. Equip T*S'(2) x X with the symplectic form

d9/\db+wx

where (6,b) is the canonical coordinates of T*SY(2). Then the Lagrangian embedding
Ly 1 SH(2) XY — T*5Y(2) x X is isotopic to the embedding og1(2) X iy : S'(2) x Y C
T*SY(2) x X by a Hamiltonian flow supported in T*S*(2) x U.

11
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We assume that for any s € [0, 1], h(s, ) assumes the value zero so that
min by < 0 < max hs. (19)
x €T

This can be done, for example, by normalizing hs so that
max, hs + ming hg
2
In particular, this normalization makes

~0. (20)

minhs < 0 < max hs (21)
xT x

unless hy = 0. We call any such hamiltonian h satisfying (20) average normalized.

We denote by Ly = ¢4(Y) the family of Lagrangian submanifolds associated to the
isotopy. Without loss of generality, we will assume that v is boundary flat. We introduce
the following definition

Definition 4.7. A pair (h,v) such that ¢ : [0,1] x Y — X is a continuous map and
h :[0,1] x Y — R an C°function is called a continuous exact Lagrangian isotopy if
there exists a sequence of smooth exact Lagrangian isotopies (h;, ;) such that ¢; — 9
in the C%-topology and h; — h in the C°-topology. We call any such sequence (h;, ;) a
smoothing sequence of (h, ).

Similarly as the definition of H? ([0,1] x M), we give the following Lagrangian coun-
terpart thereof.

Definition 4.8. We define the subset
hay([0,1] x ¥) € C°([0,1] x L)
to be the set of the above C°-limits of normalized sequences of smooth exact Lagrangian

isotopies (hg,1;). We call any element h € h2 ([0,1] x Y) a (time-dependent) C°-
hamiltonian function on Y.

We define the norms

I7|loc = max (maxht — min ht>
te(0,1] \ z€Y €Y

and for a given open subset U, we define
h = max | maxh; — minh
” HOO’U te(0,1] (zeU = t)

for an average-normalized hamiltonian h.
The following theorem is the Lagrangian version of Theorem 1.3, which will be proved
in the rest of the paper.

Theorem 4.9. Let (X,w) be a symplectic manifold and Y C X be a closed Lagrangian
submanifold. We denote by

ty (0,1l xY — [0,1] x X

12
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the obvious inclusion map. Let (hi,1;) : [0,1] X Y — R x X be a sequence of exact
Lagrangian isotopies that are boundary flat. Let U C 'Y be an open subset with smooth
boundary OU .

Suppose that (hi,1;) converges to (h,1) in CO-topology on Y. Then if 1) = 1y on
[0,1] x U, we have h(t,y) = c(t) for y € U where ¢ : [0,1] — R is a continuous function
depending only on t.

5. Lagrangian intersections and analysis of Calabi currents

We assume that Y is oriented throughout this section. The proof for the unoriented
case will be similar if one uses odd currents [dR] whose details we omit because it will
not be used in the proofs of the main theorems in this paper.

We first state the following lemma whose proof will be given in section 7 in the more
general L(1>)_context.

Lemma 5.1. Let a = h°%df be the Calabi current associated to the continuous exact
Lagrangian isotopy (h, ) as defined above. Suppose ||h||s,u # 0. Then the current a on
S1(2) x Y is not closed on U.

The following definition will be useful for our purpose.

Definition 5.2. A diffeomorphism ¢ : S'(2) x Y — S%(2) x Y is called fiberwise-like
with respect to the projection mo : S*(2) x Y — Y, if it has the form

¢(97 y) = (07 Yo (y))

for a 2-periodic family of diffeomorphisms Yy : ¥ — Y with Yy = idy. We define its
support by

supp¢ = | J supp Y.
0€10,2]

Obviously the space C°(S'(2) x Y) is invariant under a full diffeomorphism group of
S(2) x Y.

For each fiberwise-like diffeomorphism ¢ : S1(2) x Y — S'(2) x Y, we consider the
push-forward ¢.« as a current and decompose it into

P = [ + (P — By) (22)
where (34 satisfies %jﬁqs = 0. Note that ¢.a — (34 can be written as

dax — By = <§9J gb*oz) A db.

The following can be proved in a straightforward calculation and so its proof is omitted.
We however point out that ¢.« defines a well-defined n-current on S*(2) x Y.

Lemma 5.3. Let ¢ be a fiberwise-like diffeomorphism. Under the decomposition (22), we
have
pece— By = h3do

13
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where hgd is an CO-function which is given by the formula

het(0,y) == (71 (0,y)) = h°(0,Y, (y). (23)

Using this preparation, we state the following proposition whose proof will be given
in section 8 in the more general L(1:>)_context. We also refer the readers to Lemma 2.5
[V2] for the corresponding global statement.

Proposition 5.4. Let U C Y be an open subset. Let oo = h°®df be the above mentioned
current on S*(2) x Y. Suppose that « is not closed on U. Then there exists a fiberwise-like
diffeomorphism ¢ : S1(2) x Y — S1(2) x Y supported on S*(2) x U such that we have

some y € U such that
/ . hgtdo #o.
7y (y)

Furthermore ¢ can be chosen arbitrarily C°°-close to the identity map and supp ¢ C U.

With Lemma 5.1 and Proposition 5.4 assumed, we now start the proof of Theorem 4.9.
For this purpose, we closely analyze the function th)d :Y — R on U which is defined

by
Pyoa(y) = / hod do (24)
¢ )

for y € Y. This function is obviously continuous on Y for a C°-function h and for a
diffeomorphism ¢. Here we like to note that due to the doubling process, the function P
given by

Phoa(y) = / h°d do
75 ' (y)
itself identically vanish, which prompts one to deform it by a diffeomorphism or to deform

the fibrations as put in [V2].
The following will be used in our proof in an essential way.

Lemma 5.5. Let a = hgddﬂ with h € C° and ||hg5d||oo,U # 0. Then thd Y - Risa
non-zero continuous function such that
(1) the set
Uy :={y €U | Pyoaly) # 0}

18 a non-empty open subset of U.
(2) Ph;d =0 on U \ supp ¢ D U where ¢(0,y) = (0,Yy(y)).

Proof. We start with the formula
Paso) = [ w0 do = [ nt0,5; ) as
$1(2) 51(2)

which follows from (23). Obviously Ph;d is a continuous function on Y which satisfies
Phid # 0 by Proposition 5.4.
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Locality of continuous Hamiltonian flows

Next, we recall that

2 G 2_ B _
/oh (9,y)d9—/0 h(@,y)d9+/1( h(2—0,y))dd =0

for all y € Y. Therefore we derive

Pusl) = [ 010,57 ) a0 =0

whenever y € U \ supp ¢, i.e., Y, '(y) =y for all 8 € [0,2].
This finishes the proof. (I

The following variant of Hormander’s construction (see (2.5.4) [Ho]) will be useful for
our discussion coming henceforth.

Definition 5.6. Consider the cotangent bundle T*N of a smooth manifold. Let ; :
N, — T*N be two Lagrangian embeddings of manifolds N;, ¢ = 1, 2. We introduce the
difference set denoted by 11 © 1. The set ¥ © 15 is defined by

Y1 © Y2 ={(q,p) €T*N | (¢,p) = Y1(n1) — Y2(n2), ¢ € N, ¥i(n;) € NiNT; N} (25)
Now consider the symplectic diffeomorphism
T~ ' T*(SY(2) x V) — T*(S'(2) x Y)
given by
T¢™ (@) = (Tp(e.)0 ") (o)) € Ty, (S(2) X Y).
The composition

oy =T 0ty 00 S1(2) X Y — T7(81(2) x ¥)

defines a Lagrangian embedding. Using the splitting 7% (S*(2) x Y) = T*S1(2) x T*Y we
write

o (6:9) = (@2(0.), B (6. ) (26)
(S1(2) x Y) where

(O, 1/) = 7%, ) (6:0)):

Here we note that 8’ = 6 as ¢ has the form ¢(0,y) = (0, Yy(y)). We denote by 7;, i = 1, 2
the projections from T%(S*(2) x Y) to T*S*(2) and T*Y respectively.
We note the identity

: *
as an element in 77, /)

Ty 0o L((i)h, vy = T O
since 1; converges to the zero section map vy : S1(2) x Y — T*Y in C° topology, the
map
1 1
mouf i8N 2) XY = §(2) x Y
can be made arbitrarily close to the identity uniformly over 7.

15
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Similarly we define a continuous embedding L?h by 181 (2) XY = T#(S'(2) x Y) by
iy (05y) = (6,80 076, 9),0,). (27)
The following proposition shows that L?h ) is again a continuous Lagrangian embedding.

Proposition 5.7. The smooth Lagrangian embedding L((bhi ;) converges to the continuous

embedding L?h ) in C°-topology.

Proof. For this, we compute the values of af(@,y) as an element in 17, y,)(Sl (2) xY)
explicitly.

Lemma 5.8. We have
af(6,y) = hi(&7"(6,9)) db +F1 o T"6 ™" 0¥ (67 (6, 1)) (28)
Proof. We compute

0 0
L((z)hu%)(e’y) <69) = T*¢_1 ob(hz‘,wz‘)(¢_1(97y)) <89)

= i (@71 (0,9)) <T¢_1 (6?9))

= (¢~ (8,y))do <T¢>1 (;)) +9((671(0,1)) <T¢1 (%))

where we used «; = ho? df.
Using the identity ¢=1(6,y) = (6, Y, '(6,y)), the first term becomes

0
ot 0as ( g ) = 1 6.0)
which gives rise to the first term in (28).
The second term here gives rise to the second one in (28). Hence the proof. O

Obviously the first term of (28) converges to h°¢o ¢~ df. We now estimate the second
term.

Lemma 5.9. Denote by vy : S*(2) x Y — X the obvious inclusion-induced map given by
(0,y) — y. Let (hi,1;) — (h,ty) in the hamiltonian topology and denote

mi(¢) == I(TO}BD)( dist (71 0 7% (¥i (¢~ 1(0,9)), 051 ) -
Y
Then there exits a constant C > 0 independent of ¢ and i such that
mi(¢) < Cdeo (i, y)|¢™ e (29)

for all i. In particular, m;(¢) — 0 as i — oo.

16



Locality of continuous Hamiltonian flows

Proof. We have

mi(¢)

IN

max
0,y)

10T 0 dhi(¢7(0,y)) <a> ’

00
= max

-1 -1 é
w67 0.00) (10 (7))
< Cmax [¥;(0,y)|[¢ e

(0,y)

for a universal constant C' > 0 where [¢;(¢~1(6,))| is the norm taken as an element of
T7(Y) with
y = map(n(i(67(6,1)))) = Yo(m(i(6, Yy ' ())))-

Here we recall that we identify the exact Lagrangian isotopies 1; : S*(2) xY — X with the
corresponding isotopies in the Darboux chart T*Y of Y C X. Under this identification,
we can identify
wax [14;(6, )|
with dgo (¢, ty). This finishes the proof of the first statement. The last statement follows
from (29) by the C%-convergence t; — ty that we assumed.
This finishes the proof of the lemma. O

Combining Lemma 5.8 and Lemma 5.9, we have finished the proof of Proposition
5.7. O

6. Proof of Theorem 4.9

In this section, we will wrap-up the proof of Theorem 4.9 by producing a contradiction
to Theorem 1.5, if we assume ||h||co,r # 0.
For the simplicity of notation, we denote

P¢. - Phid.
The following is the local version of the key ingredient used in Viterbo’s scheme [V2].

Proposition 6.1. Suppose ||h|loo,u # 0. Let ¢ be a fiberwise-like diffeomorphism as in
Proposition 5.5. Then there exists a smooth function f: S*(2) x Y — R such that

¢
Hnir) © 4
does not intersect v*(S1(2) x U).

Once we have proved this proposition, an immediate corollary of Proposition 5.7 will
be the following intersection result.

Corollary 6.2. Suppose ||h|lco.u # 0 and let f be the smooth function as in Proposition
6.1. Then there exists an N € N for which the smooth Lagrangian embedding L((th W) edf
cannot intersect v*(S*(2) x U).

17
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Proof. Since taking the difference ©df is a continuous operation in C°-topology, Propo-
sition 5.7 implies that L?hA we) © df converges to L?h ) © df in C°-topology. Therefore
Proposition 6.1 and compactness of S1(2) x Y imply that L((th wn) © df do not intersect
v*(S8*(2) x U) if we choose a sufficiently large N. O

With this corollary, we can wrap-up the proof of Theorem 4.9.

Proof of Theorem 4.9. If we assume ||h||so,u # 0, Proposition 6.1 holds and so Corollary
6.2 would give rise to a contradiction to Theorem 1.5 because L?hN o) ©df is Hamiltonian
isotopic to the zero section : the latter follows since ¢ is isotopic to the identity on

S1(2) x Y and L(hn o) 18 Hamiltonian isotopic to the zero section. This will then finish
the proof of Theorem 4.9. (]

The rest of the section will be occupied with the proof of Proposition 6.1.

Proof of Proposition 6.1. Motivated by Viterbo’s scheme used in the proof of Proposition
2.1 [V2], we first solve the equation

{hgd(a, y) — %(9, y) = Py(y) (30)

f(0,9)=0

for some f This is uniquely solvable for given y € Y for a smooth function f(, y) because
we have

/O (h9(60, y) — Pa(y))) o = 0 (31)

by the definition of Py. We denote by f: f(@, y) such a solution. However fis a priori
only continuous and hence we will suitably perturb P4 so that the resulting solution
becomes smooth. In this regard, the following lemma will be important. This is what
Viterbo briefly mentioned in the proof of Lemma 2.4 [V2]. Because the lemma is not
totally obvious, we will give its proof in the appendix for completeness’ sake. To make
comparison of our proof with those in [V2] easier, we will use the same letter ¢ for the
perturbed function as in [V2].

Lemma 6.3. There exists a continuous function € : S1(2) x Y — R such that
(1) ForallyeY, fsl(2) (h&d(t,y) — e(t,y)) dt = 0,
(2) hgd — £ is smooth.
(3) We have the inequality
1
1P = ellco < 5511 Pslico- (32)

Now we consider the equation

h3t(0,y) — 54(0,y) = =(0,y)
9(07 y) =0

18
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instead. Then the solution
0
o6,9) = [ ('(t.9) — eltp) de
0

becomes 2-periodic and so well-defined on S'(2) x Y and becomes smooth by the choice
of € in Lemma 6.3.
We now choose ¢ so small independently of i, (e.g., the choice

1
= — P
5= =l Pslleo
will do the purpose) that for the set
Zp, ={(0.9) | |Ps(y)| < 6}

Y\ W(Zj%) is still a non-empty open subset of ¥ contained in U : Recall that P, =0 on

Y \ supp ¢ and supp¢ C U.
Then we choose the perturbation € of P as given Lemma 6.3 so that the inclusion

Ze :={(0.y) | (6,y) = 0} C {(6,9) | |Ps(y)| < 6} = 2,
holds. The function hgd(Q, y) — %(9, y)(=€(0,y)) is non-vanishing outside Z., in partic-
ular outside Z f; .
Now we closely describe the difference set
¢
Ly © dg.

We would like to note that we have the base point formula

maon(if, 1 (0.9) =y
and
m o W(L?h7by)(9,y)) =0
since ¢ is fiberwise-like, i.e., ¢(0,y) = (0, Ya(v)).
Therefore the projection in the direction T*S* of Lfmy) consists of the elements of the

form
0G0 = oy, )00~ (Gp(0.0)) @ (34)
= a0) - (o) a0
= (10 - 0w a0
— (0.0 (35)

Here we use Lemma 5.8 for the second equality, and the identity

0
e(0,y) = h3'(0,y) — afg(&y)
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On the other hand, U\ﬂ(Z}i{p), an open subset of U is disjoint from U by Lemma 5.5.
Therefore Lemma 2.2 enables us to find a smooth function k on U that has no critical
point on w(Zj%}) D 90U and

—dk(ii) >0 on OU. (36)
By multiplying a large positive constant, if necessary, we may assume dk to be arbitrarily
large on W(Zf;d}) so that

dk(y)| > |72 0 (15,.,,,)) (0, ) — dyg (6, y)] (37)
for (0,y) € Zp, N (S*(2) x U), and
L) = Fal(tf, 1)) (0 9)(7) — (AR(y)(7) + dyg(6,9) (7))
~dk(y)(7) + (72 0 (:5y.,,,)) (0. 9) (@) = dyg(0,1)(@)) >0 (38)
on A(S1(2) x U) = §1(2) x 9T.
In particular (37) implies
Br(0,y) =Tz 0 (15, )(0,y) = (dk(y) + dyg(6,y)) # 0 (39)

for (0,y) € Zj‘:,¢. And (38) implies that the projection of the image of Lf’hw) ©d(g+ k)

to T*Y does not intersect v* (0U).
On the other hand, on U \ Z?%’ al =70 L‘fh_’Ly)(H,y) does not vanish by definition
of Zf,d). Combining this with (38) and (39), we conclude that the difference set L((bh ) ©

d(g + k) does not intersect

v*(SH(2) x U)
on U N stgd). Therefore we have proved that
¢
L(h,Ly) 9 df

does not intersect v*(S'(2) x U), if we choose f = g + k.

Finally to extend the function f : U — R to Y, we first extend the function f to a
slightly bigger open subset S'(2) x U’ D S*(2) x U and then apply the partitions of unity
subordinate to the covering {U’,Y \ U}. This finishes the proof. O

Wrap-up of the proof of Theorem 1.3. We set
(X,w) = (MxM,(~wy)®wy), Y=M
hi(tx) = Hi(t,¢p,(2)), it a) = (t, 2, ¢y, (2))-
Then the hypothesis (1) of Theorem 1.3 implies 1; uniformly converges to the embedding

ty on U. On the other hand, the hypotheses (1) and (2) therein, combined with the
hypothesis that H; is Cauchy in C°-topology, imply

| Tan(H;) — Hi||ly — 0; Tan(H)(t,z) := H(t, ¢4 (x)). (40)
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as i — 0o, and so h; = Tan(H;) is Cauchy on [0, 1] x U as H; is assumed so. Therefore the
map (hq, ;) : [0, 1] x M — [0, 1] x M x M defines an exact Lagrangian isotopy that satisfies
all the hypotheses in Theorem 4.9, except the normalization condition (20). However this
can be easily adjusted by adding a function ¢; on [0,1] to h; and considering H; — ¢;
instead. This does not affect ¥; at all and so (h; — ¢;, ;) is still an exact Lagrangian
isotopy. From this, we conclude h — ¢ = 0 and so h = coo. Hence h(t,x,2) = coo(t) for
all z € U. This in turn proves that we have

| Tan(H;) — coo|lv — 0. (41)
Combining (40), (41), we have proved H = ¢y, on [0,1] x U, and finished the proof of
Theorem 1.3. 0

7. Proof of Lemma 5.1

In this section, we prove Lemma 5.1. Because the proofs are not very different for the
C° and L(1>) cases, we prove this closedness for more general class of L(1°°)-functions
h for the future study of L(1:>*)-Hamiltonian flows.

Since h € L) < L', it follows that o = h°?df defines a well-defined n-current on
S1(2) x Y (see [Fe]). For the simplicity, we assume that Y is orientable and fix a volume
form 2 on Y. For the non-orientable case, exactly the same proof works by replacing
the real-valued current by one with coefficients in a flat line bundle (or in the orientation
sheaf) [dR].

It will be enough to find a smooth (n — 1)-form 7 on S*(2) x Y such that we have

/ aAdn#0 (42)
S1(2)xY

with suppn C U. For the (n — 1) form 7, we can write
on
dn=doN— +d
n 90 +dyn

where dy is the exterior derivative in the direction of ¥ and g—z = %Jdn. We can write

dyn = f(6,y)Q (43)

for some smooth function f on S'(2) x U which must satisfy
[ roma=o (44

for all & € S'. By applying a simple argument from the Hodge theory, we can choose a
family of (n — 1)-forms 7y on U that satisfy (43) for each § € S* and depend smoothly
on 6.

We next note that since a has the form o = h°?df we have

aNdn=aANdyn
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and so derive

/ a/\dn:/ a/\(fQ):/ fhetdo A Q.
S1(2)xU S1(2)xU S1(2)xU

Therefore it is enough to choose 7 so that this integral does not vanish. We will use 7 of
the form given by

n = 13(ne)

where 7y are those chosen above. Now it remains to choose f above so that
/ fheddo A #£ 0. (45)
S1(2)xU

Since we have
1
0 < ||A]] :/ osc(hy) dt
0

by the hypothesis, there exists a measurable subset A C [0,1] € S! with 0 < m(A)
such that osc(h;) is defined on A x U and osc(h;) > 0 for ¢t € A. Furthermore it is not
difficult to check (see Theorem 2.6 in the original version of [Oh2] for its proof) that h;
is continuous on U at such ¢t € A. We consider the sets

Uin = {(t,y) € AxU | h(t,y) > 0}
Usp = {(t,y) € AxU|h(ty) <0}
Note that because of the normalized condition (20) and osc(h:) > 0 for t € A, the sections
Uih(t) = U,:a\t,h N{t} xU)

are non-empty open subsets of U and so have positive measure. Then it follows from
the Fubini theorem that both U} ,, have positive measure, say m4 > 0 respectively. By

definition, UZ » N U, , = 0. Furthermore, we also have

ejh = / hdd AQ >0 (46)
’ Ui
eap = /_ (=h)dONQ >0 (47)
A.h
and
ehalt) = / he Q>0 (48)
Ux L@
i (t) = / (—h) Q>0 (49)
’ Uy
for t € A.
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By the standard outer-measure property of the measure induced by the volume form
df A €, for any given € > 0, we can find open subsets VEjE C [0,1] x U such that

Vai ) Ujlt,h
and
m(VE) <mUZ,) +e, m(VFEnV7) <e

In particular we have

m(UXh) —2e=m" —2¢ (50)
m(Vo\Vg ) >m(Uy,) — 26 =m™ — 2

)

By choosing € so that ¢ = 2 min{m™*,m~}, it follows that both V" \ V= and V" \?EJr
are two disjoint open subsets of positive measure.
Now we choose a partitions of unity {x2, x=, x"} subordinate to the open covering

VANV, VoAV, MA VUV )
We note that as ¢ — 0, we have
X;t —>XUjh in L'

respectively, where xp denotes the characteristic function of the set B in general.
We consider the function f. of the form

fe(0,y) = aZ (0,y)xZ (0,y) —aZ (6,y)x= (0,v)

for a suitable choice of positive functions aZ > 0 so that

A%wﬁwwﬂzo (51)

for all € S*. We can choose
0<aZ(0,y) <C (52)
for some C > 0 independent of € : We have only to define

(l+ — min fU Xg (oay)Q
(0) {1, E@wn

o — aF fU X;r(ovy)ﬂ
~(6) 5@<hxammz'

(53)
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: fU Xz (0,9)Q m(U,Z,h)\m(UX,h,)
Then we note that as ¢ — 0, the quotient Femn converges to GG and
hence
m(Uy m(UT
0 < af() < ( f)\ ( ﬁ’h) +1 (54)
m(UA,h) \ m(U ,h)
m(Uy, m(UT
0 < aZ(0)< ( +”’)\ ( f’h) +1 (55)
m(UA,h) \ m(U ,h)

This in turn implies

[ xa@rriasne = [ @ rhdone
SixU [0,1]xU

— hac, ayXg+ —a—,a) - Xg- )dOAQ
/[O,M (@ aXus, — a4 Xuz,)

as ¢ — 0, where we denote by a4 ) the L!-limits of aX. The last integral is strictly
positive because both a(+ 4) cannot vanish simultaneously by the choice of aF made in
(53).

Therefore if ¢ > 0 is sufficiently small, (42) holds for n given by n = w3} (ng) where
7 is the form satisfying (43) for ¢.(0)f. with p. = ¢.(#) being a suitable smooth L!-
approximation of the characteristic function x4 on S*. This proves that the current « is
not closed and so finishes the proof of Lemma 5.1.

8. Proof of Lemma 5.4 : Problem of mass transport

Let o = hdf as in section 5. Again we will prove this for A lying in L(1°°). (In this
section, for the simplicity of notations, we will just denote h for h°?.)

We re-state here in its contrapositive form, which is more close to the statement in
Lemma 2.5 [V2].

Lemma 8.1. Let a be as above. Suppose

/ ¢ =0
7' (y)

for all y € U and for any fiberwise-like diffeomorphism ¢ : S*(2) x Y — S1(2) x Y with
supp¢ C U. Then « is closed as an n-current on S*(2) x U.

We recall that for any fiberwise-like diffeomorphism the map Yy : Y — Y is a diffeo-
morphism for each 6 € S*, where Yy(y) = Y (6,y) in the representation of ¢,
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The rest of the section will be occupied with the proof of this lemma.
Let ' be an (n — 1) form on U and consider the pull-back form 7*n’ on S*(2) x U.
Then the Fubini theorem implies

/ drae ATEdny = / (/ qb*a) Adyn = 0.
S1(2)xU U \Js1
Therefore we have

0 = / a/\qﬁ*w*(dn'):/ aA(mog)dy
S1(2)xU

S1(2)xU
= [ anyin)= [ andpn)
51(2)xU S1(2)xU
Now the proof of Lemma 8.1 will be finished by the following proposition

Proposition 8.2. Let o = hdf be the above section with coefficients in L">°) considered
as an n-current considered above on S1(2) x U. Suppose that

[ andin=o (56)
S1(2)xU

for all smooth (n—1) forms ' on U and for all fiberwise-like diffeomorphism ¢ : S*(2) x
Y — SY2) x Y with ¢(0,y) = (0,Y(0,y)), where Yy : Y — Y s the diffeomorphism
y+ Y (0,y) such that suppYy C U for all § € S*(2). Then « is closed on S*(2) x U.

Proof. We have to show
/ andnp=0 (57)
S1(2)xY

for all smooth (n — 1)-form 7 supported in S*(2) x U.

Here we note that closedness (57) of a current is a local property and so it is enough to
check the closedness in a coordinate neighborhood (a,b) x B C S(2) x U of a given point
(e,y) € S'(2) x U. By restricting to an even smaller neighborhood (¢,d) x C' C [¢,d] x C C
(a,b) x B of point (e,y), we may assume that dn is supported on (c,d) x CU (Y \ B). We
will assume this for the rest of the proof.

We decompose

n=ny +di Ay
where 7y and (y are forms satisfying

%JUY = %JCY =0.
Since @ = hdf, it follows

aANdn=aAdy(ny).
Now we would like to compare dy (Y, (1)) and dy (ny). Both are n-forms supported in
S1(2) x U with coefficients depending on (6,y). More precisely, we have

dy (ny) = f(0,9), /Yf(é),y)Q =0
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and
dy (Yy(n') =Yg (dy () = Yy (), /Yg(y)ﬂ =0.

For given f as above, we would like to represent f(6,y)Q as Y, (¢f2), i.e., we would like
to solve the equation

0,92 =75 (99) (= g(Y(6,y))] det(dV5)[2) (58)

for a suitable choice of ¢ (and so Yp) and g : Y — R.

We will apply Moser’s trick to solve this equation. Since we can make the coefficients
at a fixed point 6 the same on both sides, it is enough to consider its derivative. We write
(58) as

(Yo)s ((0,-)2) = g(y)S2.

Differentiating this with respect to 6, we get

0
(i) (G500~ de (Xal 190 ) =0
where Xy is the vector field generating the family Yy : Y — Y of diffeomorphisms. Since

Yy is a diffeomorphism supported in U, we obtain

0
L0~ dy (X1 f) =0 (59)
with supp Xy C U. Let 8y be an (n — 1) form on Y such that
0
0=y (60)

which exists because

of a/
To-Z [ ra=o.
v 00 90 Jy

We may assume that g depends smoothly on 6. Substituting (60) into (59), the problem
is reduced to solving the algebraic equation

Bo = fXo]Q (61)
in terms of Xy. This equation can be solved pointwise whenever f does not vanish.
By adjusting fQ outside [a,b] x B so that [,, fQ = 0 is satisfied, we may safely assume
that
f#0 on(¢d) xC. (62)
Then we can solve (61) for Xy on (¢,d) x B which will have support on
(e,d) x CU (U \ B).

Now by making the interval (¢, d) smaller if necessary, we can integrate

v=Xo(y), wyle)=y
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to obtain a flow Yy that solves (58) on (¢,d) x C, if we choose the function g above so
that its values are given by

9(y) = f(e,y)| det(dYe(y))]-

Therefore the hypothesis (56) implies that « is closed on (¢,d) x C. Since this holds at
any given point (e,y) € S*(2) x U, « is a closed current on S*(2) x U. This finishes the
proof of Lemma 8.1. Now the statement in Lemma 5.4 concerning the C°-closeness to the
identity is immediate from the proof, because ¢ can be obtained by integrating a vector
field Xy on a short ‘time’ interval starting from 6 = e in this proof.

The above also proves that the diffeomorphism ¢ constructed above has the form
»(0,y) = (0,Ys(y)). Hence the proof of Lemma 5.4. O

9. The case of general boundary and etc.

In this section, we explain how we derive the same result for a general open subset
whose boundary is not necessarily smooth and how to treat general C°-Hamiltonian path
which is not necessarily boundary-flat. We then explain how we can generalize to open
subsets U C M where M is not necessarily closed. Finally we explain the proof of
the uniqueness of compactly supported Hamiltonians, Theorem 1.2, either on M with
contact-type boundary or on M which is bounded at infinity.

For the first point, we just choose an increasing sequence U; C U of open subsets such

that
U=Ju
l

and each U; has smooth boundary dU;. Obviously if ¢y = A = id on U, so is on U; and
so we obtain
H(t,z) = ¢(t)

on U for each i. Since U, C Uy for I’ > I, we must have ¢; = ¢ for all [, I’. Defining ¢ to
be the common function, we have proved H(t,x) = ¢(t) on U and so on U by continuity
of H.

For the second point, we imitate the idea of Viterbo from [Erratum, [V2]]. Let H; be
a sequence of Hamiltonians, which are not necessarily boundary-flat, such that ¢z, and
H; converges in C°-topology.

Then for any reparameterization Hf defined by HC(t,z) = ¢'(t)H({(t), ) with each
fixed function ¢ : [0, 1] — [0, 1] satisfying (" = 0 near t = 0, 1, both ¢ ¢ and Hf converge
in C%-topology. Furthermore quig converge to id since ¢Hf is notiling but the time

reparameterization qb%f) and ( fixed. Therefore we have
H¢ = cc onU.

We note that for any given ty € [0,1] we can choose some (;, so that (;,(tg) = to and
Gt (to) = 1. By considering such ¢, we prove that

H(to, ") = c¢,, (to)
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and hence H(t,z) = c¢,(t). We just define ¢ : [0,1] — [0,1] to be

c(t) = c¢, (t).

Since H is continuous, this ¢ is a continuous function on [0, 1]. This takes care of the case
of arbitrary C°-Hamiltonian paths and finishes the proof of Theorem 1.3.

For the point of generalizing the locality to an arbitrary complete symplectic manifold
bounded at infinity in the sense of Gromov [Gr] but not necessarily closed, we have only to
point out that the proof of the relative version in [KO] of Lagrangian intersection result
between the Hamiltonian deformation of the zero section 0g1(2)x s With the conormal

v (S(2) x U)

goes through verbatim, once we have an a-priori C%-estimate for the relevant Floer trajec-
tory moduli space, which makes the Floer homology between v*(S1(2) x U) and the zero
section 0g1(2)xy well-defined and invariant under the compactly supported Hamiltonian
isotopy of 0g1(2)xy with Y = M by the standard continuation argument. Here we also
use the fact that the intersection

V*(Sl(Q) X U) n 051(2)><y

is compact. We leave the details to interested readers.
An immediate consequence of this locality is the following uniqueness theorem of com-
pactly supported topological Hamiltonians introduced in [OM].

Theorem 9.1. Let M be a symplectic manifold which is bounded at infinity. Suppose
H; :[0,1] x M — R is a sequence of smooth Hamiltonian functions such that

(1) there exists a compact set K C Int M such that
supp H; C K

(2) H; converges to H : Y — R in C°-topology.
Then if ¢, — id uniformly on [0,1] x M, we have H = 0.

Proof. We choose U so that U is smooth, U compact and K C U. Then we apply the
locality theorem. O

Finally the uniqueness result for compact (M,w) with contact-type boundary dM is
reduced to the above case of complete manifold bounded at infinity by attaching the
cylinder Ry OM to its boundary. This is standard and so left to readers for the details.
It is not clear to the author whether or not the uniqueness still holds for general (M, w)
with smooth boundary, not necessarily of contact-type, for which there does not seem
to exist an obvious way of symplectically embedding (M,w) into a symplectic manifold
bounded at infinity.
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10. Appendix
10.1. Exact Lagrangian property of the isotopy (64)

In this appendix, we prove the exactness of the Lagrangian embedding ¢(; ) given in
(18) and prove Proposition 4.6. This is a consequence of Theorem 6.1.B [P] whose proof
is left as an exercise in [P] with the indication that the exactness of ifa will follow from
some homological argument. Here we give a computational proof somewhat different from
the proof suggested in [P] and also explicitly write down the anti-derivative of ifa. The
outcome is quite interesting and suggestive, and gives rise to a slight generalization of
Theorem 6.1.B [P] in that it applies to any Hamiltonian paths, not just to Hamiltonian
loops, to which homological argument may not apply.

Consider an isotopy of Hamiltonian paths i.e., a two parameter family of Hamiltonian
diffeomorphisms

(5,0) €[0,1] x [a,b] — ¥? € Ham(X,w).

We denote by H = H (s, 0, z) the normalized Hamiltonian generating the §-isotopy 0 + 1?
and K = K(s,0,z) the one generating the s-isotopy s +— ?. In other words,

ol oYl
e o () = X, 2o ()7 = X
Then the following identity has been proved in [B], [P], [Oh1]
0K 0H
%—g—{K,H} (63)

for the normalized Hamiltonian H.
With this preparation, we prove the following theorem.

Theorem 10.1 (Compare with Theorem 6.1.B [P]). Let Y C X be a Lagrangian embed-
ding and consider a two parameter family ¥t of Hamiltonian diffeomorphisms as above.
Then the isotopy f : [0,1] X [a,b] X Y — T*[a,b] x X =: M defined by

f(5,0,2) = (6, —H(s,0,47(x)),9S(x)) (64)
is an exact Lagrangian isotopy in the sense of Definition 4.1. Furthermore, we have
ira=d(—Ko f)s. (65)

We like to mention that here s replaces the role of ¢t and [a, b] XY that of Y in Definition
4.1.

Proof. First we compute
F(dO A db+ wx).

Since 0jq ) X iy C T*[a,b] x X is a Lagrangian embedding and ¢ is symplectic, it is easy
to check that
frdONd+wx)=aANds
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for some one-form « on [0, 1] x ([a,b] x Y'). We have

)
o= 2| (A0 A db+wy)

which we now evaluate. First we have

a(©) = (@0 nav+wx) (9L, 7119))

for general tangent vector & € T([a,b] x V). Straight computations give rise to the
following formulae :

o\  (oH 9 ,
Tf((%) = <88{K7H})%®XKO¢S

0K 0 ,
= G5 55 DXn 0w

0 0 OH 0 0
Ti(2) = SD-ZT2Dx
f(ae) 56D 5 55 DX o vl
T = —dxH(Ty!( T
f(m) xH(T ( ab@ W
where 7 is a vector field whose projection to [0, 1] x [a,b] is zero. For the first equality,

we used the identity dH (X ) = {H, K} and for the second equality, we have used (63).
From these formulae, we derive

e = i} (gj(dﬂ/\deer)) = - (<88I9{ ofs) dooTf, erXKonS)

—fr ( o + dXK> = —f*dK = d(-K o f),

Therefore the form i’ is exact and hence f defines a Lagrangian isotopy in the sense of
Definition 4.1. Furthermore we have also proved (65). This finishes the proof. O

Now we are ready to give the proof of Proposition 4.6 by applying this theorem to to
the embedding ¢(p 4))-

Proof of Proposition 4.6. To apply this theorem to the embedding ¢, we replace [a, b]
by [0, 2] replace [a, b] by [0, 2] and apply the theorem to ¢ = SX(Q) where x : [0,2] — [0, 1]

is a function defined by
) C(s) for s €[0,1]
x(s) = {C(? —3) for s €[1,2]. (66)

Here ¢ : [0,1] — [0,1] is a reparameterization function as defined in (8).
Recall the Hamiltonian generating in 6-direction, which we still denote by H with some
abuse of notations, is given by

H(s,0,2) = sx'(0)H (sx(0), x).
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Now we have only to check that the Hamiltonian K : [0,1] x [0,2] x Y — R generating in
s-direction above is 2-periodic, i.e., satisfies

K(s,0,2) = K(s,2,x) (67)
for the present case. But a straightforward calculation differentiating ¢ in s gives rise to
K (s,0,2) = x(0)H (sx(0), z)

which obviously satisfies (67) by the definition (66) of x. The condition on the support
stated in Proposition 4.6 is apparent from the definition of f. This finishes the proof. O

10.2. Proof of Lemma 6.3
In this appendix, we prove Lemma 6.3. We restate the lemma here.

Lemma 10.2. There exists a continuous function € : S*(2) x Y — R such that
(1) ForallyeY, fsl(z)(h;d(t, y) —e(t,y))dt =0,
(2) h;d — € is smooth.
(3) We have the inequality

1
125~ ellcn < o Pellcs.
Proof. Consider the solution ffor the equation (33), which can be written as
0
Fo) = [ (gt~ Potu))
0

From this expression, it follows that fis C" in A and C° in y. Therefore we can choose
a smooth approximation fs, : S1(2) x Y — R so that both norms

of Ofom| |7
S )F— famloo (6)
Co
as small as we want. Denote £ = f— fsm, and define
0
c(0,9) = Pyly) + oo (69)

We now show that ¢ will do our purpose. First (1) follows since we have

23
hOd . hod Py ==

and h — ¢ satisfies the vanishing of the corresponding integral.
For (2), we recall
oc of o 0

od __ _ s 24 _7~_
by = F 90— 00 00 aa(f 9

_ Ofsm
Y

which is smooth.
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For (3), we note

0¢ 0 =

which can be made as small as we want by choosing f,, so that the norms in (68) become

small. This finishes the proof. O
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